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ABSTRACT. Let (Fn)n>0 be the Fibonacci sequence. For 1 < k < m, the Fibonomial coeffi-
cient is defined as

m _Fm7k+1"'Fm71Fm
k Fi Fy---Fy ’

and [7,?] =0 for k£ > m. In this paper, we shall prove that if p is a prime number such that
p=—2or 2 (mod 5), then p | [pZZI}F for all a > 1.

1. INTRODUCTION

Let (Fy,)n>0 be the Fibonacci sequence given by the recurrence relation F,, o = Fj41 + Fj,
with Fy = 0 and F; = 1. These numbers are well-known for possessing amazing properties
(consult [8] together with its very extensive annotated bibliography for additional references
and history).

In 1915, Fontené published a one-page note [3] suggesting a generalization of binomial
coefficients, replacing the natural numbers by the terms of an arbitrary sequence (A4,,) of real
or complex numbers.

Since at least the 1960’s, there has been much interest in the Fibonomial coefficients [Tkn
which correspond to the choice A,, = F,,, thus are defined, for 1 < k < m, as

m o Fm—k+1”’Fm—1Fm
k|p F - F :
m

and for k > m, [ k] =0 (See, for example, Gould [4] as well as numerous papers referenced
within Gould’s paper.) It is surprising that this quantity will always take integer values. This
can be shown by an induction argument and the recursion formula

m m—1 m—1
= F Fn—k— )
{kh ’““[ k L* ‘ l[k—lh

which is a consequence of the formula F,, = Fyi1Fp—p + FpFm—k—1.

Some authors have been interested in searching for divisibility properties of Fibonomial
coefficients. For instance, in 1974, Gould [5] proved several such properties where one of them
is an analogous to Hermite identity for binomial coefficients.

In recent papers, Marques and Trojovsky [16, 17] proved, among other things, that p |
[p;:]F holds for all integers a > 1 and p € {2, 3}.

In this paper, we are interested in studying such Fibonomial coefficient divisibility properties
for other prime numbers. Although such divisibilities are not true for all primes (e.g., 11 1
[11112] ), we desire to search for a large class of them.

Now we shall state our main result which clearly generalizes recent results of Marques and
Trojovsky [16, Theorem 1 for n = 2%] and [17, Proposition 8].

I

(1.1)
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Theorem 1.1. Let p be a prime number such that p = —2 or 2 (mod 5). Then p | [p;ZI]F,
for all integers a > 1.

We organize this paper as follows. In Section 2, we will recall some useful properties of the
Fibonacci numbers such as a result concerning the p-adic order of F,,. Section 3 is devoted to
the proof of Theorem 1.1.

2. AUXILIARY RESULTS

Before proceeding further, we recall some facts on the Fibonacci numbers for the convenience
of the reader.

Lemma 2.1. We have
(a) F,, | Fy, if and only if n | m.

(b) If m >k > 1, then
m| _ Fym-—1
k‘F—Fk k—1 F.

(¢) (d’Ocagne’s identity) (—1)"Fp—pn = FpFrs1 — FuFptr.
(d) For all primes p, F,,_ 5y =0 (mod p) where (3) denotes the Legendre symbol of a with
P
respect to a prime q > 2.

Items (a) and (c) can be proved by using the well-known Binet’s formula:
a” — Bn

a—p3"
where o = (1 ++/5)/2 and 8 = (1 — /5)/2. The proof of item (b) follows directly from the
definition of [7'] . in (1.1). Finally, a proof for (d) can be found in [18, p. 64]. We still refer
the reader to [2, 7, 19, 22| for more properties and additional bibliography.

Before stating the next lemma, we recall that for a positive integer n, the order (or rank) of
appearance of n in the Fibonacci sequence, denoted by z(n), is defined as the smallest positive
integer k, such that n | F.. (Some authors also call this the order of apparition, as it was called
by Lucas, or the Fibonacci entry point.) There are several results on z(n) in the literature, for
example, very recently, Marques [11, 12, 13, 14, 15] found all fixed points of z(n) as well as
closed formulas for this function at some integers related to the Fibonacci sequence.

Lemma 2.2. (Cf. Lemma 2.2 (¢) of [12]) If n | F,,,, then z(n) | m.

F, = for n > 0,

Note that Lemma 2.1 (d) together with Lemma 2.2 implies that z(p) | p— (%) for all primes
p # 5. Also, it is well-known that (%) = —1 or 1 according to the residue of p modulo 5.
More precisely, we have that if p # 5 is a prime, then z(p) | p+ 1 if p = —2 or 2 (mod 5) and

z(p) | p — 1, otherwise.
Lemma 2.3. (Cf. Lemma 2.3 of [15]) For all primes p # 5, we have that ged(z(p),p) = 1.

The p-adic order (or valuation) of r, v,(r), is the exponent of the highest power of a prime
p which divides r. The p-adic order of Fibonacci numbers has been completely characterized,
see [6, 10, 20, 21]. For instance, from the main results of Lengyel [10], we extract the following
result.
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Proposition 2.4. Forn > 1, we have

0, ifn=1,2 (mod 3);
)1, if n =3 (mod 6);
va(Fn) = 3, if n =6 (mod 12);

va(n)+2, ifn=0 (mod 12).
vs(Fy) = vs(n), and if p is prime # 2 or 5, then

v _ Vp(n)+yp(Fz(p))v anEO (HlOd Z(p));
p(Fn) = { 0, if n# 0 (mod z(p)).

A proof of a more general result can be found in [10, p. 236-237 and Section 5.
By the way, using Lemmas 2.1, 2.3 and Proposition 2.4, we can prove the following two
results.

