DERIVATIONS AND IDENTITIES FOR FIBONACCI
AND LUCAS POLYNOMIALS

LEONID BEDRATYUK

ABSTRACT. We introduce the notion of Fibonacci and Lucas derivations in the algebra of
polynomials. We prove that any element of the kernel of the derivations gives a polynomial
identity satisfied by the Fibonacci and Lucas polynomials. Also, we prove that any polyno-
mial identity satisfied by the Appel polynomials yields a polynomial identity satisfied by the
Fibonacci and Lucas polynomials. We describe the corresponding intertwining maps.

1. INTRODUCTION

The Fibonacci F),(z) and Lucas L,(z) polynomials are defined by the following ordinary
generating functions

G(Fn(x),t) =

1—3:t—t2 ZF

1+ ¢
GLn(@)t) = E:L

The derivatives of the polynomials can be expressed in terms of the polynomials as follows

(23]
L Pa() = 3 (D 12K F i), (11)
k=0
J [27]
%Ln(ﬂj) =n (—1)kLn—1—2k(x)7 (12)
k=0

see [2, 3.
We are interested in finding polynomial identities satisfied by the polynomials, i.e., identities
of the form

P(Fy(x), Fy(z),...,Fy(x)) = const., and P(Lg(x),Li(x),...,L,(z)) = const.,

where P(xg,1,...,%,) is a polynomial of n + 1 variables.
We provide a method for finding such identities that is based on the simple observation: if
d
%P(FO(:L’),FI(QZ)?’Fn(x)) =0, (1.3)

then P(Fy(z), Fi(z),..., F,(z)) is constant. In other words, P(Fy(x), F1(z),..., Fy(x)) gives
an identity of the Fibonacci polynomials.
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To establish (1.3), we rewrite the derivative as:

d
%P(FO(x)vFl(:E)’)FTL(:E))
= —P(zg,x Tn) iF () + -+ iP(oc x Tn) 4 (x)
_8(1}'0 0y Lly---ydn {:EZ:FZ(:E)}dx 0 a"]:n 0 17"'7 n {‘,EZ:FZ(:E)} df]}' n .
We have
d
%P(FO(x)vFl(:E)’)FTL(:E))
0 0
= T%P(xO,xly---yxn)D}'(:EO) +oe Tt 8—%P(3§‘0,3§‘1,---,$n)p}"(3§n) | {i=Fio)}
= Dr(P(z0, 21, -, Zn)) | {z,= Fy(a))} -
where the differential operator Dr is defined by
o , 5] )
Dr i= 21— +219—— —DEn—1-2k)z,_1_o | =—.
Fi= i +x263+(3l’3 x1)8x4+ + k:O( )" (n )Tn—1-2k oz,

d
It is clear that if Dr(P(xo,x1,...,2n)) = 0 then %P(Fo(:n),Fl(x), ..., Fy(x)) = 0. Thus,

any non-trivial polynomial P(zg,z1,...,z,), which belongs to the kernel of Dr defines a
polynomial identity related to the Fibonacci polynomials.

We have a similar construction for the Lucas polynomials. We introduce the differential
operator

[257]
clwn) =n Y (=) wn 1o,
k=0

Dr(P(xo,x1,...,25)) =0,
defines a polynomial identity related to the Lucas polynomials.
We have thus proved the following theorem.

and show that the condition

Theorem 1.1. Let P(xg,x1,...,2,) be a polynomial.
(i) If De(P(zo,x1,...,2yn)) =0 then P(Fy(z), Fi(z),..., F,(z)) = const.;
(ii) If De(P(zo,x1,-..,2n)) =0 then P(Lo(x), L1(x),...,Ly(z)) = const.
As an example, consider the polynomial xyx3— x% It is easily verified that Dr(xi23— x%) =
0. Thus, Fy(z)F3(x) — Fy(z)? is a constant. In fact,
Fy(x)F3(x) — Fy(x)? = 1.
A similar problem was solved by the present author for the Appel polynomials [1]. There
the differential operator
0 0 0
Dy = 2 : n—13_"s
A= xoa + x182 + nx 18%
was defined and it was shown that every element of the kernel of D4 defines some polyno-
mial identity for the Appel polynomials. Recall that a collection of polynomials {4, (x)},
deg(A,(z)) = n are called Appel polynomials if

