PERIODIC REPRESENTATIONS FOR CUBIC IRRATIONALITIES
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ABSTRACT. In this paper we present some results related to the problem of finding peri-
odic representations for algebraic numbers. In particular, we analyze the problem for cubic
irrationalities. We show an interesting relationship between the convergents of bifurcating
continued fractions related to a couple of cubic irrationalities, and a particular generalization
of the Rédei polynomials. Moreover, we give a method to construct a periodic bifurcating
continued fraction for any cubic root paired with another determined cubic root.

1. INTRODUCTION

In 1839 Hermite [13] posed to Jacobi the problem of finding methods for writing numbers
that reflect special algebraic properties, i.e., finding periodic representations for algebraic
numbers. Continued fractions completely solve this problem for every quadratic irrationality.
This is the only known answer, indeed it has not yet been found a method in order to give
a periodic representation for every algebraic irrationality of order greater than two. It seems
natural to attempt the resolution of the Hermite problem researching some generalization of
continued fractions. The first effort in this sense is due to Euler [7] in 1749, whose algorithm
can provide periodic representations for cubic irrationalities. Successively, the algorithm was
modified by Jacobi [15] in 1868 and extended to any algebraic irrationalities by Perron [20] in
1907 (for a complete survey about the Jacobi—Perron algorithm see [4]). During the years this
generalization and some variations of the continued fractions have been deeply studied. For
example Daus [6] developed the Jacobi algorithm for a particular couple of cubic irrationalities,
connecting this study with the cubic Pell equation, and Lehmer [16] examined the convergence
of particular periodic expansions. Further developments on the Jacobi—Perron algorithm can
be found in [5, 8, 9, 11, 12, 14, 22].

In this paper, we focus only on the Jacobi algorithm and we study periodic representations
and approximations for cubic irrationalities. In particular, introducing a generalization of the
Rédei rational functions [21], we provide periodic representations for every couple (W ,Vd)
depending on a parameter z which can be any integer. Choosing different values for z, it is
possible to obtain different periodic expansions and approximations for these irrationalities.
Moreover, such representation has the advantage of having a small period making it easy to
handle. Indeed, a problem of continued fractions and their generalization is the length of
the period, which can be very large. Furthermore, in the case of the cubic irrationalities,
periodicity is not guaranteed. As pointed out in [23], it seems that the Jacobi algorithm is
not periodic for some couple of cubic irrationalities as, e.g., (\3/3, \3/5) (however it would be
possible to find a cubic irrationality « such that the expansion of ({’/§7 «) is periodic). Thus,
the possibility to obtain a periodic expansion for every couple (\Vd_2 , \S/E) appears an important
result in order to overcome the problems concerning the periodicity of the Jacobi algorithm.

The Rédei rational functions, generalized in the next section, arise from the development
of (z +V/d)", where z is an integer and d is a nonsquare positive integer. One can write
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(z +Vd)" = Nu(d, z) + D, (d, 2)Vd, (1.1)
where
2, [n/2] n
— k n—2k _ k  n—2k—1
Np(d, z) = Z <2k>d z , Dn(d,z) = Z <2k+ 1>d z .
k=0 =0
The Rédei rational functions @, (d, z) are defined by
Ny (d,
Qn(d, z) = %, forall n>1. (1.2)

Their multiplicative property is well-known,

Qnm(d7 Z) = Qn(d7 Qm(d7 Z))?

for any couple of indexes n,m. Thus Rédei functions are closed with respect to composition
and satisfy the commutative property

Qn(d7 Qm(d7 Z)) = Qm(d7 Qn(d7 Z))

The Rédei rational functions reveal their utility in several fields of number theory. Given a
finite field Iy, of order ¢, and Vid ¢ F,, then Q,(d,z) is a permutation of F, if and only
if (n,g+1) =1 [17, p. 44]. Another recent application of these functions provides a way
to find a new bound for multiplicative character sums of nonlinear recurring sequences [10].
Moreover, they can be used in order to generate pseudorandom sequences [24] and to create a
public key cryptographic system [18]. In a previous work [3] we have seen how Rédei rational
functions can be used in order to generate solutions of the Pell equation in an original way,
applying them in a totally new field with respect to the classic ones. Furthermore, in [1] we
have introduced these functions as convergents of certain periodic continued fractions which
always represent square roots. Here we generalize this construction for cubic roots, providing
a generalization of the Rédei rational functions in order to obtain periodic representations for
every cubic root.

