SUBSEQUENCES OF FIBONACCI AND LUCAS POLYNOMIALS
WITH GEOMETRIC SUBSCRIPTS
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ABSTRACT. For the bivariate Fibonacci and Lucas polynomials with their subscripts being
of geometric series, we establish twelve interrelations and recurrence relations among which
four equalities are the main results found recently by Kilic and Tan (2010).

1. INTRODUCTION AND PRELIMINARIES

For two indeterminate p and ¢ subject to A = p? — 4q # 0, define the bivariate Fibonacci
and Lucas polynomials by
Un(p,q) = pUn-1(p, @) — qUn—2(p,q) for n>1
with  Up(p,q) =0 and Ui(p,q) =1;
Va(p, @) = PVa-1(p, @) — ¢Va-2(p,q) for n>1
with  Vo(p,q) =2 and Vi(p,q) =p.

By means of the generating function method (cf. Wilf [9]), it is not hard to show the following

Binet forms
an 577/

Un(p,q) = T:ﬁ and  Vu(p,q) =a" + 8"
where
_pH VPP —4q _p—p?—4q

Throughout the paper, the two parameters p and g will be dropped in the notations U, :=
U,(p,q) and V,, := V,(p, q) for the sake of brevity. Chu and Yan [3] derived several multiple
convolution formulas for these polynomials.

These two sequences extend the classical Fibonacci and Lucas numbers, respectively by
U,(1,—1) = F,, and V,(1,—1) = L,,. For the latter, there exist the following curious relations

Fyni1 = 5F5, — Fn,

Lgnsr = Ljn —4L3%, +2,

Fynir = 25F5, — 25F3, + 55,
Lgnt1 = L& —6Lgn +9L2, — 2;

where the first one was a problem proposed by Filipponi and solved by Terr [6]; while the
remaining three relations appeared in the comment by Klamkin [6].
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Inspired by these equalities, Kilic and Tan [7, 8] find interrelations and recurrence relations
for U, and V,, when the subscripts {m} are of geometric series {k"}. Their main results are
three recurrence relations of the first order for Ugn and Vin plus one polynomial expression of
Vin in terms of Ugn (cf. Corollaries 7-10), that are derived by combining the binomial theorem
with the following two fundamental binomial relations, which can be found in Carlitz [2,
Page 23] and Comtet [4, Section 4.9], respectively:

D I U (i T L e L )
Y 0<k<m/2

D S e (D [ o Ll (2)
0<k<m/2

The purpose of this paper is to show that these polynomial identities can be utilized to
investigate systematically the interrelations concerning Ugn and Vin. In the next section, by
examining these two identities carefully, we find that they contain not only the aforementioned
four relations due to Kilic and Tan [7, 8] as very particular instances, but also four other
similar interrelations. Furthermore, we shall establish, in the third section, four quite unusual
interrelations for Ug» and Vi» by employing Dougall’s Theorem for terminating well-poised
4F3-series in the evaluation of connection coefficients. Finally, the paper will end up with
a collection of 22 curious polynomial identities involving the classical Fibonacci and Lucas
numbers. In order to guarantee the accuracy of computations, all the equalities appearing in
this paper have been verified through Mathematica commands.

2. EIGHT EASIER RELATIONS AMONG Ugn AND Vin

Letting x = o™ and y = " in (1) and (2), we get directly the following relations for Uy,
and V,,p:

Unn=Un 3 (™0 v, (3)
0<k<m/2
— nyk_ T m—k\  m—2k
an_0<kz<;n/2(_q ) m< k )V" . )

According to the parity of m, they can explicitly be displayed in the following lemma as four
expressions in terms of V,.

Lemma 1 (m € Ny and n € Np).

Vs = U é(—qﬂm—’f(m;,; Sl (5)
Usmntn = Un é( k(M v, (6)
Vi = ké(—q")m—knf—fk (" Yz, (7)
Vamnin = §<—qn>m-k%(l TR e (®)
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Instead, there exist also four companion expressions in terms of U,.

Lemma 2 (m € Ny and n € Ny).

U = Vn i qn(m—k) (m k- 1)Ak_1U72Lk_17

— 2k —1
m
_ 14+2m /14+m+k
_ n(m—k) < ) kpr2k+1
U2mn+n ];)q 1—|—m—|—/<; 1+2]€ A Un 9

n(m— 2 k
Vo =3 g 2 (Rt

k=0

They can be deduced from (1) and (2) in the following manner:

Eq9): m —2m, r—a" and y— —p" in (1),
Eq(10): m—=2m+1, z—ao" and y— —0" in (2),
Eq(11) : m — 2m, r—a" and y— —p" in (2),
Eq(12): m—=2m+1, z—ao" and y——0" in (1).

