GAP BALANCING NUMBERS

G. K. PANDA AND S. S. ROUT

ABSTRACT. Gap balancing numbers are introduced and defined. It is observed that 0-gap and
1-gap balancing numbers are nothing but cobalancing and balancing numbers respectively. A
detailed study of 2-gap balancing numbers is presented.

1. INTRODUCTION

In [1], Behera and Panda defined balancing numbers n and balancers r as solutions of the
Diophantine Equation 1 +2+---+(n—1)=(n+ 1)+ (n+2)+--- 4+ (n+r). Subsequently,
Panda and Ray [7] introduced cobalancing numbers n and cobalancers r as solutions of the
Diophantine Equation 1 4+24---4+n=(n+1)+ (n+2) +---+ (n+r). After that, several
papers came up in this area and the interested readers are advised to read [1,2] and [4-11] for
a literature review. Observe that while defining balancing numbers, we delete a number (and
hence maintain a gap) from the list of first m natural numbers so that, the sum of numbers
to the left of it is equal to the sum to the right. In case of cobalancing numbers, there is no
such gap. To define gap balancing numbers, we shall consider deleting k& < m — 2 consecutive
numbers from the list of first m natural numbers so that the sum of numbers to the left of
these deleted numbers is equal to the sum to the right. In this paper, we focus our attention
on 2-gap balancing numbers only.

2. k-GAP BALANCING NUMBERS
In this section, we define k-gap balancing numbers and provide some examples.

Definition 2.1. Let k be an odd natural number. We call a natural numbern a k-gap balancing
number (or gi-balancing number) if

k+1 k+1 k+3
I+24---+ n-—5— | = n—i—T + n+T +--F+(n+r)

for some natural number r, which we call a k-gap balancer (or a gi-balancer) corresponding
to n.

Definition 2.2. Let k be even. If

k k k
1+2+---+<n—§>: <n+§+1>+<n+§+2>+---+(n+7’)

for some natural numbers n and r then we call 2n+1 a k-gap balancing number (or gi-balancing
number) and r a k-gap balancer (or a gi-balancer) corresponding to this k-gap balancing num-
ber.

Since our focus in this paper is on 2-gap balancing numbers (henceforth we will call go-
balancing numbers), we prefer to provide a formal definition of go-balancing numbers sepa-
rately.
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Definition 2.3. We call 2n + 1 a go-balancing number if
I+2+--+(n=-1)=n+2)+n+3)+---+(n+r)

for some natural number r. We call r the go-balancer corresponding to the gs-balancing number
2n + 1.

Example 2.4. Since 1 +2+3 =6, 9 is a go-balancing number with go-balancer 2. Similarly,
sincel4+24---4+8=114 12413, 19 is a g2-balancing number with gs-balancer 4.

Remark 2.5. The defining equation for gs-balancing numbers suggests that if © = 2n + 1 is

a ga-balancing number then
—x+V222+7
2
Thus, if x is a ga-balancing number then 2z + 7 is a perfect square. It is easy to see that 9 is
the first go-balancing number. Since 2-124+7 =9 = 32 and 2-32 47 = 25 = 52, we accept 1 and
3 as ga-balancing numbers (though these numbers do not satisfy the definition of ga-balancing
numbers), just like Behera and Panda [1] accepted 1 as the first balancing number and Panda
and Ray [7] accepted 0 as the first cobalancing number. After adding 1 and 3 to gs-balancing
numbers’ list, we can claim that a natural number x is a gs-balancing number if and only if
242 + 7 is a perfect square.

3. FUNCTIONS GENERATING ¢2-BALANCING NUMBERS

In this section, we present some functions that generate go-balancing numbers. The following
theorems contain these functions.

Theorem 3.1. Ifz is a g2-balancing number then f(x) = 3x+2v2x2 4+ 7 is also a go-balancing
number. Furthermore, f(x) =1 or —1(mod 4) according to the gs-balancing number x =1 or
—1(mod 4).

Proof. The identity

2f2(x) + 7 = (4:17 +3v/222 + 7)2

together with Remark 2.5 proves that f(x) is a go-balancing number. We observe that 222 +7 =
1 (mod 4) if x = +1 (mod 4) and hence, V222 +7 = +1 (mod 4). If x =1 (mod 4), then
30 +2222 +7=3-1+2 (mod 4) =1 (mod 4)
and if x = —1 (mod 4), then
30 +2v2224+7=3-(-1)+2 (mod4)=—1 (mod 4).
O

Theorem 3.2. If z is a g2-balancing number and v = —1 (mod 4), then g(x) = % V20247

is also a go-balancing number and g(z) =1 (mod 4).

