POWER DIGRAPHS MODULO n ARE SYMMETRIC OF ORDER M
IF AND ONLY IF M IS SQUARE FREE

LAWRENCE SOMER AND MICHAL KRIZEK

ABSTRACT. We assign to each pair of positive integers k > 2 and n a digraph G(n, k) whose
set of vertices is H = {0,1,...,n — 1} and for which there is a directed edge from a € H
to b € H if a® = b (mod n). The digraph G(n,k) is symmetric of order M if its set of
components can be partitioned into disjoint subsets, each containing exactly M isomorphic
components. Deng and Yuan completely characterized all symmetric digraphs of order M
when M = 2 or M is divisible by an odd prime. We demonstrate that their classification is
complete by showing that there are no symmetric digraphs G(n, k) of order 2° for s > 2.

1. INTRODUCTION

For n > 1 set
H={0,1,...,n—1}.
For a fixed integer k > 2 and for each a € H, let b € H be the remainder of a* modulo n, i.e.,
beH and o*=0b (modn). (1.1)

In this paper, we construct an iteration directed graph G(n, k) (called digraph) associated
with the congruence (1.1) such that there exists exactly one directed edge from a to b for
all @ € H. Each pair of natural numbers k£ > 2 and n thus has a specific iteration digraph
corresponding to it.

In [2] and [3], Deng and Yuan gave necessary and sufficient conditions for a large set of
digraphs G(n,k) to be symmetric. We demonstrate that their classification of symmetric
digraphs is in fact complete by showing that symmetric digraphs G(n, k) of a certain type
cannot exist.

FIGURE 1. The iteration digraph G(8,2).

For brevity we will make statements such as ged(a, n) = 1, treating the vertex a as a number.
Moreover, when we refer, for instance, to the vertex a®, we identify it with the remainder from
H given by (1.1), see Figure 1.

This paper was supported by Grant no. TAA 100190803 of the Grant Agency of the Academy of Sciences of
the Czech Republic and RVO 67985840.
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Let w(n) denote the number of distinct primes dividing n > 2 and let the prime power
factorization of n be given by

T
n= Hp?i, (1.2)
i=1

where p; < py < -+- < p, are primes and «; > 0, i.e., r = w(n). For n =1, we set w(1) = 0.

A component of the iteration digraph is a subdigraph which is a maximal connected subgraph
of the associated nondirected graph.

The indegree of a vertex a € H of G(n, k), denoted by indegk (a), is the number of directed
edges coming into a, and the outdegree of a is the number of directed edges leaving the vertex
a. Frequently we will simply write indeg(a) when it is understood that a is a vertex in G(n, k).
Obviously, the outdegree of each vertex of G(n,k) is equal to 1. Therefore, G(n, k) with n
vertices also has exactly n directed edges. Thus, if b;, ¢ = 1,2,...,q, denote the indegrees of
all the vertices of G(n, k) having positive indegree, then

=1

It is clear that each component has a unique cycle, since each vertex of the component has
outdegree 1 and the component has only a finite number of vertices. It is also evident that
cycle vertices have positive indegree. Cycles of length 1 are called fixed points (cf. Figure 2).

Note that 0 and 1 are always fixed points of G(n, k). Cycles of length ¢ are called t-cycles.
Let A (G(n,k)) denote the number of t-cycles in G(n,k). Let J(n,k) be a component in
G(n,k) and let ¢ be a cycle vertex in J(n, k). It is evident that b is a vertex in J(n, k) if and

only if b = ¢ (mod n) for some positive integer h.

Definition 1.1. Let M > 2 be an integer. The digraph G(n, k) is said to be symmetric of order
M if its set of components can be partitioned into disjoint subsets, each containing exactly M
isomorphic components.

We have the following proposition.
Proposition 1.2. If the digraph G(n, k) is symmetric of order M then M | n.

Proof. Suppose that G(n, k) has ¢ disjoint subsets of components, each containing exactly M
isomorphic components. Let each component in the ith subset, 1 < ¢ < /¢, have n; vertices.
Then the ith subset has Mn; vertices. Hence,

l l
n = ZMW = MZni,
i=1 i=1
and M | n. O

Notice that for a given symmetric digraph G(n, k) the order M is not necessarily uniquely
defined.