Proposition 2.5. The number [5;1]}“ 1s divisible by 5 for all a > 1.
Proof. By Lemma 2.1 (b), we have that

5071 Fran [5%71 —1

[ 5 ]F_ Fye [ 5 —1 ]F

The result then follows from Proposition 2.4, since vs(Fsa+1/F5q) = 1. 0

Although we will not need it to establish our main theorem, we prove the following result
to illustrate the use of Proposition 2.4.

Proposition 2.6. Let p £ 5 be a prime and let a, b, c,d be non-negative integers with a > 0
and ¢ > d. Then p divides [Z(p)bpd] .
z(p)bp g

Proof. Tf z(p)®p° < z(p)’p?, then [iggzgs]l? = 0 and the result follows. So, we may suppose
that z(p)%p° > z(p)’p?. Then we can write

[z(p)“pj _ Ly [Z(p)“pc - 1]

zp)’p o Fapyppe [2(0)°0% — 1] 5
where the Fibonomial coefficient in the right-hand side above is nonzero. Thus, it suffices to
prove that vp(F,(p)ape/FLpype) > 0. In fact, observe that

F(pyape
Vp <Fz(p)bpd = Vp(Fz(p)apc) - Vp(Fz(p)bpd)

and so if b = 0, then v (F,(,)p,pe) = 0 (Proposition 2.4) and the result follows because a and ¢
are positive. Suppose now that b > 0, then the proof splits in two cases:

Case 1: p = 2. In this case, if ¢ > 2, then Proposition 2.4 yields
I/Q(Fgc.ga) = 1/2(26 . 3a) +2=c+2>d+2> Vg(deBb),

as desired. When ¢ = 1 (and so d = 0), we have vy(Fh.30) = 3 since 2- 3% = 6 (mod 12). On
the other hand, vo(Fya.50) = vo(Fy) = 1, because 3° = 3 (mod 6). This completes the proof
in this case.

Case 2: p # 2. We use again Proposition 2.4 to obtain

’p (?Ep;bp) = (p(2(p)*P°) + vo(Fr(p)) — (p(2(p)"P?) + vp(Fiqpy)) = ¢ — d >0,
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where we used that ged(p, z(p)) = 1 by Lemma 2.3. The proof is complete. O

Note that the previous proposition implies that if p is a prime satisfying the hypothesis of
a+1
Theorem 1.1, then p | [(p"'?f i ]F
We require one last fact about v, in order to complete our proof of Theorem 1.1.

Lemma 2.7. For any integer k > 1 and p prime, we have

k log k —
p—1 Long 1_Vp(k)_p—l’ (2.1)

where |x| denotes the largest integer less than or equal to x.

We refer the reader to [13, Lemma 2.4] for a proof of this result.

3. PROOF OoF THEOREM 1.1

With all of the above tools in hand, we now move to the proof of Theorem 1.1.
Let us suppose, without loss of generality, that a is even (the case of a odd can be handled
in much the same way). By the definition of the Fibonomial coefficient (1.1), we have

[paﬂ] _ Fp—ppesr - Fponn
P | Fy-- Fpa ’
Our goal now is to compare the p-adic order of the numerator and denominator in (3.1).
Since p | F, if and only if z(p) | n (by Proposition 2.4), we need only to consider the
p-adic order of the (p® — 1)/2(p) numbers F, ), Fo.(p), F3.(p)s - - - s Fpe—1 in the denominator
and F(, _1)pat2, Flp—1)petatz(p)s Flo—1)pat2a+2z(p)s - - - » Fpat1_z(p)+1 In the numerator. So in the
first case, we use Proposition 2.4 to obtain
St =vp(Fy -+ Fpa)
= Vp(Flpy) + Vp(Foupy) + -+ + Vp(Fpa_1)
= (Wp(2(P)) + vp(Frp))) + (p(22(p)) + vp(Fip))) + -+ + (p(P" — 1) + 1p(Frp)))

= 1,y (2(p)) + 1p(22(p)) + - + vp(P* — 1) + <%> p(Fe(p))- (3.2)

Note that a is even and z(p) | p+ 1 (since p = —2 or 2 (mod 5)). Thus (p® — 1)/z(p) is an
integer. For the p-adic order of the numerator, we proceed as before to get

(3.1)

Sa 1= Vp(Fp-ype41 -+~ Fpos1)
= Vp(Flp—ypet2) + -+ + vp(Fpat1_(p)41)

°“ 1
= Vp((p - 1)pa + 2) +ot Vp(pa+1 - Z(p) + 1) + <p2(p) > VP(FZ(p))
. . @1
=0~ 500 = 2) 4 ol — D)+ () vy (Fa)
a—1
=v(p" —p"+z2(p) —2) + -+ (Pt — 1) + pr;_l—F
p'—1
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Observe that there exist several common terms in sums (3.2) and (3.3), so combining them
we get

pa—l _|_ 1
z(p)

By applying Lemma 2.7 we have the estimate

Sy— S = - <Vp(lz(p)) 1, (22(0) + - + 1 <wz(p)>>

z(p)

a+1 a—1 a__ a—1_ o
up<[p ] )zSQ—Slzp Rl et e V) N e e ) B WY
F

p° z(p) (p—1)z(p) (p—1)z(p)
1
Theorem 1.1 follows because the number m is positive. O
(p—1)z(p)

We close by stating a conjecture which, in particular, asserts that a kind of converse of
Theorem 1.1 is also true.

Conjecture 3.1. If p=—1 or 1 (mod 5), then [pZZI]F 18 not divisible by p, for any integer
a>1.
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