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Abstract. Let L(s,E) =
∑

n≥1
ann

−s be the L-series corresponding to an elliptic curve E

defined over Q. We prove that if E is non-CM and has non-trivial 2-torsion, then the set of
positive integers n such that |an| is a Fibonacci number has asymptotic density 0.

1. Introduction

Let E be an elliptic curve over the field of rational numbers Q given by the minimal global
Weierstraß equation:

E : y2 +A1xy +A3y = x3 +A2x
2 +A4x+A6, (1.1)

and let ∆ be its discriminant. For each prime p we let

ap = p+ 1−#E(Fp),

where E(Fp) is the reduction of E modulo p. If p | ∆, then E(Fp) has a singularity and we let

ap =







0 for the case of a cusp,
1 for the case of a split node,
−1 for the case of a non–split node.

If p - ∆, we have |ap| ≤ 2
√
p. The L-function associated to E is given by

L(s,E) =
∏

p|∆

1

1− app−s

∏

p-∆

1

1− app−s + p1−2s
.

The infinite product above is convergent for Re(s) > 3/2 and therefore we can expand it into
a series L(s,E) =

∑

n≥1 ann
−s.

Here we study the set of positive integers n such that |an| = Fm for some non-negative
integer m. We address only the instance of non-CM curves E, which are those curves whose
endomorphism ring over the field of complex numbers consists of the ring of integers; that
is, their only endomorphisms are the maps nE which send P to nP for all P ∈ E(C) for an
arbitrary integer n. Before we start, we remark that there could be many n such that an is a
Fibonacci number simply because it may happen that ap = 0 for some prime p, in which case
n = p` with any positive integer ` coprime to p has the property that an = 0 = F0. To discard
this instance, let

ME = {n : an 6= 0}.
It is known that if we let ME(x) = ME ∩ [1, x], then #ME(x) � x (see Théorème 16 in [7]).
We let

NE = {n ∈ ME : |an| = Fm},
and for a positive real number x we let #NE(x) = # (NE ∩ [1, x]).
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Theorem 1.1. Let E be a non-CM curve with non-trivial 2-torsion. The estimate

#NE(x) = O

(

x

(log x)0.0007

)

= O

(

#ME(x)

(log#ME(x))0.0007

)

holds for all x ≥ 2. The implied constant depends on E.

We recall that the study of distribution of values and the arithmetic properties of the
sequence (an)n≥1 is a mainstream topic of interest to many people. The reader is referred to
[7] as well as to the survey [2].

A more general problem is studied in [5].
We use the usual notations. The letter p with or without subscripts stands for a prime

number. We use pa‖n for pa | n but pa+1 - n; i.e., a is the exact exponent of the prime p in the
factorization of n. We use ω(n) and τ(n) for the number of distinct prime divisors of n and
for the total number of divisors of n, respectively. We write P (n) for the largest prime factor
of n. We use α and β for positive absolute constants. For a subset A of positive integers and a
real number x we use A(x) for A∩ [1, x]. Finally, we use the Landau notation O and o as well
as the Vinogradov notations � and � with their regular meanings. The constants implied by
them might depend on E.

2. The Strategy of the Proof

In this section, we describe the strategy of the proof. This should make it easier for the
reader to follow the details in the next section. Let n ∈ NE(x). With few exceptions, positive
integers n ≤ x have a “small” square-full part and about log log x distinct prime factors.
Further, again with few exceptions, such n have a “large” P (n). In particular, such non-
exceptional n can be written as n = Pn1, where P := P (n) is large and coprime to n1. Fix n1.

Then the equation an = ±Fm gives aP = ±Fm/an1
. Now P ≤ x/n1, therefore |aP | ≤ 2x1/2.

In particular, Fm ≤ 2x1/2, so there are O(log x) possibilities for m. A result of Serre [7], which
is also reproduced here as Lemma 3.1, asserts that for a fixed a 6= 0, the counting function of
the set of primes P ≤ x such that aP = a is of order at most x/(log x)1+δ+o(1) as x → ∞ for
some δ > 0 which is independent of a. The above result shows that the counting function of
the number of pairs (P,m) when n1 and m are fixed is of order at most x/(n1(log x)

1+δ+o(1))
as x → ∞. Summing up over all the possible values of n1 ≤ x while keeping m fixed, we
get a count of order x/(log x)δ+o(1) as x → ∞. If δ > 1, then we could also sum up over

the O(log x) values for m getting a count of order x/(log x)δ−1+o(1) as x → ∞, and we would
be through since δ > 1. However, Serre only proved that one can choose δ = 1/3 if a 6= ±2
and δ = 1/4 when a = ±2, so we need to cut down on the above count. The instance when
a = ±2 is dealt with using a simple sieve, while for the instance when a 6= ±2, we use the fact
that E has non-trivial 2 torsion to deduce that ap is even for all odd p, and that n has about
log log x distinct prime factors, to deduce that an1