Figure 2 shows a symmetric digraph G(39, 3) of order 3, while Figure 3 exhibits a symmetric
digraph of order 5. The digraph in Figure 1 is not symmetric of order M for any M > 2 while
the digraphs in Figures 4, 5, and 6 are each symmetric of order 2.

In Szalay [12], it was shown that G(n,2) is symmetric of order 2 if n =2 (mod 4) or n =4
(mod 8). In [1], it was proved that G(2"q,2) is symmetric of order 2 if and only if r = 1,2,
or 4, where ¢ is a Fermat prime, that is, a prime ¢ = 22" + 1 for some nonnegative integer m
(see [7] for properties of Fermat primes).
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FIGURE 2. The symmetric iteration digraph G(39,3) of order 3.

In [10], we found sufficient conditions for G(n, k) to be symmetric of order M, where M > 2
is an arbitrary square-free number. Kramer-Miller [6] gave necessary and sufficient conditions
for G(n, k) to be symmetric of order p when p is an odd prime, p | n, and n is square free. This
result was extended in [5], where necessary and sufficient conditions were given for G(p®nq, k)
to be symmetric of order p, where p is an odd prime, a > 1, ny > 1 is square free and odd,
and p1fng.

2. CLASSIFICATION OF ALL SYMMETRIC ITERATION DIGRAPHS

By the combined results of Theorem 2.1 proved in [3] and Theorem 2.4 which was proved in
[2], Deng and Yuan determined all symmetric digraphs G(n, k) of order M when M is divisible
by an odd prime or M = 2. The following theorem which extends results given in [10] and [6]
can be extracted from the results in [3]. For ged(n,a) = 1 let ord,a denote the multiplicative
order of @ modulo n.

Theorem 2.1. Let k > 2 and let n = [[;_, p;" as gwen in (1.2). If p; is odd and p; | n, let
T'(p;) be the set of all odd primes p; # p; such that p; | n and ged((p; — 1)p] 1,k) = pa]_1

Suppose that M is divisible by an odd prime. Then G(n,k) is symmetric of order M zf and
only if condition (i) holds and one of conditions (ii)—(iv) also holds:
(i) M is square free, M | n, and k is odd,
(i) w(n) = 1, py is an odd prime such that M = py, ged((p1 — 1)pS* 1 k) = p* ™1, and
k=1 (modpl—l)
(iii) 2| M, w(n) > 2, 2||n, and G(n/2,k) is symmetric of order M/2,
(iv) M is odd, n is divisible by at least two distinct odd primes, and for each prime p; such
that p; | M, ged((p; — 1)pf‘i_1, k) = pf‘i_l and one of the following two subconditions
hold:

(a) G(p;, k) is symmetric of order p;, or
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(b) G(pi, k) is not symmetric of order p;, T(p;) is nonempty, and either

pi | AGC ] pik)

JET(pi)
orordy,_1k | t for allt € N.

Remark 2.2. We observe that the digraph G(25,5) appearing in Figure 3 is an example to
part (ii) of Theorem 2.1 for M = k = 5 and n = 5°.

5 10 15 20 6 11 16 21 2 12 17 22
8 13 23 9 14 19

\/ \\g//

FIGURE 3. The symmetric and semiregular iteration digraph G(25,5) of order 5.

Let us denote the radical of n by

rad(n H i

and let the factorization of n be as given in (1.2). We have the following corollary to Theorem
2.1.

Corollary 2.3. Let k, M, and n be defined as in Theorem 2.1. Let T be the set of primes p;
such that p; | n and ged((p; — 1)10?”_17 k) = p?i_l. If T is nonempty, let np = HpieT p; and
let m be a positive integer such that rad(m) = np and m | n. Then G(n,k) is symmetric of
order M if and only if G(m, k) is symmetric of order M.

Theorem 2.4 given below follows from Theorems 3.1 and 5.1 of [2] and generalizes Theorem
5.1 (ii) in [10].