Proof. We first show that if x is a ge-balancing number and z = —1 (mod 4), then g(z) is a
natural number, that is,

11z + 62224+ 7=0 (mod 7). (3.1)
Since 222 4+ 7 = 922 (mod 7), it follows that v/222 +7 = 43z (mod 7). This gives

11z + 6222+ 7= 11z £ 18z (mod 7),
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implying that

11z +6y222+7=-7x (mod7) or 1lz+6v222+7=29z (mod 7).

Thus,

11z + 62224+ 7=0 (mod 7)
or

10z +6y/222+7=0 (mod 7). (3.2)
Observe that the substitution x = 3 (and hence, x = —1 (mod 4)) in (3.2) yields 4 = 0
(mod 7) which is false. Thus, the only option left is 11z + 6v/222 + 7 = 0 (mod 7), proving
that g(z) is a natural number if x is a gs-balancing number and x = —1 (mod 4). Now, by

virtue of Remark 2.5 and the identity

2
122 + 11222
292($)+7:< z+ : x +7) |

g(x) is a go-balancing number. Finally, we have to show that g(x) =1 (mod 4). We observe

that

g(z) = (-1)- (11lz + 6V 222 + (mod 4)
since 77! = —1 (mod 4). Thus, 1f x = —1 (mod 4) then g(x) = —-1+£6 =1 (mod 4). This
ends the proof. O

Theorem 3.3. If x is a go-balancing number and x =1 (mod 4), then h(z) = 22422747 w 8
also a ga-balancing number and h(x) = —1 (mod 4).

Proof. First of all we claim that h(z) is a natural number. For this, we have to show that if
x is a go-balancing number and x =1 (mod 4), then

9z + 4222+ 7=0 (mod 7). (3.3)
Since 222 4+ 7 = 922 (mod 7), it follows that v/222 +7 = 43z (mod 7). Hence,
9z +4v/222 +7 =92+ 12z (mod 7),

which gives

9z +4v222+7=21x (mod7) or 9r+4v222+7=-3z (mod 7).
Thus either
9z +4v/222+7=0 (mod 7)

122 +4y/222+7=0 (mod 7). (3.4)
But the substitution x = 1 (and hence, z = 1 (mod 4)) in (3.4) gives 3 = 0 (mod 7) which
is not true. Thus the only option left is 9z + 4v/22%2 + 7 = 0 (mod 7), proving that h(z) is a
natural number if z is a go-balancing number and x = 1 (mod 4). Our next claim is that h(x)
is a go-balancing number. This easily follows from the identity

2
A/ 2

and Remark 2.5. Lastly, it remains to show that h(x ) = —1 (mod 4). Since

h(z) = (1) - (92 + 4v/ 222 + (mod 4)
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and z =1 (mod 4) it follows that h(x) = —1 (mod 4). This ends the proof. O

4. LISTING ALL go-BALANCING NUMBERS

In the last section, we presented some functions that generate go-balancing numbers from
the given ones. Indeed we have seen in Remark 2.5 that x is a go-balancing number if and only
if 222 4 7 is a perfect square. In this section, we solve the Diophantine Equation 222 + 7 = 32
and provide the list of all go-balancing numbers. Of course, the method of solving 222 +7 = y?
is not direct, rather we convert 222 +7 = y? to a Pells’ equation of the form 822 + 1 = w? and
apply certain balancing numbers’ treatment (see [1, p. 98]).

Let  be any gs-balancing number so that 222 + 7 is a perfect square. Now the congruence
922 = 222 +7 (mod 7) gives 3z = +v/222 + 7 (mod 7). Since both z and 222 4 7 are odd, we
also have

3r=+v2224+7 (mod 2).
Thus 3x 4+ v/222 + 7 is congruent to 0 modulo 2 and modulo 7. As 2 and 7 are coprimes,

3r+ 222 +7=0 (mod 14),

2 —\/ 2 . .
3:c+vlix +7 or 32 1?19” *7 is a natural number. Since

yielding that either

2

3+ V2247

8.
14

2
L [3\/2:52 742
B 7

by virtue of [1, p. 98], it follows that either 32+ ﬁ”ﬂw or 3= Vlim2+7 is a balancing number.
Letting

3+ V22247 or B_3x—\/2:172—|—7

B 14 14

we obtain
(14B — 3z)* = 222 + 7.
This leads to the quadratic equation
a? —12Bx + 28B% — 1 = 0.