2. THE JACOBI ALGORITHM AND BIFURCATING CONTINUED FRACTIONS

In this section we briefly recall the Jacobi algorithm. It is a generalization of the Euclidean
algorithm used for constructing the classic continued fractions. In this generalization instead
of representing a real number by an integer sequence, a couple of real numbers are represented
by a couple of integer sequences. The algorithm that provides such integer sequences is

an = [Ty]
bn = [yn]
T = ! 2.1
nH n — [yn] ( )
_ Tp — [T
I ol
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n =0,1,2,..., for any couple of real numbers x = zg and y = yg. We can retrieve x and y
from the sequences (a,);"29 and (by,),3 using

Ty = Qp + zn-‘rl
n+1
" (2.2)
Yn ::bn'+
Tn41

n=0,1,2,..., indeed by equations (2.1) it follows

Tp — An

an+yn+1:an+yin_bn:an‘i’xn_an:xna forall nZO

Tn+1 1
—b,
1 1
b, + =b, + =bp+Yn—bp =yn, forall n>0.
Tn41 1
yn’_bn

Therefore, the real numbers  and y are represented by the sequences as follows:

1
b1 +
1
(bg-l-—)
a+—>———L
a3—|-—'
1
x=ag+ : and y="by+ (2.3)
by +

bg+—

a3—|-—' <a3+
ay + :
1 1
bs + —

az +

a3+—. a3+—

Two objects representing the numbers x and y are called ternary or bifurcating continued
fractions. We call partial quotients the integers a; and b;, for i = 0,1,2,.... We can briefly
write the bifurcating continued fraction (2.3) with the notation [{ag, a1, as, ...}, {bo, b1,b2,...}]
and we can introduce the notion of convergent-like for the classic continued fraction. (For a
complete survey of the Jacobi-Perron algorithm see [4]). The finite bifurcating continued
fraction

A, B,
{ao,a1,...,an},{bo,b1,...,bn}] = <C—n, C’_n> , forall n>0
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is called nth convergent, where the integers A, B, C, are defined by the following recurrent
relations (see, e.g., [11, 12]) for every n > 3:

Ap = anAn1+bpAn 2+ Ap_3
Bn =anBp-1+byByp2+ Bp3 (24)
Cn = a,Cp_1 + 0,02 + Cp_3.

We can introduce the convergents of a bifurcating continued fraction using a matricial descrip-
tion, like for the classic continued fractions. It is easy to prove by induction that

a 1 0 (079 1 0 An An—l An_g
bop 0 1|---[b, 0 1| =B, B.1 Bno (2.5)
1 00 1 0 0 Cn Cho1 Cho

T
(g_:, %) — [{aos .+ an}, {bos- -+ bu}-

Remark 2.1. We observe that the algorithm (2.1) does not provide every bifurcating continued
fraction expansion (2.3). Indeed, it is easy to prove that using equations (2.1) we always obtain
a; > b; for all i > 1. However, a bifurcating continued fraction can represent a couple of real
numbers (i.e., the limit of the convergents exists and it is finite), although it is not obtained
starting from the Jacobi algorithm.

Every periodic bifurcating continued fraction converges to a couple of cubic irrationalities,
but the viceversa is unproved. We do not know if, given any cubic irrationality, another cubic
irrationality ever exists such that their bifurcating continued fraction expansion is periodic.
Therefore, the Hermite problem is still open for any algebraic irrationalities, except for the
quadratic case.

The properties of the Jacobi algorithm can be studied by using the characteristic polynomial
of the matrices (2.5). For instance, if we consider the purely periodic bifurcating continued
fraction (o, 8) = [{@o,---,an},{bo,-..,bn}], such fraction converges to cubic irrationalities
related to the roots of the polynomial

An - An—l An—2
det Bn Bn—l — X Bn_g =0.
Cn Cn—l Cn_2 — X

Moreover, it is possible to directly study the convergence, considering that in this case we can
write (o, 8) = [{ag, ..., an,a},{bo,..., by, B} and

aAn + /BAn—l + An—2 aBn + /BBn—l + Bn—2

T a0, +BCh 1+ Crs 7T aCy+ BCh1 + Crs’
Similar considerations can be performed in the case of eventually periodic fractions.