Theorem 2.4. Let k > 2 and n = 2%nq, where o« > 0 and ny > 1 is odd. Then G(n,k) is
symmetric of order 2 if and only if condition (i) holds and one of conditions (ii)—(vi) holds:

a=4, k=2,
(Vi) a =5, k=4.

Moreover, G(2%nq, k) is symmetric of order 2 if and only if G(2%, k) is symmetric of order 2.
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Remark 2.5. We note that the digraph G(14,2) in Figure 4 is an example to Theorem 2.4
(ii), the digraph G(12,2) in Figure 6 is an example to Theorem 2.4 (iii), and the digraph
G(16,2) in Figure 5 is an example to Theorem 2.4 (v).

sorotd

2 4 9 11

FIGURE 4. The symmetric iteration digraph G(14,2) of order 2.

Definition 2.6. The digraph G(n, k) is semireqular if there exists a positive integer d such
that indeg” (a) = 0 or d for all vertices a € G(n, k).

Semiregular digraphs are given in Figures 3 and 5. The digraphs in the remaining figures
are not semiregular. We note that the definition of a semiregular graph includes the case in
which the digraph G(n,k) is regular, that is, all the vertices in the digraph have the same
indegree.

8 2 6 10 14 12 7 3 5 11 13 15

FIGURE 5. The symmetric and semiregular iteration digraph G(16,2) of order 2.

In [3], Deng and Yuan show that there is a close link between symmetric and semiregular
digraphs. The following theorem is a special case of results given in Theorem 2.4 of [8] and
Theorem 4.4 of [9].

Theorem 2.7. Suppose that p is an odd prime and o > 1.
(i) G(p*, k) is semiregular if and only if ged((p — 1)p®~ 1, k) = p* L.
(ii) G(2%,k) is semireqular if and only if one of the conditions (ii)—(vi) in Theorem 2.4
holds.

We have the following corollaries to Theorem 2.1 and 2.4, respectively, which relate sym-
metric digraphs to semiregular digraphs.
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Corollary 2.8. Consider the digraph G(n,k), where n has the factorization given in (1.2).
Suppose that M is square free and has an odd prime divisor and M | n. Then G(n,k) is
symmetric of order M only if G(pj", k) is semiregular for each prime p; such that p; | M.

Corollary 2.9. Let n = 2%ny, where a > 1 and ny > 1 is odd. Then G(2%ny, k) is symmetric
of order 2 if and only if G(2%, k) is semiregular if and only if G(2°, k) is symmetric of order 2.

The following examples show that the condition given in Corollary 2.8 for G(n, k) to be
symmetric is necessary, but not sufficient. We see by Theorem 2.7 (i) and Theorem 2.1 (ii)
that G(5,3) is regular but not symmetric of order M for any M > 2. Similarly, we find that
(G(25, 15) is semiregular, but not regular and not symmetric of order M for any M > 2.

The next theorem demonstrates that the classification of symmetric digraphs G(n,k) of
order M given by Deng and Yuan in Theorems 2.1 and 2.4 is in fact complete.

Theorem 2.10. There are no symmetric digraphs G(n,k) of order 2° for s > 2.

A proof of Theorem 2.10 will be given in Section 9.
Corollary 2.11 below follows from Theorems 2.1, 2.4, and 2.10.

Corollary 2.11. There exists a symmetric digraph G(n,k) of order M > 2 if and only if M
s square free.

3. TWO SPECIAL SUBDIGRAPHS OF G(n, k)

We specify two particular subdigraphs of G(n, k). Let G1(n, k) be the induced subdigraph of
G(n, k) on the set of vertices which are coprime to n and G3(n, k) be the induced subdigraph
on the remaining vertices not coprime with n. We observe that Gi(n,k) and Ga(n,k) are
disjoint and that G(n,k) = G1(n, k) U Ga(n, k), that is, no edge goes between G1(n, k) and
Ga(n, k). Since ged(a,n) = 1 if and only if ged(a®,n) = 1, it follows that both G1(n, k) and
G2(n, k) are unions of components of G(n, k). For example, the second component of Figure 6
is G1(12,2) whereas the remaining three components make up G2(12,2). It is clear that 0 is
always a fixed point of Ga(n, k). If n > 1, then 1 and n — 1 are always vertices of Gy (n, k).

