ON SOME NEW SUMS OF FIBONOMIAL COEFFICIENTS
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ABSTRACT. Let F, be the nth Fibonacci number. The Fibonomial coefficients [k]F are
defined for n > k > 0 as follows

n _ Fnanl"'ank{»l
kFi - Fy ’

with [g] =1 and [Z] =0 for n < k. In this paper, we shall provide some interesting sums

F
among Fibonomial coefficients. In particular, we prove that
4m—+2
i 4m + 2
Z (_1) 20+ . Fn+4m+2*j = 0:
Jj=0 J F

holds for all non-negative integers m and n.

1. INTRODUCTION

In 1915, Fontené published a one-page note [2] suggesting a generalization of binomial
coefficients, replacing the natural numbers by the terms of an arbitrary sequence {a, } of real
or complex numbers. Thus the generalized binomial coefficients are defined by

|:’I’L:| _ QnQn—1"""0n—Fk+1
a

k ajas - - - ag

Setting a,, = n we recover the ordinary binomial coefficients, while a,, = ¢" —1 we obtain the
g-binomial coefficients studied by Gauss, Euler, and Cauchy and which were shortly called g-
Gaussian coefficients (Gauss ¢-binomial coefficients). The sequence {a,, } is essentially arbitrary
but we do require that a, # 0 for n > 1.

Since 1964 there has been an accelerated interest in Fibonomial coefficients, which corre-
spond to the choice a,, = F},, where F}, is the nth Fibonacci number. During the last decades
several identities among these numbers have been found. Gould [3] derived the relation

gl <[
= Fy, kE—1]p klp
Lind [7], using a result from a paper of Jarden and Motzkin [4], obtained the identity

k o
Z(_l)%(ﬁ_l) |: } F;f__jl =0,

=0 JF

where n, k are any positive integers such that n > k, and further he found the formula
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k+1

3 (-1)36HD [kﬂ] [n_j] — 0.
=0 Jdpl Kk Jp
Seibert and Trojovsky [8] included identities

3 (1m0 mF =0,

i=0
S (CayserD ) [k + 1] _0
Pt Fi_o T g
and
i=0 F

for any positive integers m, k, n and [, with m odd, | < (k — 1)/2 and m > k. Here, L,
denotes the nth Lucas number. Kili¢ et al. [5] proved the following formula

S (ppoe [“” Tk m] [<m TURAm =] 1} il
. . k
= j P m—]—l Fn++m]
+( ) (m+3)F:Ln+lk - F(m+l )(n+g H F(m+l k+j>s
7j=1
where m, n, and k are any integers. We refer the reader to [6] for related identities involving
generalized Fibonomial coefficients.
In 2007, as Problem B-1040 of the problem section of The Fibonacci Quarterly, Bruckman
[1] proposed the problem of finding a proof of identity
im X 4
Z (_1)§(k+1) [ m] F. =0.
=0 klp
The aim of this paper is to provide some identities involving sums of Fibonomial coefficients.
In particular, we shall give a generalization of the previous formula. More precisely, our main
results are the following.

Theorem 1.1. Let m, n be any non-negative integer. Then

4m+-2 4m+2
i 4m + 2 4m + 2
Z (_1)2(]+1) |: . :| Fn+4m+2—j - F2m+n+l Z (]+1 |: . :| L2m+1—j
=0 J F J F
and
am 4m
j (4 4 1 j (5 4
Z(—l)%@_” [ m} Foyam—j = _F2m+n2(_1)%(]_1) [ m] Lom ;.
=0 J 1P 2 =0 JAr
Theorem 1.2. Let m, n be any non-negative integers. Then
4m—42
i(i 4dm + 2
Z (_1)2(]+1) |: . :| Fn+4m+2—j =0. (1'1)
j=0 JoAF
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and

m j 4m
Z( 1)5(] Y [ . } Foyam—j = 0. (1.2)
=0 JAF

2. A KEY AUXILIARY RESULT

Before proceeding further, we shall prove a fact which will be an essential ingredient in the
proof of Theorem 1.2.

Lemma 2.1. Let m and k be any non-negative integers. Then

4k+6 B %(j—l—l) 4m + 2 I o 4m + 2 F4k+7 4m + 2 F4k+3
Z ( 1) . 2m+1—j5 — Ak F Ak 7F . (21)
j=4k+3 J F +7 FL2m+1 +3 FL2m+1

Proof. Using clear identities

4 2 4 2 F,
[ m+ ] :[m—l— ] H Bam—ai—1-5 9 54
4]{7 + 3 + (3 F 4k + 3 F4k+4+]

we can rewrite formula (2.1) as the identity

Fomt1Lom—ak—2Fak+6Fap+5Fak+a
+ Fym—ak—1Fom+1 Lom—ak—3Far 16 Farts
— Fam—ak—1Fam—ak—2Fom+1 Lom—ak—aFakve
— Fym—ak—1Fam—ak—2Fam—ak—3Fomy1Lom—ar—s5

= — Fym—ak—1Fam—ak—2Fam—ak—3F4m—ak—a + Farr6Faps5Fapalarys,

which can be simplified by the identity F,,ip Ly — FpLlpinir = (—1)"Fp Lk (see [9, 19b)),
and well-known identity F, L, = F5, to the form

Fapr6 Fapr5 Fam—ak—1Fam—ak—2 — Fam—ak—1Fam—ak—2F4py6F k45 = 0.