The solutions of this equation are x = 6 B++/8B2 + 1 = 6 B+C where C is the Lucas-balancing
number associated with B [8]. We further observe that

2-(6B+C)* +7=(3C+4B)%

Thus all the go-balancing numbers are given by 6B 4+ C. As usual, for n = 0,1,... we
denote the nth balancing number by B,, and nth Lucas-balancing number by C,, [8]. Hence,
{6B, — C,, 6B, + C, : n =1,2,...} is the exhaustive list of all g,-balancing numbers. We
next show that for each natural number n,

6B, —C,<6B,+C, < 6Bn4+1 — Cn+1.

The first part of this inequality is obvious. To prove the second part, we observe that in view
of B,—1 =3B, — Cy, Bnt1 =3B, + C, (see [8, p. 186]) and B,, > 0 if n > 1, it follows that
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C, < 3B, for n > 1. Also, we know that for each natural number n, B,,_1 < B,. Hence,
6B, + C, =3B, +3B,+C, =3B, + Bpt1
< 11By, + Bpt1 + 2(Bn — Bn-1)
= Q(GBn — Bn—l) + Bn+1+ B
= 2Bn+1 + Bn—l—l + 3Bn+1 - Cn—l—l = 6Bn+1 - Cn—l—l-
We shall denote the nth go-balancing number by x,. Thus, the first go-balancing number
isxy = 6B —C;y =6-1—3 = 3, the second one is zo = 687 + C7 = 9, the third one
r3 = 6By — Cy = 6-6 — 17 = 19 and the fourth one is x4 = 6By + Cy = 53 and so on.
In general 9, 1 = 6B, — C,, and x9, = 6B, + C,,n = 1,2,.... Further, we may write
xg=6By+Cy=6By+/8B3+1=6-0++v8-02+1=1.

The above discussion proves the following theorem.

Theorem 4.1. If x is a go-balancing number then x = 6B, — C,, or x = 6B, + C, for
some natural number n. In particular, if we denote the nth go-balancing number by x,, then
Ton_1 = 6B, — C, and x9, = 6B, +C,,n=1,2,....

The next theorem classifies go-balancing numbers congruent to 1 and —1 modulo 4.
Theorem 4.2. Forn=1,2,...,29,—1 = —1 (mod 4) and z9, =1 (mod 4).
To prove this theorem, we need the following lemma.

Lemma 4.3. If n is even, then 6B, = 0 (mod 4) and C,, = 1 (mod 4); if n is odd, then
6B, =2 (mod 4) and C,, = —1 (mod 4).

Proof. We know that B, is even or odd when n is even or odd, respectively. Therefore, if n
is even then 6B, = 0 (mod 4). Further, if n is odd, then B, is odd and B, = £1 (mod 4)
implies 6B, = £6 = 2 (mod 4). Further C; =3 = —1 (mod 4) and C2 = 17 = 1 (mod 4).
Assume that C,—1 = —1 (mod 4) and Cs, =1 (mod 4) for n =1,2,... k. Then

Copr1 =6Co, —Co_1=6-1—(—=1)=—1 (mod 4)

and
Copra =6Co41 —Co,=6-(—=1)—1=1 (mod 4).
U

Proof of Theorem 4.2. We infer from Lemma 4.3 that if n is even then 6B, =0 (mod 4) and
Cp =1 (mod 4). Hence, 6B, +C, =0+1=1 (mod 4) and 6B, —C,, =0—1 = —1 (mod 4).
Similarly, if n is odd 6B,, + C,, =2+ (—1) =1 (mod 4) and 6B, —C,, =2+1 = —1 (mod 4).
Thus, x9,—1 = —1 (mod 4) and z2, =1 (mod 4), n=1,2,.... O

5. RECURRENCE RELATIONS FOR g2-BALANCING NUMBERS

In the previous section we have seen that, gs-balancing numbers are given by x9,_1 =
6B, —Cn and x9, = 6B, +C,, n=1,2,.... Since both balancing as well as Lucas-balancing
numbers satisfy the recurrence relation y,4+1 = 6y, —yn—1 ([1, p. 100] and [9, p. 44]), it follows
that the go-balancing numbers satisfy the recurrence relation x,42 = 6x, —x,—2; n = 3,4,....