The difficulties to prove an analog of the Lagrange Theorem (every quadratic irrational
has periodic continued fraction expansion) arise by the fact that there are no explicit forms
for cubic irrationalities. For this reason many different studies of the Jacobi algorithm has
been performed. For example, the discussion of bifurcating continued fractions is related to
the problem of finding units in cubic fields. Other ways involve the research of bound for the
partial quotients and the convergents.
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The Jacobi algorithm can also be approached studying a transformation of R? into itself
(see [22]), defined as follows:

o= (3[4 [3)

Using the following auxiliary maps over R2, defined by

(o, ) = H . (e, ) = [é] |

« «

the partial quotients of the Jacobi algorithm are determined by

ai = 7(i, Bi)
{bi = n(a, B;) (26)

1
where («y, 5;) = T(cj—1,Bi—1), for i = 0,1,2,.... Initializing the procedure with oy = — and
x

Bo = g, for any couple of real numbers x and y, the sequence of partial quotients provided by

equation (2.6) coincides with the sequence provided by the Jacobi algorithm as presented in
(2.1). In this way periodicity, convergence and other properties of the Jacobi algorithm can
be found studying the transformation 7" which satisfies ergodic properties.

In the next section, we propose a different approach, studying the convergence properties
of some polynomials and exploiting the fact that they satisfy linear recurrent relations.

3. GENERALIZED REDEI RATIONAL FUNCTIONS AND PERIODIC REPRESENTATIONS OF
CusBic Roors

As we have seen in the introduction, Rédei rational functions are strictly connected to
square roots. In this paragraph we propose a generalization of the Rédei polynomials related
to every algebraic irrationality. Successively we will focus on cubic irrationalities, highlighting
a connection with bifurcating continued fractions and the Hermite problem.

Instead of considering the expansion of (z + v/d)", we start analyzing the expansion of
(z+ Vde=1)™ where d is not an eth power. We observe that in the expansion of (z + v de¢=1)"
we have coefficients for vd2, Vd3, ..., v/de=1. Thus, we use e polynomials in order to write its
expansion:

(’Z + Y de—l)” = Mn(ev 0,d, Z) + Mn(e7 1,d, Z)\Eya +ot /LTL(@ e—1,d, Z) v de—l, (31)

where
- n e—1)h—k _n—e
() = e 2) = 3 (1 Jate e, (32)
h=0
Using the e x e matrix
z d O 0
0 2z d 0
- ) (3.3)
0 0 z

—_
<
)

IS
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whose characteristic polynomial (z — z)¢ —d¢~! has root of larger modulus z+d(¢~1/¢, defining
tn(k) = pn(e k,d, z) for k=0,1,...,e — 1, we have

n

z d 0 ... 0 B
0 2z d ... 0 #n(0) d#n(f 1) dpin(1)

: .. .. . : — /Ln(l)

1 0 0 e F 'un(e_ 1) :un(l) /Ln(o)

Example 3.1. When e = 3, we have

d 0 pn(0)  dpn(2)  dpn(1)
d = Nn(l) Nn(o) dﬂn(z)
z pn(2)  pn(1)  pn(0)

Remark 3.2. The sequences of polynomials i, are linear recurrent sequences. Indeed, they
correspond to the entries of a matriz power, and so they recur with the characteristic polyno-
mial of the resulting power matriz. In particular the sequence (un(e, k,d, 2))s, recurs with
polynomial (x — 2)¢ — d°~ 1.

n

= O N

z
0

We can observe the convergence of the polynomials pi,:

n 7k7d7 €
T AL UL B e W WP

n—00 Nn(eae — 1,d, Z)

Now, we focus our attention on the cubic case. In the next theorem we prove the convergence
of the polynomials i, (since these polynomials will be used in the next paragraph) when e = 3.

Theorem 3.3. Let d be a non-cube integer. Then

- pn(3,0,d, 2
lim ————

) s
n—o0 Mn(3727d7 Z) \/d_2

)

)

. Mn(?)v 1,d,Z
hm —_———
n—00 /Ln(?’a 27 da z

3

I
N

Proof. The sequence (u,(3,k,d, )2, recurs with polynomial (z — z)® — d? having real root

a1 = z + Vd? of larger modulus than the remaining roots as, ag. By the Binet formula

1n(3,0,d,2) = a1af + azady + azoy
pn(3,1,d, 2) = biall + baody + bzafy
Un(3,2,d,2) = craf + caady + c3ay.