Al (z) =nAp_1(z),n =0,1,2,.... (1.4)
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In this paper, we show how polynomial identities for Appel polynomials can be used to find
polynomial identities for the Fibonacci and Lucas polynomials. The method uses intertwining
maps. A linear multiplicative map 1 4r is called a (D 4, Dr)-intertwining map if the following
condition holds: Y AarD4 = Drarp. Any such map induces an isomorphism from ker D 4 to
ker Dr.

For instance, the discriminant of the polynomial (in the variables X,Y)

20 X3 + 321 XY + 325 XY? + 2373,
equals
i) 33)1 33)2 T3 0
0 ) 33)1 3:172 T3
3xg 6x1 3x2 O 0= 27(6 ToT3T2T1 + 3%12$22 — 4%1?’%3 — 4%2?’%0 — x02x32).
0 33)0 63)1 3:172 0
0 0 33)0 6:171 3:172

It is a well-known result of the classical invariant theory that the discriminant lies in the
kernel of the operator D4.
It is easily checked that the linear multiplicative map defined by
YarL(zo) = xo,Yar(r1) = 21,
Yar(ze) = w2,YaL(23) = 73 + 371,

Yar(f-g) = Yar(f) -var(9), f,g € Clzo, z1, ..., 2,],

commutes with the operators D4 and D,. Therefore the element

Yar(xo) 3ar(xzi) 3vap(xe) vYar(zs) 0
0 Yar(xo) 3ar(xi) 3var(xe) vYar(zs)
3vVar(zo) 6var(z1) 3var(xe) 0 0
0 3var(zo) 6var(r1) 3var(ze) 0
0 0 3Var(ro) 6var(x1) 3var(xs)
g 3x1 3x2 T3+ 3711 0
0 fty) 31 3To xr3 + 3x1
= 3:170 6:171 3:172 0 0 s
0 3:170 6:171 33)2 0
0 0 3:170 63)1 33)2

Lo(:E) 3L1(l‘) 3L2(l‘) Lg(:E) + 3L1(l‘) 0
0 LQ(:E) 3L1(l‘) 3L2(l‘) Lg(:E) + 3L1(:E)

3L0(:E) 6L1(3§) 3L2(3§) 0 0 = —864.
0 3L0(l‘) 6L1(l‘) 3L2(l‘) 0
0 0 3L0(l‘) 6L1(l‘) 3L2(l‘)

In the paper we present methods of the theory of locally nilpotent derivation to find poly-
nomial identities for the Fibonacci and Lucas polynomials.

In Section 2, we give a brief introduction to the theory of locally nilpotent derivations. We
also introduce the notion of the Fibonacci and Lucas derivations and find their kernels. In
this way we obtain polynomial identities for the Fibonacci and Lucas polynomials.

In the final section, we find a (D4, Dr)-intertwining map and a (D4, D )-intertwining map.
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2. FIBONACCI AND LUCAS DERIVATIONS

2.1. Derivations and their kernels. Let C[xg,x1, 9, ..., x,] be the polynomial algebra in
n + 1 variables xg,x1,x2,...,x, over C. Recall that a derivation of the polynomial algebra
Clxo, z1,x2, ..., Ty is a linear map D satisfying the Leibniz rule:

D(fg) =D(f)g+ fD(g), for all f,g € Clxg,z1,22,...,%y).

By using the quotient rule of derivations we can extend a derivation to the field of fractions
C(xo, 21,22, ..., Tp).

A derivation D is called locally nilpotent if for every f € Clxg,x1,22,...,2,] there is an
n € Nsuch that D™(f) = 0. Any derivation D is completely determined by the elements D(x;).
A derivation D is called linear if D(x;) is a linear form. A linear locally nilpotent derivation is
called a Weitzenbock derivation. A derivation D is called triangular if D(z;) € Clxo, ..., zi—1].
Any triangular derivation is locally nilpotent.

