THE ASYMPTOTIC BEHAVIOR OF H <Z>
k=0
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ABSTRACT. We determine the complete asymptotic expansion of H <k:>
k=0

1. INTRODUCTION

Harlan J. Brothers [2] raised the problem of determining the asymptotic behavior of H (Z) .

k=0
In this note we prove the following.
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2. PRELIMINARIES
We shall require the following preliminary results.
Lemma 1. (Stirling’s Formula)
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Proof. See [1], Theorem 1.4.2. O
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THE ASYMPTOTIC BEHAVIOR OF ] (Z)
Proof. See [3] p. 502, B.24. k=0 " H

Lemma 5.
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k>0
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Proof. Add — to the result in Lemma 4. (Only the term k£ = 1 is affected.) O

Lemma 6.
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Proof. With p— 1+ k = P, we have

» P—1 (p=2+4+k)!By 1
Z (=1) 2p(p+1) (p— 1)kl np-ltk

p>2, k>0
= ,P—1)P—2+k)!B, 1
- p>§>o( v 2(p+1)k! np—1+k
_ P k-i—l(P k‘)( _ 1)!Bk
PZ>:1 Z 2(P — k + 2)k!
= ()P (CDE(P—k+2) —2) (P 1)B,
- P>1 N 2(P — k +2)k!
P+1 pP-1 k P_1 i
(ZDF(P = )iBy (—~1)k(P —1)!By,
—;;1 (k:(] 2(P — k+ 1)&! _Z (P —k+ )l )

The internal sum is
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Thus the sum becomes
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Lemma 7.
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Proof. With P = p — 1+ k as before, we have
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k=0

The second internal sum is
k012P k:+1'k'_ 12 et —1 2
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The third internal sum is
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Now,

xB'(z) = B(x) — 2B(z) — B(z)?

SO

B(z)* = B(z) — #B(x) — 2B'(z).

So the third internal sum is
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So the sum becomes
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k=0

The second sum is
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(This calculation was done in the proof of Lemma 7.)
Combining the two, we obtain the sum
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3. THE DERIVATION
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In fact, (3.1) is nothing more than
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Tn Tn—1 1
TTL — . PO _7'0
Tn—1 Tn-2 To

el

It follows from (3.3) and Lemma 2 that
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From (3.5) and (3.1) we have

e , P11
T"\/n+1\/ﬁeXp{Z(1) 2p(p + 1) 2 k‘p} (36)

From (3.6) and Lemma 4 we have
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From (3.7) and Lemma 6 we have
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k=0

We see from (3.5) that (3.9) is nothing other than
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From (3.10) we obtain, since P; = 1,
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It follows from (3.12) and (3.13) that
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From (3.15), (3.10) and (3.9) we have
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From (3.16) and Lemma 5 we have
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From (3.18), (3.14) and Lemma 1 it follows that

n(n+2)/2 B B 1
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where

Thus we have proved our theorem.

4. CALCULATING THE CONSTANT C

We have

=B {0 B for e (900
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and we wish to estimate the second factor.

From Lemma 1,
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it follows that
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and using Lemma 8,
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k=0
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It follows that
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We can use this with a large value of n to compute an approximation to C. Thus, with 50
digits accuracy, n = 5000 and 20 terms of the series, I find

C ~ 1.046335066770503180980950656977760... .

REFERENCES

[1] G.E. Andrews, R. Askey, and R. Roy, Special Functions, Encyclopedia of Mathematics and its Applications,
Vol. 71, Cambridge University Press, 1999.

[2] H. J. Brothers, Pascal’s triangle, the hidden stor—e, The Mathematical Gazette, 96 (2012), 145-148.

[3] H. Montgomery and R. Vaughan, Multiplicative Number Theory I, Cambridge University Press, 2006.

MSC2010: 33B99

SCHOOL OF MATHEMATICS AND STATISTICS, UNSW, SYDNEY, AUSTRALIA 2052
FE-mail address: m.hirschhorn@unsw.edu.au

MAY 2013 173



