EXTENSIONS OF AN AMAZING IDENTITY OF RAMANUJAN

KWANG-WU CHEN

ABSTRACT. To begin with an amazing identity of Ramanujan, we derive an algorithm. Using
this algorithm we get a lot of similar identities. Finally, we apply this algorithm to reformulate
Ramanujan’s 6-10-8 identity.

1. INTRODUCTION

Ramanujan [5] recorded the following amazing identity. If the sequences (ay), (by), and (c)
are defined by

i 1+ 53z + 922
S ot =
1 — 82z — 8222 4 a3’

k>0
2 — 26z — 1222
> bpat = —, (1.1)
=0 1—82x —82zx°+x
& 2 + 8z — 1022
D et = T
=0 — 82x — 82z +x
then
a3 + b3 =c 4+ (-1)F,  forall k> 0. (1.2)

Two proofs of this identity and a plausible explanation of how Ramanujan might have discov-
ered it have been given by Hirschhorn [1, 2].

Motivated by Hirschhorn’s explanation, McLaughlin [3] gives a similar identity involving
eleven sequences.

Example 1.1. (McLaughlin [3]) Let the sequences of integers (ay), (br), (cx), (di), (ex), (fx),
(). (ak), (rk), and (sy) be defined by

—3 — 164z — 22 —1—134x + 722
k k
Zakx =1 73" Zbkm =1 2 .30
>0 1 —992 + 99z 2 x =0 1 —99x + 99x 2:1:
1—298z +«x 7 — 228x + bx
k k
chw =1_ 2 _ .30 dew =1_ 23"
e 1—992 + 99x 235 =0 1—99x + 99x 2 T
5 — 258x — 3z 3 — 94z + 3z
k k
Zekx =71_ 7.3 ka:n =71_ 2 30 (1.3)
o 1—992 + 99z T >0 1—99x + 99 T
S ppat —3 — 138z + bz? S gt —1 — 244z — 322
k = — 2 _ .3 k = — 2 _ .3
=0 1—99x + 99x 2 T =0 1—992 + 99x 295
7 — 254 — x 5—148x + Tz
k_ k_
> T 199z 1 9922 — 23 D> sz 1— 99z + 9922 — 28~
k>0 >0
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Then for each k > 0, n=1,2,3,4,5, we have
ap +bp +cp +dp +ep + il =pp +qp +rp +sp+3"+ 1 (1.4)

According to these good ideas, we present a systematic approach in Section 3. By this
algorithm we could give a lot of identities like those of Ramanujan and McLaughlin.

In Section 4, we apply this algorithm to get a different type of identity, Ramanujan’s 6—10—8
identity and Hirschhorn’s 3 — 7 — 5 identity.

2. PRELIMILARIES
Let a sequence (hy) be defined by
ho =0,hy = 1,hgyo = ahgy1 + bhy, for all k >0, (2.1)
where a and b are nonzero integers.
The solutions of the characteristic equation x

a+ Va2 +4b and B = a—+va2+4b
2 N 2 '

2_aqx—b=0 are

Hence,
hk:{ j% if a2 + 4b # 0,
n-(8)" ifa®+4b=0.
Lemma 2.1. Let a sequence (ay) be defined by
ar = arhjq + ashii1hy + ashi (2.2)

for some given integers a1, s, and as. Then the ordinary generating function of ay is

Z aat — a1 + (=bay + aas + az)x — bazx? 2.3)

1 — (a? +b)x — (b2 + a?b)x? + b33

The above result is easily derived by the generating functions of h%, h% 41 and hyhyy.
Lemma 2.2. Let a sequence (ay) be defined by
ar = hi,q — ahpi1hy, — bhZ. (2.4)

Then
ap, = (—b)*. (2.5)

Proof. We rewrite the sequence (ay) as
ap = hi—i—l — hi(ahgs+1 + bhy)

= hi 1 — hihgyo
= hgy1(ahg + bhg_1) — hg(ahgq + bhy)
= (=b)(hi — hi—1hi41)-
Repeat the above step k times,
ar = (—=b)*(h — hohs) = (—b)*.
Thus we complete the proof. (]
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3. THE ALGORITHM

The following algorithm says that if we find a special kind of a Diophantine equation then
we can get an identity like those of Ramanujan and McLaughlin.