The subalgebra

ker D := {f € Clzo,x1,z2,...,2,] | D(f) =0},

is called the kernel of derivation D.
For an arbitrary locally nilpotent derivation D the following theorem holds.

Theorem 2.1 ([5, 6]). Suppose that there exists a polynomials h such that D(h) # 0 but
D%(h) = 0. Then

ker D = Clo(zq),0(x1), ..., 0(xn)][D(h) ] N Clzg, z1, ..., zn],

where o is the Dizimier map

= ZDk(xz)F7)\ - _W < C($07x17_ i 7‘7:n)7D()‘) = -1

The expressions (1.1) and (1.2) motivate the following definition.

Definition 1. Derivations of Clxg, x1, o, ..., x,] defined by
(2]
D]:(x()) = D;(xl) = O,D;(xn) = (—1)k(n—1—2k)xn_1_2k,
k=0

(2]
Dr(x0) = 0, De(wn) =n Y (=) @ 1ok,
k=0

are called the Fibonacci derivation and the Lucas derivation, respectively.

We have
Dr(z) =0, De(z0) =0,
Dr(z1) =0, Dr(z1) = o,
Dr(x2) =11 Dy (x2) =211
D]:(l‘3) = 2 Dg(:l?g) = 3:172 — 3:170,
D]—‘($4):3$3—!E1, Dp(x4) =423 — 411,
DF($5):4$4—23}2, Dg(x5) :5334—5332
D]:(x(;):5 x5 —3x3+x1, Dr(xg) =625 — 623+ 627.
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We define the substitution homomorphisms ¢, ¢, : Clzg, z1,...,z,] = Clz] by ¢r(x;) =
Fi(z) and by ¢z (x;) = Li(z). Let

ker pr := {P(z0, 21, ..., xn) | or(P(z0, 21, ..., 2y)) = 0},
ker pp := {P(zg, 21, ..., xn) | @2 (P(xo,x1,...,25)) = 0}.

From Theorem 1.1 it follows that ¢z (ker Dx) C ker o and ¢ (ker Dz) C ker po. Note that
or(ker Dp) # ker . In fact, we have pr(z, — (z2zn_1 + Tpn—2)) = Fp(x) — (Fo(x)Fh_1(z) +
F,—2(z)) =0 but z,, — xoxy_1 — Tp_o ¢ ker Dr.

2.2. The kernel of the Fibonacci derivation. It is obvious that this derivation is triangular
and thus locally nilpotent. Thus, to find its kernel we may use Theorem 2.1.

Let us construct the Diximier map for the Fibonacci derivation. For this purpose, we first
derive a closed-form expression for D% (x,,).

We have
(2]
Di(wn) = Dr | Y (=1)F(n=1-2k)zp 121
k=0
(2] (=5
=Y (1) (n—1-2k) (—1)7(n—2—2k — 2j)z_2_2;
k=0 7=0

=0
Similarly we get
[nzS
+1)(i+2 . . .
Di(aa) = > (- Z—(Z)(n—3—22)(n—(z+1))(n—(z—|—2))$n_3_2i.
=0
Induction gives
. = itk—1\ [ n—i—1
Dh(aa) = (k=1 S (~1)i(n — k — 2i) Tnekoai
pa kE—1 kE—1
. Z2 Z2 C e
Since Dx <——> = —1 we let A = ——. Now we may find the Diximier map:
1 €1
n—1 A
o(xy) = Z Dl}-‘(xn) %l
k=0
—z +7§)\—k[§](—1)k+i(n—k—2i) A | (i PP
= dn s L var: E_1 E_1 n—k—2i

—k
A'f < i+k—1\(n—i—1
xn—l—z Z (n—k— 2@)( ko1 )( k1 >:En_k_2i

—I—(n—l):Eg/\" 2—1—3:1/\" L
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Replacing A by —@, we obtain, after simplifying:
Ty

zy 2 o(ry)

i i+k—1\ (n—i—1 —
= 2] +Z Z D (n—k— 2)( b1 >< b1 >a:n kbl k
—|—(n—2)(—1)" 2x§ L

The polynomials

o Ll i+k—1\ (n—i—1 k. on—2—k
Cy = xpx]” —1—2 Z (n—k—2i )< b1 b1 Tp—k—2iTo T
+ (n—2)(—1)" 2:173 1 ,n > 2,

belong to the kernel ker Dr. We call them the Cayley elements of the locally nilpotent deriva-
tion Dgr. The first few Cayley elements are shown below:

C3 = —a:22 + x3x1,
04 = 23)23 — 33)23)33)1 + l‘12$2 + £E4:E12,
Cs = =3 a2 + 6 29°w321 — 21°22° — dwomy” + 2527,
_ 5 3 2.3 2 2 3 3 4 4
Ce =4x9° —10x9°x321 — 221°29° + 10297 2421° — DT2x521° + 321 °Tox3 — 21 T + TgT1 -
Theorem 2.1 implies the following theorem.
Theorem 2.2.
ker Dr = Clzg, z1,C3,Cl4, . .. ,C’n][xl_l] N Clxo, X1, ..., Ty

Thus we obtain a description of the kernel of the Fibonacci derivation. In particular, pp(C),)
is a constant and gives an identity for the Fibonacci polynomials. To find the explicit identity,
we calculate pp(C,). We have

@F(Cn) = (PF(CH(‘T07‘T17 <. 73:”)) = Fn(x)

n_3 n k] 3 .
k=1 1=0
+ (n—=2)(=1)""2Fy(x)"! = const.

Calculations for small n suggest the following conjecture:

Conjecture. pr(C,) = Cp(Fi(z),...,Fy(z)) = { (1)7 Z (e)‘(’i‘ifv

2.3. The kernel of the Lucas derivation. Following the methods of the previous section,
for the locally nilpotent derivation D, we obtain:

nk:

it+k—-1\/n—1-1
D£($n)_n _1 Z < 1 >< E—1 >xn—k—2i-

=0
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Since Dy (—ﬂ> =—1weput A = _n Then the Diximier map has the form:
o o

o(wn) = Z Dg(xn)y
k=0 )

B ki i+k—1\/n—i—1 1 n
_xn—i—nZ? Z (-1) (k‘—l ko1 Tp—k—2i + T A" 4+ 2o A"

k=1 = n—k—2i>0
The corresponding Cayley elements are as follows:

n—1
C = zpx)

n—2 [n;k] . .
1 ift+Ek—=1\(/n—-1-1 1 n—1 n
Yy oD (—1)’“( L1 >< o >:En_k_2ix’f:n0 L=k 4 (n = 1)(=1)" 12, n > 2,
k=1 i=0

The first few Cayley polynomials for the Lucas derivation are shown below:
C1 = o,
Cy = wawg — 1%,
Cs = 2212 + 321202 — 3212270 + 23707,
Cy = —321% — 421%20% + 6 212200 — 4 T12370° + T470°,
Cs = 4x15 + 10 x12x3x02 — 53:13304 — 5a:1x4x03 —10 a:13a;2xo + 5a:1x2x03 + x5x04.
Theorem 2.1 implies the following statement.
Theorem 2.3.
ker Dy = Clzg,C2,C3,Cy, . . ., C’n][xgl] N Clzo, 1, ..., Tp]-
Thus, as in the previous section, ¢r,(Cy,) = C,(Lo(z), ..., Ly(z)) is a constant.

Conjecture 2. C,(Lo(z),...,Ly(z)) = { 3’ Z g\(ﬁn

3. APPEL-LUCAS AND APPEL-FIBONACCI INTERTWINING MAPS

3.1. Appel-Lucas intertwining map. Define a map 47, by

([*])

YaL(Tn) = Tn + a,&”xn_2 + a£L2)$n—4 +oe aﬁf)xn—% +-Fan Tp—g[ns1]-

Let us find a condition on 947, to be an Appel-Lucas intertwining map. Let us prove the
following statement.

O (["z*])

Lemma 3.1. The sequences ag,’, Q5. .., Qp satisfy the following system of recurrence
equations:

(n—2)ai) = n(ag, +1),

(n—4)af? = n(0), +al)),

(n—20)ak) = n(al), +al 7)),
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with the initial conditions ozgi) =0.