(11)

(12)

Among these eight relations just displayed, four of them labeled with (7), (8), (10), and (11)
have been obtained by Kilic and Tan [8, Lemma 1]. Both Lemmas 1 and 2 are quite useful to
derive expressions between the subsequences of Ugn and Vin with the subscripts {k"} being a

geometric series.

Proposition 3 (n — k™ and m — k/2 in (9) with &k being even).
k/2

Upnir = anqun k/2—i ( N _1 )N L2t

Proposition 4 (n — k™ and m — k/2 in (5) with k being even).
k/2 , i
Ugnt1 = Upn ;(—qk")k/z‘i (" ;iljl 2)va
Proposition 5 (n — k™ and m — (k — 1)/2 in (6) with k being odd).
Upnt1 = Upn (kg::/2(—qk”)(’f—1—2i>/2 < (k — 12)2‘/2 + Z) V2
= (

Proposition 6 (n — k™ and m — (k —1)/2 in (12) with k being odd).

(k—1)/2

n ——i k_]. 2+Z i ’L
Ve =Vin Y gm0z (=D pign

As immediate consequences, we can also recover the following corollaries, that are the main
theorems due to Kilic and Tan [8, Theorems 1-4], who found them by manipulating the

binomial expansions for U, ]fn and Vk'il.
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Corollary 7 (n — k™ and m — k/2 in (11) with &k being even).

k

& kn(kj2—i) 2K (K/244N \irro
Virsr =24 k+2z‘( o JAUR

=0

Corollary 8 (n — k™ and m — k/2 in (7) with k being even).

k

& krvkje—i 2K (k/240N g
Vi =y _(=¢"") m( 2 >V”'

=0

Corollary 9 (n — k™ and m — (k —1)/2 in (10) with k being odd).

k™ (k—1-2i)/2 2k (Z+k 1)AZU1+2Z.

1+k+2i\ 1+2

(k—1)/2
UknJrl = q
0

1=

Corollary 10 (n — k™ and m — (k —1)/2 in (8) with k& being odd).

(k—1)/2
" 2k (k+1)/2+i
v ¢ (k 1-2i)/2 Y2t
ket Z@:o k:—|—2z'—|—1( % +1 ) ko

We remark that the special case p = —q = 1 of Corollary 9 was previously obtained by
Filipponi [5, Proposition 4]

(k—1)/2

2k -5° g4 k£l
= Z )it k=1)/2 (Z ) 1+2i
Fyona - T rr il 142 )B (13)
1=

3. FOUR FURTHER RELATIONS AMONG Ugn AND Vin

By means of binomial expansions for U, and V}%, as done in Kilic and Tan [8], we shall
establish in this section, four further relations between Ui» and Vjin. In order to evaluate the
binomial sums of connection coefficients, we shall utilize Dougall’s Theorem [1, Section 4.4,
pp. 27] for terminating well-poised series

1+a), P a,1+a/2, ¢, —n ‘_1
3 a/2,1+a—c,14+a+n

(I+a—co)y
(14)

_ 2": a+2j (a);(c)j(=n); (—1y

= J1+a—c)j(l+a+n);
where the shifted factorial is given by
(x)o=1 and (z),=z(x+1)---(r+n—-1) with neN

and the classical hypergeometric series reads as

L oFl [ao, a1y ..., Qp ‘ 4 _ Z (ao)k(ar)g - - - (ag)kxk‘

€1, -+, Ct o kl(c)g - - (Cg)k
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According to the binomial theorem, we can manipulate kan as

k

VE = (b 4+ Bk = Z( ?‘ )ajknﬂ(k—j)k"

= (15)
=xk=0 (mod 2)( kI;Q )qknﬂ/z + > <I;>qjknv(k—2j)kn-
0<j<k/2
When k is even, the last relation can be restated as

k/2—1

Vi = Viner + < k:I;Q )qknﬂp + ) (I;)qjknv(k—w)kn- (16)
j=1

Applying the relation (11) to the last V{;,_o;)x» and then simplifying the double sum expression,
we get
k/2—1

kan = Vi1 + ( k];2 )qknﬂ/z 492 Z (/;)qknﬂ/z
j=1

k/2—1 k/2—3j o .
k P72 k(k2—i) (S —j+i\ k—2j
+;<j>;AU§nqk(k/2 (3 )%—jﬂ‘

= Vint+1 + (2k — 2)qkn+1/2

S apgenn S (Fy (g ko
' =1 - =1 <])< 2 )W

Observing that (14) can be used to evaluate the following binomial sum
k/2—i

GIEADEE

=

. k/2—i . .
2k i+ k/2 k—2j(=k);(i —k/2); ;

2k (i—l—k‘/2> 2 —k, 1—Fk/2,i—k/2 ‘ _q

T2+ k20 )3 k2, 1—i— k)2

2% (z + {c/2> A K/ 2njai _ zk_gi@)
2+ k 2i (i +1/2)k/2—i i

we derive the following expression of Vin+1 in terms of Ugn, which may be considered as a

variant of Corollary 7.