6 5 7 11 2 8 10 3
FIGURE 6. The symmetric iteration digraph G(12,2) of order 2.

We also specify two components in Gy (n, k) and Ga(n, k), which will be used in Section 9.
These are C containing the fixed point 1 and Cy containing the fixed point 0, respectively. It
is clear that if p is a prime and « > 1, then Ga(p®, k) = Cp.

4. PROPERTIES OF THE CARMICHAEL LAMBDA-FUNCTION

Before proceeding further, we need to review some properties of the Carmichael lambda-
function A(n). Its definition is a modification of the definition of the Euler totient function

¢(n).
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Definition 4.1. Let n be a positive integer. Then the Carmichael lambda-function \(n) is
defined as follows:

A1) =1 =¢(1),
A2) =1=¢(2),
A(4) =2 =9¢(4),
A2F) =22 = %¢(2k) for k > 3,
ApPF) = (p— 1)pF~1 = ¢(p") for any odd prime p and k > 1,
)‘(pllﬂpé% o 'prrl) = lcm[)‘(pl )7 )‘(pl2€2)7 R )\(pgff)],
where py, po,..., p, are distinct primes and k; > 1 for all i € {1,...,r}.

It immediately follows from Definition 4.1 that

A(n) | ¢(n)

for all n and that A(n) = ¢(n) if and only if n € {1, 2, 4, ¢¥, 2¢*}, where ¢ is an odd prime
and k£ > 1.
The following theorem generalizes the well-known Euler’s Theorem which says (see [7, p. 20])

that a®™ =1 (mod n) if and only if ged(a,n) = 1. It shows that A(n) is the smallest possible
universal order modulo n.

Theorem 4.2. (Carmichael) Let a,n € N. Then
™ =1 (mod n)
if and only if ged(a,n) = 1. Moreover, there exists an integer g such that
ordp,g = A(n).
For the proof, see [7, p.21].

5. RESULTS ON CYCLES

Consider a digraph G(n, k) and factorize A(n) as
A(n) = uv, (5.1)

where u is the largest divisor of A(n) relatively prime to k. We will need the following theorems
to prove our main results.

Theorem 5.1. There exists a t-cycle in Gi(n, k) if and only if
t = ordgk
for some factor d of u. Moreover, the longest cycle in G1(n, k) has length equal to ord,k.
This was proved in [13, pp. 232-233].
Theorem 5.2. ([11, Theorem 7.1)) If there exists a t-cycle in Ga(n, k), then there exists a
t-cycle in G1(n, k).
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Theorem 5.3. ([10, Theorem 6.6]) Let n have the factorization given in (1.2) and let t be a
positive integer. Then
1|+ o
A(G(n, k) = - | T[]0 ged(A@§), k" = 1) +1) = > dA«(G(n, k)|, (5.2)

t
i=1 djt, d#t

where §; =2 if 2 | k' — 1 and 8 | p{'*, and §; = 1 otherwise.

6. AN EXAMPLE TO THEOREM 2.1

Looking at Figure 2, we see that G(39,3) = G(3 - 13,3) is symmetric of order 3. Making
use of part (ii) of Theorem 2.1, we find that the digraph G(39, 3) satisfies condition (iv)(a) of
Theorem 2.1. However, it is not immediately clear that there exists a digraph G(n, k) which
actually satisfies the hypotheses of part (iv)(b) of Theorem 2.1. Example 6.1 given below
shows that this can indeed occur. This is a slightly changed version of Example 38 in [5].

Example 6.1. Let n = p{"po, where p; = 7, a; = 2 and py = 103, and let k = 35. Consider
the digraph

G(n, k) = G(7% - 103,35) = G(5047, 35).