Proof. We have
Dr(ar(xn)) = n(2p_1 — Tn_g + Tn-s — Tpn_7+ -+ )+ a'V(n = 2)(@n_3 — Tp_s+ - -)
+alP(n—4)(@n_s — Tz +..) o
This gives
De(War(@n)) = nwp-1 + zp-3((n — 2)afl) —n) + z,-5((n - 4)al) — (n = 2)af)) +n)
+ 2y 9i1((n—20)al) — (n—2(i —1)al ™Y + (n =23 —2)al™ .. )+ ...
On the other hand

De($ar(@n) = Yar(De(rn) = ntbar(za—1) =n Y. ol 2y 1 pi(~1)".
n—1—2i>0
By equating the corresponding coefficients in the above two equations, we obtain the recurrence

relations for the sequences ag) :

(n—2)all) —p = nasll_)l, aél) =0,

(n—4)al?) — (n—2)al) +n=na? af =0,

(n—2)af =n(al) +1),
(n— 4)a£z2? = "(a51221 + aszl,—) ),
(n—2i)al) =n@? | + o)),
e - o
-2 22)all 7D = (oD 4 o),
and agi) =0. -

Let g, be a fixed sequence and consider the auxiliary recurrence equation
(n—a)xy, =n(Tp—1+ gn-1),2qs = 0,n > a. (3.1)
Then we have the following lemma.

Lemma 3.2. Let

n—1
Tp = ne g—;,

i=a -

where n%:=n(n—1)(n—2)--- (n—(a—1)). Then the sequence x,, is a solution of the recurrence

equation (3.1).
Proof. In fact, suppose that
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Then

n—2
n(xn—l + gn—l) =n ((TL - 1)QZ .Zg_; + gn—l)
gz ’I’L—l ~gn—1
= — 1) e ) on-l
( " Z r (n—1)a >
gz In—1
n B 1 (Z . n — 1 )
a
a gl gz
:n(n—l)—Zr (n—a)n Z = (n—a)x,.
i=a

By using the result we obtain

o) = n(n—2),

1 1 n
o :Z(n—l)n(3n—7)(n—4)za(n—4)<2>(3n—7),

al® — %(n —6) (g) (1972 — 141 n 4 254) ,

1
al® = i) (Z) (2117n° — 3258 n® + 16481 n — 27306) ,

1
o) = =i (n—10) <Z> (3651 n* — 96550 n® + 946185 n* — 4071950 n + 6492024) .

To find the general solution of the system let us consider the sequence agf) in a basis of the
falling powers. Let
= B0 + Bt 4 4 2

It is easy to see that

Then
(n —2s)ay, (s) — =(n— 23)(ﬁos)n§ + 5?%& 4ot 5§S)n2g)
— ((n—5) = B0 + (0 — (s + 1)) = (s — 1)L - 4 (n — 25)8In2e
s—1
_ Z 5 s+z+1 Z(S B i),@i(s)ni
i=0
On the other hand
nef); +al ) =3 g (n
i=0

(s—1) s—144

(n—=1)

1=0

_ iﬁlgs)nw + Sz_:l Bl
=0 =0
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By equating the corresponding coefficients we obtain

(s—1)
/82(8) - %72‘:07-”73_ L.
(s)

The coefficient 5§S) is found from the initial condition a,, = 0. We have

1 ,(s—1) )
ﬁ?—(zs)ﬁ + B (2s)! = 0.
i
It follows that
1 ﬁ(s 1) B § 52(3—1) - 52—:1 52(5)
23 (2s) V= s —i N = (s —1i)(s—1)! — (s —i)!

Therefore, we get the following recurrence relations for the sequences 5ns):

s—1
55):_55 )
0 s
s—1
(S)__5§ :
1 s—1"7
s—1
2 s—2"

(s)
/Bgs) = bs - - 5 .
= (s =)
Thus,
ﬁi(s) = (1) b,, fori=0,. -1

(s —1)!

Therefore, we get the following recurrence relation for the sequence by :

zn:(_li)n_ibnzo,n>0.

— (n—1)!2

Recall the definition of the Bessel function J,(x):

Jo(2) = ; % (g)%—l-a‘

Consider the series

S U (V).