Algorithm:
Step 1: Find a Diophantine equation of the form

af +ay +-tap =yl Hys + oy (3.1)
which has a two-parametric quadratic solution

T, = ainp?® + iepq + iz, (3.2)
yi = Bap® + Biapq + Bisd®. '

In particular, there exists a y; such that
yj = p° — apq — bg’. (3.3)

We arrange this j to be the last index /.
Step 2: Let a sequence (hy) be defined by

ho =0,hy =1, hgyro = ahpy1 + bhy, for all £ > 0, (34)

where a and b are nonzero integers. Let p = hx11, ¢ = hi. Then the solutions z;, y;
become the sequences

Qi = ailhi—l—l + ai?hk-i—lhk + Oéi?)hz, (3 5)
bik = Bithiq + Bizhigrhi + Bishi, )
which satisfies the identity
ayp+ayy+-otagy =0+ by + o+ by (3.6)
Step 3: By Lemma 2.2 the sequence
bevk = (_b)k'
Therefore, equation (3.6) becomes
Al ay+ o+ ap, =0+ b5+ b+ (—b)F (3.7)
Step 4: Using Lemma 2.1 we get the ordinary generating functions of a; ;, and b; ;, where
1<i<f1<j<l—1. O

Further examples of identities like those of Ramanujan and McLaughlin could easily be given,
but we turn instead to a different type of identity, Ramanujan’s 6 — 10 — 8 identity and
Hirschhorn’s 3 — 7 — 5 identity.
4. RAMANUJAN’S 6-10-8 IDENTITY
Ramanujan’s 6-10-8 identity is one of the most remarkable identities. That is
64FsFo = 45F2, (4.1)

where

Fr=(@+b+o)f+b+ct+df+(@a—d)f—(a+c+df—(a+b+d)*—(b-c)F (42

and ad = be. On the other hand, Hirschhorn’s 3-7-5 identity, which was inspired by Ramanu-
jan, is also very fascinating. It is
25H3H; = 21HZ, (4.3)
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where
Hy=(a+b+co)  —(b+ct+d)f —(a—d)"+(a+c+d)f —(a+b+d)"+ (b —-c)f, (44)
and ad = bc. Here we present two new similar identities.

Example 4.1. Let the sequences of integers (ay), (bx), (cx), (dx), and (ex) be defined by

2 + 84x + 222 3 — 14x + 322
k k
E = E b =
Ak 1 — 992 4 9922 — 23’ = K 1 —992 4+ 992 — 23’

3 ot 1+ 102z + 22 idfﬂk 2 — 76z + 222 s
k) - _ 2_ 37 k) - _ 2_ 37 .
>0 1—99z + 99z T =0 1—99x + 99z €T

& 3 + 26z + 32°
> enat = 1— 99z + 9922 — 23
>0 — 99z +Izx° — 2

Then we have
64(1 +af +09 — & —dl —ed)(1 +a’ + 010 — ¥ — a0 — ei?)

=45(1 +af + b — & — df —€})?, (4.6)
25(1+a; —b} —c —di +e})(1+al — bl —cl —d] +el)
=21(1 +af — b — ) — dy + €))% (4.7)

Proof. We use the two-parametric quadratic forms for F,, and H,, (ref. [4]):
Fo = (p” —10pq + ¢*)" + (20" + 8pq + 2¢°)" + (3p® — 2pq + 3¢°)"
— (p* + 10pg + ¢*)" — (20° — 8pq + 2¢°)" — (3p” + 2pq + 3¢
Hy, = (p* — 10pg + ¢*)" + (2p° + 8pq + 2¢°)" — (3p” — 2pq + 3¢
— (p* + 10pg + ¢*)™ — (2p° — 8pq + 2¢°)" + (3p” + 2pq + 3¢°)".
The recursive relation of hj is defined by
hit2 = 10hg11 — hg.
We follow the steps in our algorithm and get the results. O
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)
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