In Section 3, we developed some non-linear functions for finding a specified type of go-
balancing numbers from the given ones. Here we shall prove that two of these functions are
nothing but shift functions to the next go-balancing numbers. In this context we have the
following theorems.
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Theorem 5.1. Let g(x) = 20y 4? V22T h(z) = 22t 20747 V72m2+7 be two arithmetic functions.
Then g(xon—1) = T2, and h(z2,) = Topy1.

Proof. If x = 6B,, + C,, then 22% +7 = (3C,, £ 4B,,)?. Thus if x = x9,_1, then
11(6B,, — Cy,) + 64/2(6B, — Cp,)2 + 7

9(ron—1) = 7

B 11(6B, — C,) + 6(3C,, — 4B,,)

B 7

- 6Bn + Cn = T2n,

and for = x9,
9(6B,, + Cp) +4+/2(6B,, + Cp)2 + 7
h(:L'gn) = 7

9(6B, + Cy,) +4(3C,, + 4B,,)

7
=10B,, + 3C,, = 3(3B,, + C,) + B

= 3Bn+1 + (3Bn+1 - Cn—i—l)
=6B,11 — Chqp1 = Top41-
O
It is important to observe that g(x) = % V20247 and h(z) = 2etdv2ei47 w are strictly
increasing functions for z > 0. So the functions are invertible. It is easy to see that g~ !(y) =
—6+/292 _ /94,2
w and h™1(y) = w. Thus, we can definitely expect g~ (z2,) = #2,_1 and
h=Y(z2n+1) = 22,. The following corollary demonstrates this result.

Corollary 5.2. Let g(z) = % V202 4T g h(z) = 2=AV2274T w be two arithmetic functions.
Then §(x2,) = T2n—1 and h(T2n41) = Ton.

Proof. Tt is known that if 2 = 6B,, + C,,, then 222 + 7 = (3C,, £ 4B,,)?. Thus if x = x,, then

_ 11(6By, + Cy) — 64/2(6B, + Cp)2 4+ 7
- 7
_ (6B, + Cn) — 6(3Cy, + 4By)
7
=6B, - C), = Toan—1,

§($2n)

and for x = wo,41

7 o 9(6-Bn+l - Cn-‘rl) - 4\/2(6-Bn+1 - C'n—i-l)2 +7
h(z2ny1) = -

9(6By+1 — Cnt1) — 4(3C,41 — 4Bp41)
7
= 10Bn+1 - 3Cn+l = 3(3Bn+1 - Cn—i—l) + Bn+1

=3B, + (3B, + Cy)
=68, + C,, = xa,.

O
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Theorem 5.1 gives functions shifting g»-balancing numbers to the next ones, while Corollary
5.2 provide functions taking go-balancing numbers to previous ones. In the following theorem,
we introduce a function which transforms an odd order gs-balancing number to the next odd
order go-balancing number and also an even order go-balancing number to the next even order
go-balancing number.

Theorem 5.3. Let f(x) = 3z + 2v/222 + 7 be an arithmetic function. Then f(z,) = Tpio.
Proof. Here also we shall use the fact that if z = 6B, + C,,, then 222 + 7 = (3C,, £ 4B,,)%.

Now,
f(:l?gn_l) = 3Top—1 + 24/ Ql‘%n_l +7

=3(6B, — C,) +2(3C,, — 4By,)
=10B,, + 3C,,.
In the proof of Theorem 5.1, it has been shown that 10B,, + 3C), = x9,+1. Further,

f(xon) = 3xe, + 2\/2:17%71 +7

=3(6B, + Cy) +2(3C, +4B,,)
=26B, +9C,, =9(3B,, + Cy,) — B,
=9Bp4+1 — B, =6B,4+1 +3Bp11 — By,
= 6Bp+1 + Cnt1 = Tont2.
O
It is important to note that f(z) = 3x + 2v/2x2 + 7 is strictly increasing for = > 0. So the
inverse exists and it is easy to see that f~!(y) = 3y — 2\/W . Thus, we can definitely

expect f~1(xo,) = 22,2 and f~1(w2,11) = w2,_1. The following corollary ascertains these
claims.

Corollary 5.4. Let f(z) = 3z — 2v/222 + 7 be an arithmetic function. Then f(z,) = Tn_o.

The proof of this corollary is similar to that of Theorem 5.3 and hence it is omitted.