is divisible by a power of 2 of size about
2log log x = (log x)log 2. This in turn implies that Fm is divisible by a power of 2 of size about
(log x)log 2, which via some well-known divisibility property of the Fibonacci numbers, implies
that m = O(log x) is divisible by a power of 2 of the same size, namely, about (log x)log 2.
This cuts down on the number of possibilities for m from O(log x) to O((log x)1−log 2). Since
1 − log 2 < 1/3 = δ, the initial argument now yields a logarithmic saving. Introducing some
parameters to quantify the statements that “the square-full part of n is small”, or that “n is
not too smooth”, or that “n has enough distinct prime factors”, getting effective logarithmic
savings for the exceptional sets associated to the above conditions, and optimizing among
these parameters, we get the conclusion of the theorem.
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3. The Proof

3.1. Weierstrass equations. With the standard birational transformation (see Chapter III,
Section 1 in [8]), replacing y in (1.1) by (y −A1x−A3)/2 gives an equation of the form

y2 = 4x3 +B2x
2 + 2B4x+B6,

where

B2 = A2
1 + 4A2; B4 = 2A4 +A1A3; B6 = A2

3 + 4A6.

Further, defining the quantities

C4 = B2
2 − 24B4;

C6 = −B3
2 + 36B2B4 − 216B6,

and then replacing (x, y) by ((x− 3B2)/36, y/108) yields the simpler Weierstrass equation

E : y2 = x3 − 27C4x− 54C6.

We let A = −27C4 and B = −54C6. From now on, we assume that p > 3 is a prime so the
above transformations are well-defined modulo p and we work with the equation

E : y2 = x3 +Ax+B.

3.2. Removing n with a large square-full part. Recall that s is a square-full number if
p2 | s whenever p | s. Let y = log x. For each n we write

t(n) =
∏

p‖n
p-6∆

p and s(n) = n/t(n).

Then s(n) = ab, where a is square-free and a | 6∆ and b is square-full. We let

N1(x) = {n ≤ x : s(n) > y}. (3.1)

If n ∈ N1(x), then n is divisible by a number of the form ab, where a | 6∆ is square-free and
b > y/a is square-full. For fixed a and b, the number of such n ≤ x is bx/abc ≤ x/ab. Making
a and b vary, we get that

#N1(x) ≤
∑

ab>y
b square-full

a|6∆

x

ab
≤ x

∑

b>y/(6|∆|)
b square-full

a|6∆

1

ab

≤ x
∑

b>y/(6|∆|)
b square-full

a|6∆

1

b
= x

∑

b>y/(6|∆|)
b square-full

τ(6|∆|)
b

� x
∑

b>y/(6|∆|)
b square-full

1

b
� x

y1/2
=

x

(log x)1/2
, (3.2)

where in the above calculation we use the Abel summation formula together with the fact that
the counting function of the number of square-full numbers s ≤ t is O(t1/2) (see, for example,
Theorem 14.4 in [4]).
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3.3. Removing smooth n. Recall that P (n) is the largest prime factor of n. Let

z = exp

(

log x log log log x

log log x

)

.

We let

N2(x) = {n ≤ x : P (n) ≤ z}. (3.3)

From known results from the distribution of smooth numbers (see, for example, [1]), in this
range for z and x, it is known that

#N2(x) = x exp(−(1 + o(1))u log u) as x → ∞,

where u := log x/ log z = log log x/ log log log x. Hence,

u log u = (1 + o(1)) log log x

as x → ∞, showing that

#N2(x) = x exp(−(1 + o(1)) log log x) = O

(

x

(log x)1/2

)

. (3.4)

3.4. Removing n with too few prime factors. Let α ∈ (0, 1) to be found later and consider
the set

N3(x) = {n ≤ x : ω(n) < (1− α) log log x}. (3.5)

The results from Chapter 0 in [3] (see, for example, Problem 0.4 on Page 12 in [3]), show that

#N3(x) �
x

(log x)β
, (3.6)

where

β = 1− (1− α) log

(

e

1− α

)

.

3.5. A first application of Serre’s Theorem. For a nonzero integer a, let

Pa = {p : ap = a}.
The following statement is Théorème 20 in [7].

Lemma 3.1.

i) If a = ±2, then

#Pa(x) �
x(log log x)1/2(log log log x)1/4

(log x)5/4
.

ii) If a 6= 0,±2, then

#Pa(x) �
x(log log x)2/3(log log log x)1/3

(log x)4/3
.