Solving the systems

a1 +ag+az=1 b1 +by+03=0 ci+ca+ce3=0
a0 + a0 + asoy = 2 biaq + baag + bgaz =0 clag + coag +csaz =1
a103 + aza3 + aza3 = 2> b1a? + bya3 + b3l =d c102 + a3 + c3al = 22

we easily obtain
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Finally,
pn(3,0,d,2) a1 + azal + azay Lo

pn(3,2,d,2) 1o +cal + ez o
pn(3,1,d, z) _ biaf + baaly + bsafy . by
pn(3,2,d,2) 1ol + caody + czalf c1

O

Now, we use the polynomials u, together with bifurcating continued fractions in order to
approximate cubic roots. In particular we provide a periodic bifurcating continued fraction
expansion for any cubic root, whose convergents are the ratios of these polynomials.

First of all, we study bifurcating continued fractions with rational partial quotients.

Remark 3.4. In [1] and [2], we have studied algebraic properties of continued fractions with
rational partial quotients. In this way, it is possible to obtain periodic expansions for quadratic
irrationalities more handily. Furthermore, these continued fractions have interesting properties
of approximations related to Rédei rational functions. At the same time, we proved that Newton
and Padé provide approximations of square roots. Thus, it seems natural to use rational partial
quotients with bifurcating continued fractions.

If we consider a bifurcating continued fraction

apg aq CcCh C1
b_ovb_lv"' ) d_(],d_l"“ )

the sequences A,,, By, C), in (2.4) are rational numbers. Therefore, we can study the recurrence
of numerators and denominators of such rational sequences. In the following theorem we
provide the result only for the sequence A,. Similar results clearly hold for B,,, C,.

ap ai C 1
boubla"' ) d07d17"' )

let (An)2 0y (Bn)olos (Cn)22 be the sequences such that

ag G o cn\]  [An Bn
we g ) e

s
for alln > 0. Then A, = t_n for every n > 0, where

n

S_1 = 1/d0, So = aop, S1 = a0a1d1 + b0b161
Sp = andnsn—l + bnbn—lcndn—lsn—2 + bnbn—lbn—2dndn—ldn—23n—3a n>2

Lemma 3.5. Given

and

tg = b(]
tn = b() H?:l b,dl, n > 1.

Proof. We prove the theorem by induction. The verification of the inductive basis is straight-
forward.

Let us suppose the thesis is true for all the integers less or equal to n — 1 and we prove it
for n. Considering the recurrences (2.4) and the inductive hypothesis, we have
Qp Cn Qan Sp—1 Cn Sp—2 Sn—3
Ap=—Ap 1+ —Ano+ Ap_3= —

" bn et dn 2 s bn tn—1 dn tn—2 tn—3
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AnSnp—1 CnSn—2 Sn—3
= bubobidy by 1dn 1 dnbobrds ---by adn 2 | bobrds by sdn 3
andnsn_l + bnbn_lcndn_lsn_z + bnbn_lbn_gdndn_ldn_gsn_g Sn
- bobidy - - budy, Tt

O

Remark 3.6. Even if we have posed the condition s_y = 1/dy, the sequence (s,)5>, is an
integer sequence, since
s9 = azdasy + babicadisg + babibodads .

It is possible to prove similar results for (B,,) and (C,,):

S/

n
— n>0
tr -

B, =

where (s),)0°, recurs as the sequence (s,), but with initial conditions
50 = o
sy = arco + bidy
sh = bibacoea + arazcods + azbidods
and
t#h =do, t=dob
{t; =dob1 [[}5 bidi, n > 2.

Similarly we obtain
s

C, “on >0,

— t77
n
where (s))>°, recurs as (s,,) with initial conditions
sg=1, s{=a
8/2, = b1boco + ajasdo

and
{t’o’ —1, t'=b
tr =b1 [[lybidi, n>2.
We can conclude that we have the following expressions for the convergents of a bifurcating
continued fraction with rational partial quotients:

AO S0 An Sn

forall n>1

Co  bosl" Cn  bodys”
and
B, s!
roR = dozlé forall n >0,

where the sequences (s,,), (s),), (s/!) are integer sequences.

Now, we study the Hermite problem for cubic irrationalities, observing a connection between
the polynomials i, and the bifurcating continued fractions. By using rational partial quotients
we can give a periodic expansion for every couple of cubic irrationalities of the kind (W , \3/3),

whose approximations are provided by the polynomials u,. In order to do this, we recall that
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polynomials pu, = py(e, k,d, z), where now we consider e = 3, have the following matricial
representation:

2 d 0\"  [pn(0) dun(2) dun(1)
0 2z d = /Ln(l) /Ln(o) d/‘n(2) ) (34)
10 = tn(2)  pn(1)  pa(0)

where we write the only dependence from k.