We shall demonstrate that condition (iv)(b) of Theorem 2.1 is satisfied, and thus, G(72-103, 35)
is symmetric of order 7.
We first note that py = 7| M =7, while po = 1031 M =7,

ged((p1 — 1)pi* k) = ged(42,35) = 7= p{* 7,

and
ged(py — 1, k) = ged(102,35) = p§ = 1.

We next observe that G(7,35) is not symmetric of order 7 by Theorem 2.1 (ii), since k =
35# 1 (mod 7). We further note that

ordy,—1k = ordg35 = 2 (6.1)

and
Ol“dpz_lk? = 01“d10235 = 2. (6.2)

Thus, it follows from (6.2) and Theorems 5.1 and 5.2 that the longest cycle in G(103,35) has
length 2. Thus, G(103,35) only has t-cycles for ¢t = 1 or t = 2. By Theorem 5.3,

A1(G(103,35)) = ged(102,34) + 1 = 35.
Hence,
p1 =T A1(G(p2, k)) = 35.
We also note that when ¢ = 2, then
ordy, 1k=2[t=2.
Moreover, A;(G(103,35)) = 0 when ¢t > 2. We now see that G(72 - 103,35) indeed satisfies
condition (iv)(b) of Theorem 2.1.
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7. DIGRAPH PRODUCTS

Let n = nyng, where ged(nq,ne) = 1, ny > 1, and ny > 1. We show that we can represent
G(n, k) as a product of the two digraphs G(ni,k) and G(ng, k). By the Chinese Remainder
Theorem, we can uniquely represent each vertex a € G(n, k) as the ordered pair (a1, ag), where
0<a;1<n;—1,0<ay <ny—1,a=a; (mod ny), and a = ay (mod ny). For a = (a1, as)
define

ak = (a17a2)k = (alfvag)v (71)

where we assume that a*, a'f , and alg are all reduced modulo n, ni, and ng, respectively.

Let G(ni,k) x G(na, k) denote the digraph whose vertices are the ordered pairs (a1, as),
where 0 < a; <nj; —1 and 0 < ag < ny — 1. In addition, {(a1,b1), (az,be2)) is a directed edge
of G(n1,k) x G(na, k) if and only if az = a} (mod n;) and by = b} (mod ny) (see [4]).

From (7.1), it follows that

G(n,k) = G(ni, k) x G(na, k)
and for simplicity we write

G(n,k) = G(ny, k) x G(na, k). (7.2)
If n has the factorization given in (1.2), it follows from (7.2) that

G(n, k) =G, k) x G(p5?, k) x --- x G(pi, k).

8. FURTHER RESULTS
We will need the following results in order to prove our main results on symmetric digraphs.

Theorem 8.1. Let p be a prime and o > 1. Let a be a vertex of positive indegree in G1(p®, k).
Then

indeglga(a) =eged(A(p“), k),
where e =2 if 2 | k and 8 | p®, and € = 1 otherwise.
This is proved in [13, pp. 231-232].
Lemma 8.2. ([10, Lemma 3.2]) Let p be a prime and let « > 1 and k > 2 be integers. Then
indeg';a(O) = pola/kl,

Lemma 8.3. ([6, Lemma 5]) Let n = ning, where ged(ni,ne) = 1. Let a = (a1,a2) be a
vertex in G(n, k) = G(ni,k) x G(na, k). Then

indeg® (a) = iladeg];1 (a1) i]ﬂdegﬁ2 (a2).
Theorem 8.4. ([10, Theorem 6.7]) Let ¢ = (c1,c2) be a vertex in G(n, k) = G(n1, k) xG(na, k).

Then c is a cycle vertex in G(n, k) if and only if ¢; is a cycle vertex in G(n;, k) fori=1,2.

Theorem 8.5. ([10, Theorem 6.8]) Assume that n = ning and ged(ni,ne) = 1. Let J(nq, k)
be a union of components of G(ni, k) and let L(na, k) be a union of components of G(na, k).
Then J(ni,k) x L(na, k) is a union of components of G(n,k) = G(n1, k) x G(na, k). Moreover,
if

J(ni, k) = U Ei(n1, k)
i=1

204 VOLUME 50, NUMBER 3



SYMMETRY OF POWER DIGRAPHS MODULO n

and
ng, U F ng,

where E;(n1,k) and Fj(ng, k) are distinct components of G(ni,k) and G(ng, k), respectively,
then

J(n1, k) x L(ng, k UE (n1, k) x Fj(na, k), (8.1)

where the union in (8.1) is a disjoint union.