Let N4(x) = {n ≤ x : aP (n) = ±2}\ (N1(x) ∪ N2(x) ∪N3(x)) . Assume that n ∈ N4(x).
Then P | n for some prime P ∈ P±2(x). Fixing P , the number of such n ≤ x is at most
bx/P c ≤ x/P . Since P > z (because n 6∈ N2(x)), we get that

#N4(x) ≤
∑

z<P≤x
P∈P±2

x

P
= x

∑

z<P≤x
P∈P±2

1

P
. (3.7)
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By the Abel summation formula and i) of Lemma 3.1, we get

∑

z<P≤x
P∈P±2

1

P
�
∫ x

z

d#P(t)

t
=

(

#P(t)

t

∣

∣

∣

t=x

t=z

)

+

∫ x

z

#P±2(t)

t2
dt

� (log log x)1/2(log log x)1/4

(log x)5/4
+

∫ x

z

(log log t)1/2(log log log t)1/4

t(log t)5/4
dt

� 1

log x
+

(log log x)1/2(log log log x)1/4

(log z)1/4

∫ x

z

dt

t log t

≤ 1

log x
+

(log log x)3/2(log log log x)1/4

(log z)1/4
� 1

log x
+

(log log x)7/4

(log x)1/4

� 1

(log x)1/5
, (3.8)

where in the above calculation we used the fact that

log z =
log x log log log x

log log x
.

Thus, by (3.7) and (3.8), we get

#N4(x) �
x

(log x)0.2
. (3.9)

3.6. The final argument. Assume n ∈ N5(x) = NE(x)\ (N1(x) ∪ N2(x) ∪N3(x) ∪ N4(x)) .
Since n 6∈ N1(x), we may write

n = up1 · · · p`, u ≤ y, p1 < · · · < p` and gcd(u, p1 · · · p`) = 1.

Furthermore, pi - 6∆ for any i = 1, . . . , `. Assume that x is large enough so that z > y. Then
P (n) = p`. Write

Fm = an = auap1 · · · ap`. (3.10)

Let ε > 0 be arbitrary. Note that since

ω(u) � log u

log log u
� log y

log log y
= o(log log x) as x → ∞,

it follows that ω(u) < ε log log x holds whenever x is sufficiently large. For simplicity, we let
L := b(1 − α − ε) log log xc. Note that ` = ω(n/u) ≥ L since n 6∈ N3(x). Note also that since
E has 2-torsion, it follows that #E(Fp) is always even. Since #E(Fp) = p− ap + 1, it follows
that ap is even whenever p is odd. In particular, 2 | api for all i = 1, . . . , `. Since ` ≥ L,
formula (3.10) implies that 2L | an | Fm. Since the inequality

|an| ≤ τ(n)
√
n < x

holds for all sufficiently large x, it follows that Fm < x. Since

Fm =
γm − δm

γ − δ
, where (γ, δ) =

(

1 +
√
5

2
,
1−

√
5

2

)

,

it follows that m < c1 log x holds with some positive absolute constant c1 which can be taken
to be any constant larger than 1/ log γ provided that x is sufficiently large. We now exploit
the condition 2L | Fm. It is known that for L ≥ 3 (i.e., for x sufficiently large) this implies that
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3×2L−2 | m (see the Theorem on Page 210 in Lucas’ seminal paper [6]). Thus, m = 3×2L−2k
for some positive integer k satisfying the bound

k ≤ c1 log x

3× 2L−2
≤ c2(log x)

1−(1−α−ε) log 2,

where c2 = 8c1/3. Let M be the above upper bound. Fix k ≤ M . Also fix v = n/p`. Put
P = p`. We then have

±Fm = an = avaP .

Since v and m are fixed with av 6= 0, Fm 6= 0, it follows that aP = ±Fm/av takes one of two
fixed values. Thus, P ∈ P±Fm/av . Further, since n 6∈ N4(x), it follows that Fm/av 6∈ {±2}.
Since also P ≤ x/v, it follows, ii) of Lemma 3.1 shows that the number of possibilities for P
is of order at most

#P±Fm/av (x/v) �
x(log log(x/v))2/3(log log log(x/v))1/3

v(log(x/v))4/3
. (3.11)

Using the fact that x/v ≥ P > z, so

log(x/v) > log z =
(log x)(log log log x)

log log x
,

we get that the expression shown in the right-hand side of the inequality (3.11) above is
bounded above by

x(log log x)2

v(log x)4/3

whenever x is large enough. Summing over all possibilities for v ≤ x/z and k, we get that

#N5(x) �
x(log log x)2M

(log x)4/3

∑

v<x/z

1

v
� x(log log x)2

(log x)(1−α−ε) log 2−2/3
. (3.12)

Comparing (3.2), (3.4), (3.6), (3.9) and (3.12), we get that

#NE(x) ≤
5
∑

i=1

#Ni(x) �
x

(log x)1/2
+

x

(log x)1/2
+

x

(log x)0.2
+

x

(log x)β
+

x(log log x)2

(log x)(1−α−ε) log 2−2/3
.

(3.13)
The above bound suggests that we should choose α such that

1− (1− α) log

(

e

1− α

)

= β = (1− α) log 2− 2/3. (3.14)

Solving equation (3.14) we get α = 0.0371929 with corresponding value of the expression (3.14)
equal to 0.00070394 which is smaller than 0.2. Taking ε sufficiently small (say ε < 10−6), we
get the desired estimate from inequality (3.13).
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