Theorem 3.7. The periodic bifurcating continued fraction

2z  3dz 5 3z 0 22 322 3dz2 322 (3.5)
CUBRLE Al B+ B+l d '

converges for every integer z # 0 to the couple of irrationals (\/3 d?, \3/3) and its convergents
are the couple of rationals

Nn(37 07 d7 Z) Mn(?), 17 d7 Z)
Mn(3727d72:)7 Nn(3727d7 Z) ’
for un(e, k,d, z) polynomials defined in (3.2), n > 1.

Proof. By Theorem 3.3, we have only to prove that the convergents of (3.5) are

Mn(3707d7z) Mn(?),l,d,Z)
wn(3,2,d,2)" pn(3,2,d,2))

In this way the periodic bifurcating continued fraction (3.5) clearly converges to (vd2, V/d).
For the sake of simplicity we specify only the dependence on k for the polynomials p,,:
Mn(?), ka d7 Z) = Mn(k)

We will use the representation of the convergents showed in Lemma 3.5. We start by observing
that in this case we have

bo=1, do=1, di=d
and
so=ag =2z =pu1(0), s1=apaid; + bobic; = 2dz* — dz* = dz* = duy(0),
86:COZOZ,U1(1), 8/1 :alco—l—bldo:d:,ug(l),
so=1=p1(2), sf=a1=2z=p2).
Therefore, for the convergents of (3.5) we initially have
so  m(0) sp (1)
bosg  p1(2)  dosg  pa(2)
s1 st ome(0)  sp o pe(1)
b(]dlS/l, N dslll N /L2(2)7 doSlll N /.L2(2).
Now, we prove by induction the following relation:

2(n+1) on

Sp = d[ 3 ](d2 + 23)[?]un+1(0), for all n > 2. (3.6)

The inductive basis is straightforward, finding that
s9 = d?(d* + 2%)u3(0).
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We now proceed with the induction, supposing true the thesis for every integer less or equal
to n — 1 and proving the thesis for n. Since the period of the fraction is 3, we have to discuss
3 cases for n, i.e.,
n=0 (mod3), n=1 (mod3), n=2 (mod3).
In this proof we only consider the case n =0 (mod 3); for the other case the proof is similar.
By Lemma 3.5 we know that
Sp = andnsn—l + bnbn—lcndn—lsn—2 + bnbn—1bn—2dndn—ldn—23n—3-

Since n = 0 (mod 3), we have

an =32, bp,=1, ¢, =-3d2% d,=2+d°,
-1 =3dz, bp1=22+d% cp_1=-322 dy1=2+d?
ap—2 = 327 bn—2 = d: Cn—2 = _3227 dn—2 =d.

Thus, considering the inductive hypothesis, we have

2n 2n—2
3

s = 32(d2 + 23)dl % (@2 + 235 1, (0)

2(n—1) onm—4

= 322d(@ + 2l T (@ + )2 0)

2(n—2) om—=6

+(d2—|—z3)3d2d[ 3 ](d2+z3)[ 3 ],un_g(O),

i.e.,

2n 2n+1

Sp = 3zd[7](d2 + z?’)[ 3 ],un(O)

2nt1)
@+ 4" 0
2(n+1)

+ @+ Al 5 (@2 1 ) E (0.

Since n =0 (mod 3), i.e., n = 3k, we have the following identities
2n]  [2(n+1)] [2n+1
3| 3 B 3 ]

[ﬂ] _ ok, [M} _ [2k+ 3] — 2%k, [w} - [2k:+ 1} — 2%k

[#57]

—32%d

Indeed,

3 3 3 3 3

Therefore, we have
2(n+1) on

o = A5 (@ 4 ) B 3210(0) — 3201 (0) + (@ + 2)pina(0))

and remembering the recurrence relation involving the polynomials pu,, the equation (3.6)
follows. It is possible to prove in a similar way the formulas

2n—1

st =d 5 (@ 1+ 3 F 1), forall n>2,

2(n+1)

ds;;:d[ 3 ](d2+z3)[2§]ﬂn+1(2), for all n > 2.