6. BINET FORM FOR ¢3-BALANCING NUMBERS

In Section 5, we obtained the recurrence relation x,yo = 6z, — x,_o for gs-balancing
numbers, which is linear, homogeneous and is of fourth order. Using this recurrence relation,
we can find the Binet form (also popularly known as closed form) for gs-balancing numbers.

Putting x,, = o™ as a trial solution in z,,9 = 6x, — x,_2 we get the auxiliary equation
a? —6a2 +1 = 0. The solutions of this biquadratic equation are

o =14+V2, ay=1-v2 az3=—-(14+V2), as=—-(1-V2).
Hence, the general solution of x,,49 = 6x,, — z,_2 is given by
xn = Aoy + Bay + Cay + Doy

and the initial conditions are xg = 1, z1 = 3, 2 = 9, and x3 = 19. Since a3 = —a; and
oy = —ao, it follows that

zn=(A+ (-1D)"C)al + (B+ (—1)"D)aj.
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Substitution of initial conditions yields
n+2 n+2

o —« a'+al . .
1 5 2— — 52 if nis even,
Tn = n+2 n+2 n n
(e} —Q o — O . .
1 2 1 2 ifnis odd.
2V2 V2

Using this result and the Binet form of balancing and Lucas-balancing numbers (see [1], [8])
we get,
_ Q22 o2+ - a2k 4 a2k
k1 yk+1
R AP
42 2
= 2Bj41 — Cf, = 2(3Bg + Ck) — C,
= 6By, + C,

and
s Q2+l g2kl - a2l g2kl
2v2 V2
(1+v2)att = (1= v2)adt (1= v2)af" - (1+v2)ai"
2v2 V2
=2B; + Cp + 4By, — 2C},
= 6B — Ck

which are already obtained in Section 4.

7. FUNCTIONS TRANSFORMING ¢go-BALANCING NUMBERS TO BALANCING AND RELATED
NUMBERS

Here we present some functions of gs-balancing numbers that generate balancing numbers.
The following theorems are important in this regard.

is a bal-

ancing number. Further, if x is an even ordered go-balancing number then, F(x) = Sz=v2r747 ﬁmm

Theorem 7.1. If x is an odd ordered go-balancing number then, F(x) = Sztv 2z 47 Vlixm

is a balancing number. In particular, F(x2,_1) = F(x2,) = Bn.

Proof. Since xo,_1 = 6B,, — C,, and x9,, = 6B,, + C},, we have
3(6B, — Cp) +3C, — 4B,
14 N

F(x2n—1) = By,

and 3(6B C 3C, +4B
- n + n) n + n
Flagy) = 2 >14< ) _ g

O

The next theorem relates functions of go-balancing numbers to Lucas-balancing numbers.

Theorem 7.2. If x is an odd ordered go-balancing number then G(x) = 2243y 2w 47 V729”2+7 5 a
Lucas-balancing number. Further, if x is an even ordered go-balancing number then é(m) =

% V22 4T o g Lucas-balancing number. In particular, G(xo,—1) = é(azgn) =C,.
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Proof. Since 9,1 = 6B, — C, and xo, = 6B,, + C},, we have

2(6B, — C,) + 3(3C, — 4B,)

G(zon—1) = -

Ch,

and
~ —2(6B,, + C,,) + 3(3C,, + 4B,
Ci(an) = ( )7 ( ) _ .

8. AN APPLICATION OF g2-BALANCING NUMBERS TO AN ALMOST PYTHAGOREAN
EQUATION

The association of balancing and cobalancing numbers with the solutions of Pythagorean
and Pythagorean-like equations is well-known (see [1, p. 104], [7, p. 1199] and [9, p. 69]).
In [3], Haggard developed certain links of solutions of the Pythagorean equation 22 + 3? = 22
with the solutions of the almost Pythagorean equation 22 + 32 = 2% + 1. In this section, we
completely solve the Diophantine equation 22 + (z + 4)? = 32 + 1.

We observe that if 22 + (z + 4)? = 3? + 1, then z must be odd. Setting z = z + 2, we
convert this equation to (z—2)?+ (z+2)? = y?+ 1, which on simplification gives 222 +7 = y?,
suggesting that z is a gs-balancing number, so that z = x,, for some n. Now we can list the
solutions of the equation 22 + (r +4)? =y?  +lasov =2, -2, y= /222 +7,n=1,2,....

Observe that almost Pythagorean equations corresponding to the gs-balancing number 9
and 13 are respectively, 72 + 112 = 132 + 1 and 172 + 212 = 272 + 1.
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