FACTORIZATION OF LENS SEQUENCES

MICHAEL D. HIRSCHHORN

ABSTRACT. We show that integral lens sequences can be factorized, thereby proving a con-
jecture of J. Kocik.

1. INTRODUCTION

Kocik [1] introduced the idea of a lens sequence. Two congruent circles overlap, thus
forming a lens. With the common chord as axis, one can inscribe a sequence of circles in
the lens centered on the axis, each tangent to the previous circle in the sequence and to the
two original circles. Each of the circles in the sequence has a curvature (the reciprocal of its
radius), b, and {b,} is the sequence appropriately called a lens sequence.

A lens sequence is given by by = a, by = b, by = ¢ and, for all n,

b,—1 — ab, + bn+1 +68=0, (1.1)
where _ 2
ab + bc + ca ac —
=2 1 and B = p

The most interesting case occurs when a,b,c,a and [ are all integers, for then {b,} is a
bilateral sequence of integers. We give two examples:
(1) (a,b,c,a,8) = (2,3,6,3,1)

bn—1 — 3b, —I—bn+1 +1=0,
(b} =1{---,6,3,2,2,3,6,14,35,90, --- }

and
(2) (a,b,c,a, ) = (12,20, 55,4,13),

bn—l - 4bn + bn—l—l +13 = 07
{bp} ={---,112,35,15,12,20, 55, 187,680, 2520, --- }.
Kocik noticed that in these, and indeed in every example he studied, the lens sequence can

be factorized in the following way.
In example (1),

{bn}={,2x33x1,1x22x1,1x3,3x2,2x7,7x55x18, --- 1}
bn = fofny1 where {f,}={---,2,3,1,2,1,3,2,7,5,18, --- }
and {f,} satisfies the homogeneous recurrences
fne1— fa+ fne1 =0, if n even,
fno1 = 5fn+ fry1 =0, if n odd,
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while in example (2),
{bp}={--,16 x7,7x55x3,3x4,4x55x 11,11 x 17,17 x 40,40 x 63, --- },
bp = fofny1 where {f,}={---,16.7,5,3,4,5,11,17,40,63, --- }
and
fn-1—3fn+ fny1 =0 if n even,
Jne1 = 2fn+ fas1 =0 if n odd.

We shall prove the following theorem.

Theorem 1.1. For an integer lens sequence (as defined above) we have

bn, = fnfn+l
where {fn} is an integer sequence satisfying

+ .

fn-1— flf fgfn + far1 =0 if n even, (1.2)
2
+ .

fa1— fof f2fn + fne1 =0 ifn odd.
1

2. THE PROOF

ac — b?

Proof. Given that b and 8 =
write b = dids where di|a, dalc.
Let fo = di’ fi=dy, fo=ds, f3= di Then fo, fi, fo, and f3 are all integers. Define the
2

1
sequence { f,,} for all n by

ac
are integers, it follows that 0 is an integer. We can

fa—2 —afn+ fny2 =0.
Then {f,} is a sequence of integers.
We solve this recurrence explicitly. First suppose a # 2. The characteristic polynomial of
the recurrence is

2 —aa? +1= (2 = N)(@? — p) = (& — )& +7)(@ — 3)(x +9)

where
a+va?—4 a—va?—4
A e
Va+2+Va—2 Va+2—+ya—2
v = , 0= .
2 2
It follows that
fo=Ay"4+ B&" + C(—y)" + D(-9)", (2.1)

where A, B, C, and D are determined from
A+B+C+ D = fo,
Ay+ Bo — Cvy—Dé = fi,
AV + B8 + C2 + D&% = f,
A + B8 — C~% — D&® = fs.
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We find that
1
A= gy (C0h — 0+ o 053). 22)
1
B= gy (0Pt = fa=fs),
1
C = o7y (Pl + S fi+ L= 31),

D= m (’Y2f0 — Y fi— fo +’Yf3) .