Hence, for the couple of convergents of the fraction (3.5) we obtain

Sn. S_n_ Nn-i—l(o)
bodlsx N dS% N Nn—i—l(z),

for all n > 2,
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Sh _ i _ fnt1(1)
dosty s Jme1(2)
and, considering what has been observed for indexes n = 0,1, the proof is complete. O

forall n>2

In the previous theorem we saw an important result about cubic roots. Indeed, we found a
periodic representation in the sense of the Hermite problem providing rational approximations
for cubic roots related to a generalization of the Rédei rational functions. It is interesting to
note that the previous representation is valid for every choice of z integer, providing in this
way different rational approximations for the same cubic root. Moreover, the period of (3.5) is
really short and it is in general shorter than the period of the bifurcating continued fractions
obtained from the Jacobi algorithm. We highlight such considerations and the differences
between our representation and the Jacobi one in the next examples.

Example 3.8. Let us consider the cubic roots (¥/16,V/4). Choosing, for example, z = [¥/16] =
2, by the previous theorem, we have

(666,92)2:[{2JﬂL6,g},{o,—lf—%,—2,—3}],

against the Jacobi algorithm which seems to have non—periodicity. Indeed, evaluating the first
1000 partial quotients of the expansion of (V/16,/4) no periodic patterns appear with the
Jacobi algorithm.

Example 3.9. Let us consider the cubic roots (3/25,v/5). In this case the Jacobi algorithm
provides a periodic expansion of period 6 and pre-period 7, given by

[{2,1,3,2,1,1,7,1,1,2,3,1,6},{1,1,1,0,0,0,0,0,0,0,0, 1, 2}]

against our representation of period 8 and pre-period 2, which, choosing for example, z =

(V5] =1, is
215 3 1 3 15 3
17_7_737_ ) 07__7__7__7__ .
5260 5 5 260 260 5

Finally, previous representation allow us to retrieve periodic representations and approxima-
tions by using linear recurrent sequences for a vast class of cubic irrationalities. The sequences
(An) 129, (Br) 2%, (Cr)i2% determine the convergents of the fraction (3.5), if we consider the

7],:07 n=0°
matrix
ago aor a2\ [An An—1 An—2 Apn Apr Anoo
aip ai; a2 Byn Bn-1 Bnz| =|Bn Bnpo1 Bpoo
agy azr ax) \C, Ch_1 Ch_o C, Ch1 Ch_s
L A, B,
it is easy to study the convergence of — and —. In fact, we have
n n
N A :
An . agody + a1 By + apCh . Googr taoigs +aoz

lim — = lim = :
n=oo Gy 00 g An + a21Bn + a22Cn 1% a2 + agn B2 + ag

ie.,
. Ay agVd? + aq Vd + agy
lim — = 5 . (3.7
n=00 Gy agyVd? + ag; Vd 4 ax
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and similarly
lim B, awoVd+anVd+ap
n—00 C~n agoW + a9 Vd + agg.
Therefore, starting from the approximations of the previous theorem we can construct rational
approximations, connected to generalized Rédei polynomials, for all these cubic irrationalities.
However, we do not know if these approximations correspond to convergents of some bifurcat-

ing continued fraction. To make this happen, it is necessary to express the matrix

(3.8)

app aop1 Qo2
aljp air a2
G0 a1 Q22
as a product of matrices of type (2.5). The problem of the factorization of any matrix into a

product of the kind (2.5) is very difficult and we do not study it in this paper. However, we
can obtain another interesting result. If we consider the product

ap 1 0 as 1 0
A=1b 0 1]---[b3 0 1],
1 00 1 00

the matrix A has first row with entries
ao + az + aparazas + azaszby + apazbe + aparbs + bibs, 1+ apaias + agzby + agba, apar + by
and third row with entries
14+ ajagas + asby + a1bs, ajaz+ba, ag.
If these entries are matched with the entries of a generic matrix

app apr ao2
ajp aixz a2
a0 a1 a2

the system has rational solutions

ap =1, a1 =a
1 —ap1 + az a2 — apgoa22 + ap2a0 — 22
gy = ———— a3 =
a2 — G2 ap2a21 — 01022

bo =1, b1 =ap2 —axn
p, — 001022 — A2 — Aoo21 - Gg1 — Aoodat + apra — ao1

9 = , by = .

a2 — a2 ap1a22 — G02021

Using these choices for a;,b;, ¢ = 0,1, 2,3, the second row of the matrix A cannot clearly be
any row, but it will be determined by these values. Therefore, we are able to construct a
periodic bifurcating continued fraction for any cubic irrationality (3.7) paired with another
determined cubic irrationality, starting from the fraction (3.5).
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