Lemma 2.2. Let m be any non-negative integer. Then

[4m—|—2] [4m+2 4m + 2
—2 +
F

1

F Loy,
3 9 ]F 2m+1L2m 1+[

] Formi1Lom = Fymya.
F

Proof. After overwriting the Fibonomial coefficients using their definition, we get
—FumoFami1 Fam + Famy2Fam1 Fomy1 Lom—1 + Famq2Fomi1 Lom = Famo.
On dividing through by Fjy,,+2, a straight calculation gives
Fum1Fomt1Lom—1 + Fomy1 Lom = Famg1 Fa + 1.

Now we use the formulas F4m+1F4m +1= F4m_1F4m+2, F4m+1 —1= FQmL2m+1, F4m_1 —1=
FyLom—1 (they are special cases of identities (20a) and (15b) in [9]), to obtain the clear
equality Fb,, Lomi1Lom—1 = FomLomi1Lam—1. O
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Lemma 2.3. Let m and n be any non-negative integers. Then

An+2

(i 4m + 2] dm +2] F
> (=12t [ , Lomi1-5 = —[ ] —
s J 1F dn + 3 | p Fom+1
and
4n ) e
Z(_l)%(j_l) o Lopy—j = am | Fang
= il " n+ 1 g For

Proof. We shall prove the first identity, because the proofs of both identities are very similar.
For that, we use induction on n. For n = 0 the assertion is implied by Lemma 2.2. Let us

consider that the identity holds for n = k and prove it for n = k + 1. The left-hand side can
be written as

4k+6 4k+-2
i dm + 2 i dm + 2
Y (L1 [ . } Lomiry = Y (~1)80%D [ . } Lomsr;
j=0 J F §=0 J F
4k+6
4m + 2
+ ) (- )30+D [ : ] Lomi1-j
j=4k+3 J F
and the identity follows from Lemma 2.1. O

Now, we are ready to deal with the proof of the theorems.

3. THE PROOF OF THEOREMS

3.1. The proof of Theorem 1.1. Again, we shall prove only the first identity, since the
proof of the second one can be handled in much the same way (we use the identity Fj,yam—;+
(_1)] Fn+j = F2m+nL2m—j)-

4m+2
l 4dm + 2
2 Z )2 G+1) [ . ] Froyamyo—j
J F
A2 _ : 4m+2
s dm + 2 4mL2—k B 4m + 2
_ IERYICARY r B 1)z (m2—k41) F,
]Z:;( ) e nt-4m-4-2 J-I-Z( ) dm+2 — k| ntk
42 : 4m+2
= Z (]+1 . Fn+4m+2—j - Z (_1)k (_1)2(k+1) |: k :| Fn—i—k
L J IF k=0 F
4m—+2 7
ds [4m + 2 i
= > (-1)2U*h , (Fotamia—j — (1) Fosj)
= L J 1F
4m—+2
l 4m + 2
= Fnanr 3 (DI il i
F

where we use the identity Fj,4my2—j — (—1)7 Fotj = Fomgnt1Lomi1—j, which follows from
the identity F,,p — (—1)°F,_ = [, L, (see [9, 15b],). O
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3.2. The proof of Theorem 1.2. Identity (1.1) follows from the first formula in Theorem

1.1 and Lemma 2.3 (with m = n). Here we have used the fact that [izig] p = 0. Similarly,
identity (1.2) follows from the second formula in Theorem 1.1 and Lemma 2.3. 0

4. FURTHER COMMENTS, A CONJECTURE AND ITS CONSEQUENCE

In this section, we shall discuss several sums related to identities (1.1) and (1.2).