We now calculate f, fr11.

fafnr = (A" + B&" + C(—)" + D(=9)")
X (A" 4 BT 4 C(—y)" T + D(=0)" )
= (A% = C?)y*" ! 4 (B* — D*)6*"*! + (AB — CD)(7 + 0)
+(AD — BC)(y — 8)(—-1)"
= (A% — CHyA" + (B2 — D?)éu" + (AB — CD)(y + 6) (2.3)
+(AD — BC)(y — 8)(-1)"

where we have used the fact that 42 = X, 6% = p, and vd = 1.
On the other hand, the solution to the non-homogeneous equation for b,, is easily found to
be

bn:a<L _“A>+b<A _“> b <A“ S —1> (2.4)

A— A— U Ca-—2 A— U A— U

_ B\ [ =\ BN (N =\ | B
() () 0-25) () -5

1 B n 1 B n B
- (- B _ — A+ 1)
A—u( pa+ b+ (p )a_2>/\ +A—u<>\a b+ (=X + )a—2>“ + o3
From (2.2) it follows routinely that
AD - BC =0, (2.5)
_ B
(AB CD)(7+6)_Q_2,
(42~ Oy = 5 (pat bt (= 1)L
A— a—2)"7
(BQ—D2)5:L Aa—b+(=X+1) 8
A— L a—2)"

(the details are left to the reader) and hence,

by = fnfn-i—l'
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Next, from (2.1) we have

f2n+1 — (A _ 0)72n+1 + (B _ D)52n+1’ (26)
fon = (A4 C)y*" + (B + D)é*",
fon-1 = (A= O + (B - D)s*" .

Again from (2.2) it follows routinely that

and hence,

Similarly from (2.1),

it follows from (2.2) that

and hence,

<A—0><w+5>=f1;f3<A+o>,
(B D)(y+6) = fl;f?’(Bw),

Jon—1+ fon+1 = fl%fgfzn- (2.7)
fong2 = (A+ C)y*"™2 + (B + D)5*" 2, (2.8)

f2n+1 — (A _ 0)72n+1 + (B _ D)52TL+1’
fan = (A+ O + (B + D)5™",

(A+0)(7+5)=f°;f2(A—0), (2.9)
(B+D)(y+6) = fo;_lfz(B—D)
fon + fonvo = fo ; f2 fon+1, (2.10)

and the proof is complete in the case a0 # 2.
Now suppose a = 2. The characteristic polynomial of the recurrence is

and it follows that

ot =222 1= (z— 1)}z +1)%

fu=(An+ B) + (Cn+ D)(-1)", (2.11)

where A, B, C, and D are determined from
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B+ D = fy,
A+B—-C—-D=fy,
2A4+ B+2C+ D = fo,
3A+B—-3C —D = f3.
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We find that
A=1(-fo— it ot fo)
B = Ch+ 35~ ),
C=1(~Jot i+ fofo).
D= 1)~ 3fi + fy)
and

fafatr = (An+ B+ Cn(—1)" + D(-1)")
X (An+ (A4 B) + Cn(=1)" + (C 4+ D)(-=1)")
= (A% - C*n? + (A2 +24B — C* —2CD)n
+ (AB + B>~ CD — D*) + (AD — BC)(—-1)".
On the other hand,

bn:—gnz—l— <—a+b+§>n+a.

From (2.12) it follows that

AD — BC =0,
AB+ B?>-CD — D? =q,

2 2__é
-0 =2,

AB—CD:%(—aerJrB)

and hence,
bn, = fnfn-i—l'
Next, from (2.11) we have
f2n+1 = (2A — 20)71—1— (A—I—B — C—D),
fon = (2A+2C)n + (B + D),
fonmr1=02A-2C)n+(-A+B+C-D).
From (2.12) it follows that

4A —4C = f1+f3(2A+20),

f2
2B — 2D = f1+f3(B+D),
f2
and hence,
_|_
f2n—1 + f2n+1 = fl f2 f3 f2n-

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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Similarly,
f2n+2 = (2A + 20)71 + (2A + B+2C +D),
fong1=2A-2C)n+ (A+B—-C—-D),
fon = (244 2C)n + (B + D),
from (2.12),
A ac = 0200 o0,
1
2A+2B 120420 =224 g py
1
and

fon + fong2 = fot f2f2n+17
f1

and the proof is complete.
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