Lemma 8.6. ([6, Lemma 1]|) Let n = nyng, where ged(ny,na) = 1. Let E(ny, k) be a compo-
nent of G(ni,k) and let J(nz2, k) be a component of G(na, k). Let s be the length of E(n1,k)’s
cycle and let t be the length of J(na,k)’s cycle. Then D(n,k) = E(nq,k) x J(ne, k) is a
subdigraph of G(n, k) consisting of ged(s,t) components each having cycles of length lem(s, t).

9. PROOF OF THE MAIN THEOREM 2.10

Proof. We note that if G(n, k) is symmetric of order 2°, s > 1, then it is symmetric of order 2.
We now define an equivalence relation on the set of components of G(n, k). We say that two
components in G(n, k) are in the same equivalence class if and only if they are isomorphic.
Given any digraph G(n,k) that is symmetric of order 2, we will find an equivalence class
containing exactly two members of components of G(n, k). It will then follow that no digraph
G(n, k) can be symmetric of order 2° for s > 2.

Suppose that G(n, k) is symmetric of order 2. Let n = 2%n;, where ny > 1 is odd. By
Proposition 1.2, « > 1. If a« = 1, then G(n, k) cannot be symmetric of order 2° for s > 1 by
Proposition 1.2.

From here on, we suppose that o > 2. Then by Theorem 2.4, 2 | k. Since A(2%) | 2271, it
follows from Theorem 4.2 that if a € G1(2%, k), then a*' =1 (mod 2%) when i > o — 1. Hence,
G (2%, k) consists of exactly the two components C7; = G1(2%, k) and Cy = G2(2%, k), where
Cy and Cj are the components in G(2%,k) containing the fixed points 1 and 0, respectively.
Moreover, it follows from Theorem 2.4 that G(2%, k) is symmetric of order 2, which implies
that C1 = Cy. In particular, if ny = 1, then G(n, k) = G(2%, k) is symmetric of order 2, but is
not symmetric of order 2° for s > 1.

We assume from now on that nq > 1. Let

m
“ [
i=1

Consider the subdigraph of G(n1, k) given by the digraph product

A= HG2 pz 7

Noting that Gg(pl , k) consists of a single component containing the fixed point 0 for i =
1,2,...,m, we see by Theorem 8.4 that A consists of a unique component having the fixed
point a = (0,0,...,0). It follows from Lemmas 8.2 and 8.3 that the indegree of a is odd, since

i~
1ndegn1 H D;
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Let B be the union of all components in G(nq, k) that are distinct from A, that is, G(ni,k) =

AUB. Let b = (by,ba,...,by) be a cycle vertex in B. Then there exists j, 1 < j < m,
such that b; € Gl(pfj,k:). Let ¢; = pfj. Noting that p; is odd and k is even, it follows from

Theorem 8.1 that indeg];j(bj) is even. Hence, by Lemma 8.3, we have 2 | indegfll(b).
Let e = a — [%]. Then
indegha (0) = 2° = indegha (1).
By Theorem 8.5,
G(n,k) = G(2% k) x G(n1,k) = (Co x A) U (Cy x B)U (Cy x A) U (Cy x B).

It follows from Lemma 8.6 that Cyx A and C7 x A each consists of a single component containing
the fixed points ag = (0,0,...,0) and a; = (1,0,...,0), respectively. Since Cy = Cy, we find
that Cp x A= Cy x A. Let b* be any cycle vertex in (Cy x B) U (C} x B). We see by Lemma
8.3 that

2¢|lindegk (ap), 2¢|lindeg®(a;), and 2°F!| indegk (b*).
Hence, the equivalence class of the component Cyx A in G(n, k) contains exactly two members,
namely Cp x A and C; x A. Therefore, G(n, k) is not symmetric of order 2° for s > 1. O
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