Theorem 4.1. The following formulas are equivalent

4m
. iG+1) [4m + 2
(i) D (1) [ , ] Fotamia—j =0.
F

j=0 J
2 iG+y [ [4m 4+ 2 dm + 2
(i) Fo=) (-1)" 2 ([ , } Framya—j — [ 11 ] Fn+j+1>-
=0 J F J+ F
2m
iG+y [ [4m + 2 4m + 2
(iii) 2 = Z(—l)] E ([ . } Lam+o—j — [ . ] Lj+1>-
=0 J r Jj+1 F
Proof. We rewrite (i) as
2m 4m+1
iG+1) [4m 4 2 iG+)) [4m + 2
Fo=) (1) [ , } Fragmea—j+ Y. (-1)72 [ : ] Fotamya—j.
=0 JoIF j=2m+1 Jodr

By taking the change of indexes j = 4m — j + 1 in the second sum above, we get

2m
G+ |[4m 4+ 2
F, = Z(_l)J J2 |: . :| Fn+4m+2—j
—0 F

J
(4m—j+1)(4m—j+2) 4dm + 2
+ (—1)2[ . ] Fotjta
= dm —j+1]p "
Since [4;2"1;742_1]1? = [4;1?2]1? and (4m_j+1)2(4m_j+2) = —j(jg'l) (mod 2), we obtain
2m
iG+1) dm + 2 dm + 2
F, = Z(—l) 2 <[ . ] Foiamia—j — [ . } Fn+j+1>
J F Jj+1 r

J=0

which is the desired formula in (ii). Now, we apply the formula F,, = (F, Ly + FyL,)/2 with
(a,b) = (n,dm + 2 — j) and (n,j + 1), respectively, in order to get

dm + 2 1[4dm + 2 1{4dm + 2

[ ) } Fotamyo—j = —[ . ] FoLymyo—j + —[ . } Fimyo—jLny. (4.1)
J F 2 J F 2 J F

4m + 2 1 [4m + 2] 1[4dm + 2
1= = F,L; — F; 1L,. 4.2
|:j+1:|F ntj+1 2_j+1_an+1+2[ +1]F j+1lm (4.2)

Taking Fimo—; [4";*2]1? =Fin [4;7:12] o the identity (4.1) becomes

dm + 2 1 [4m + 2] 1[4m + 2

|: ] :|FFn+4m+2—j = 5 i ] ] FFnL4m+2—j + 5 |: ] +1 :|FFj+an' (43)
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We substitute (4.2) and (4.3) in (ii) yielding

G+ (1 |4m + 2 1{4m + 2
(—1)] ]2 <§ |: . :| FnL4m+2—j - 5 |: . :| FnL]+1> .
F F

=
I
L[]¢

= J j+1
Thus,
2m
G+ [ [4m + 2 dm + 2
2= Z(—l) 2 <[ . ] Lamyo—j — [ . } Lj+1>
=0 J F J+1]p
which completes the proof. O

Now, we denote
o(n) = E (—1)%(j_1) [4771 Fotam—j
- J1lr

and the sum of positive summands and the sum of negative summands of o(n), respectively,
by

op(n) = > [4;71 . Foiam—j,

j€{0,...,.4m}
j(j—1)=0 (mod 4)

3€{0,...,4m}

Hence,
op(n) Em:[‘lm} F, +n§[4m} F
P = n—+4m—4l n+4m—(4141)
— 4l | — 4l +1] 5
and
m—1 Am, m—1 Am,
on(n) = [4l—|—2] n+4am—(41+2) T [41_1_3} Fn+4m—(4l+3)-
F

4m 2T 4m
|: Al :|F Fn+4m—4l7 Op, (n) = Z |:4l + 1:| - Fn+4m—(4l+1)’

1=0
melo m—1
on, (n) = 2 [41+2}FF"+4m (142)s TN (7 JZ: [414_3} Frotam—(a143)-
Corollary 1. Let m, n be any positive integers. Then
op,(n) +op,(n) —on,(n) —on,(n) = 0. (4.4)

Proof. Identity (4.4) follows from the fact that o(n) = op(n) — on(n) and identity (1.1). O
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Conjecture 1. Let m, n be any positive integers. Then

2m—1
op(n) +op,(n) = Fimin H La;, (4.5)
i=1
2m—1
opi(n) —on, (n) = (=1)" FamynLom [ LI,
i=1
2m—1

op,(n) —on,(n) = F, H Loy;.
i=1

Corollary 2. Let m, n be any positive integers. Then

1 2m—1 2m—1
op (n) = §F2m+nL2m (=™ H L? + H Lo |,
=1 =1

1 2m—1 2m—1
op, (n) = 5 (_1)m+1F2m+nL2m H Lz2 + L2m+nF2m H Ly |,
=1 i=1
2m—1 2m—1

1
ON; (’I’L) = §F2m+nL2m (_1)m+1 H Lzz + H Lo; s
i=1 i=1

1 2m—1 2m—1
ony(n) = 5 (| ()" FaminLom [ LF + LominFom [ Lai
=1 =1

Proof. Solving the system of linear equations in (4.4) and (4.5) we clearly obtain assertion. [
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