Theorem 11 (n, k € N with & being even).

k/2—1

N ok ko
Viers = Vi - z_% AULd! WQ_Z){Zk_QZ( 1) - kik2i(2;; Z)}
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When £ is odd, the equation (15) can be reformulated as

Applying (12) to the last Vij_gj)in, we get the double sum expression

(k—3)/2 Bt

Vi = Vit + Vi Y ¢8R Y (;“)(%;Z‘HZ)
=0 j=1

The last binomial sum can be evaluated by (14) as follows:

S ()73 = (R0 £ e

This yields the following polynomial representation, which differs substantially from Proposi-
tion 6.

Theorem 12 (n, k € N with k being odd).

(k=3)/2 ( : k- k=l g
_ vk _ zk”——z 24 k=2i—-1( =5\ _ ( o
Vo =V —Vie 3 g3 0k {22 () - (5,0}
Similarly, U ,’jn can be expanded by means of the binomial theorem
R Gl AR L NI LA IO
o= (Y = S ()
-~ 18
Z ( 1)] ( k ) ()[(k_j)knﬁjkn + (_1)kajk‘"5(k‘—j)k‘" ( )
= - . - N k 2 .
0t J (1 + x(k = 25))Ak/
When £k is an even integer, the last equality can be rewritten as
K k/2—-1 i
AMUE = Vines + (=02 (g )+ 20 <0V () Vikapur- (19)
j=1
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Applying (7) to the last V{,_o;)xn gives rise to the double sum

k/2—1

Ak/zU,]:n = Vin+1 + (—qwl)k/z( k];Q ) +2 Z (l;‘ >(_qk")k/2
=1

k/2— k/2J - ki . Y

= an+1 + ( —2)(— k”)k/z
k/2—1 k/2—i .
T Z d") ;<3)<2 2i >§+z’—j'

By carrying out the same procedure as that for Theorem 11, we get the following counterpart
of Corollary 8.

Theorem 13 (n, k € N with k being even).
k/2—1

Vinsr = AM20E, ZE% (_qk")k/2—ivk27§'{2k—2i<§> _ %(%; z) }
When £ is an odd integer, the equation (18) reads analogously as
K 1 & ENTE:
Upn = W{Uknﬂ + Zl(—q ) < j >U(k—2j)k”}- (20)
j=
According to (6), we have the equality
i L -
Uk—2j)kn = Ukn Z; (—qk7l)%_j_i< 2zj ’ Z>V2’%
which leads to the double sum expresls_ion
(k=3)/2 i

1o e k=1 -
U’gn:W{UM“+Uk”§%(—qk")k21"vk2i ; (’;)( z 2{7“)}'

1=
Following the same derivation as that for Theorem 12, we find the following interesting formula,
which is substantially different from Proposition 5.
Theorem 14 (n, k € N with k being odd).
(k=3)/2 ko1 k=1, .
k— k [N . k— -5t
Upris = AWDRUE — U 3 (4 )"z Zv%{z () - (2, )}
=0
4. CURIOUS RELATIONS FOR FIBONAcCCI AND LUCAS NUMBERS
When p = —¢ = 1, the formulas displayed in Propositions 3-6, Corollaries 7-10, and
Theorems 11-14 become polynomial identities for the classical Fibonacci and Lucas numbers.
For k = 3,4,5,6, the corresponding curious relations including those shown in the introduction

are collected as follows, where we suppose n € N and exclude the relations corresponding to
k = 2 due to their trivialness.
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Fyni1 = 5F5, — 3F3n,
Fyni1 = Fyn{L3. + 1},
Lagn+1 = L3, 4 3L3n,
Lynir = Lyn {5F5, — 1},

Fyni1 = L4n{5Fj’n + 2Fn },
Fynir = Fpn{L}n — 2Ly },
Lynt1 = 25F} + 20F, + 2,
Lynt1 = Lin —4L% + 2,
Lyn+1 = L. — 20F2, — 14,
Lyn+1 = 25F 4 +4L3, — 14,

Fynir = Fyn{Lgn + 3L%. + 1},
Fyni1 = 25F5, — 25F5, + 5Fyn,
Fini1 = 25F5, — 5F5n L2, + 15F5n,
Lgn+1 = Lsn {25F5, — 15Fz. + 1},
Lsn+1 = L3n + 513, + 5Lsn,

Lgnt1 = L2 + 25L5n F2, — 15L5n,

Fign+1 = Lgn {25F g, + 20F, + 3Fn |,

F6n+1
L6n+1
Lgn+1
Lgn+1

L6n+1

= Fon{L3n — 4L3n + 3Lgn },

= 125F%, + 150Fg, + 45F 5, + 2,
= L8 — 6L, +9LE, — 2,

= L8 — 150Fg, — 195F3%, — 62,
= 125F%, + 6Lg. — 39L2. + 62,
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