= n!2
and the ordinary generating function
o
G(bp,z2) = Z bpa".
n=0
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Then, the above recurrence relation implies that
Jo(V4z)G(by, z) = 1.
We have

1 1 211 , 1217 30307
G(bn, 2) SIS I L 5 64 ...

T b(Viz) 17 7367 TH6” Tamoo” T 172s00”

Thus we prove the following statement.

Theorem 3.1. Define the linear map Y ar, by

; n—1
Yar(@n) =z +aMa, o+ 0Py g+ +aWDay o4+ a([ ? ])xn_2[n7—1]7
where ‘
—1)s —1)s—1 .
Ozgf):( )b0n§+..._|_( ) binLH_|_..._|_bsn2_8,
s! (s —1)!
and the generating function for by, b1,...,by,,... is

S b = Jy (V).
=0

Then ¥ ar, is an Appel-Lucas intertwining map.

3.2. Appel-Fibonacci intertwining map. Define a linear map ¥ 4r by

; n—1
Yar(zn) = ozﬁ?)xnﬂ + a,&”mn_l + ag)xn_g et ozgf):ltn+1—2i +- a,(@[ ? ])$n+1—2[”7*1]'

Let us prove the following statement.

(1)

Lemma 3.3. If Yap is an Appel-Fibonacci intertwining map then the coefficients ay,’,

n—1
af), . ,ag[ el satisfy the following system of recurrence equations:
aﬁ?) =1,
1) (0)
1) Qn 1 Q1
ap’ =n| ——+4+ —|,

n—2 n

with initial conditions ozg? =0.
Proof. We have
Dr($ar(zn)) = o) (nzn — (n = 2z + (n = 4)zp-a — (0 = 6)Tpg+---)
+al)((n=2)zp g —(n—Drp g+ ) +aP((n—ng—(n—=6)zp g+ )+
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It implies
Dr(ap(zn)) = naPz, + (n — 2)zn_s(a) — o) + (n — 4)z,_4(a?) — al) + a(0)
+ 2p2i(n — 20)(aD — oD 4D 4. (—1)al0) 4 -
On the other hand

n—1

Dr(ar(zn)) = Yar(Dr(z)) = mpap(zn-1) =n Y ol 2.
i=0
Thus we find such recurrence relations for ag) :

naglo) = naglo_)l,

(n=2)(afl) — ) =najy 05" =0,

(n =)o) — o) +a?) = na? ol =0,

(n — 2i) ag)( 1)i = nag)_l, ag? =0
n—2i>0

Finally, the simplification yields

al) =1,

a(l) « 0

ol =n ( e "_1> ;
n—2 n
1

(2) )
2) Qp_1 , ¥y
an _n<n—4+n—2>7

Let g, be some fixed sequence and consider the auxiliary recurrence equation

Tn—1 9n—-1
Ty =N ,xs = 0.
" <7’L—S+TL—(S—2)> *

Then we have the following lemma.

Lemma 3.4. The solution of this auxiliary recurrence equation is

n—1

— s 9i ]
" Z::z (i — (s —3))

Proof. Using the relations,

S—

— 1)
n{n— 17 =n n(n—1)=t=ns

n—1
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we have

o [ Enet gn—1 o (71—1)§n_2 i Gn—1
<’I’L—S+TL—(S—2)>_ <n—8 ZZ’S* (z’—(s—3))+n—(s—2)>

1=S8

— (n—1)* = 9i (n—1)2=1g,
a ( n—s ZZ; (z’—(s—3))+((n_l)s_l)((n_l)_(3_3))>

1=Ss

_n(n—1)% gi n(n—1)=tg, 1
I D= o P (O V=) (o P

n—2
—ns 9i In—1
) (g - (5-3) (-1~ (s 3)))

-3))
O
By using the result of the Lemma, we obtain

o) =1,
of) = 20— 1)(n—2),
o :é (n—4)(n—3)(n—2)n

1
o® = — (n—1)n(n—4)(n—>5)(Tn—17) (n—6),

144
1

oy = 55 (n—8) (39n* —296n +545) (n —7) (R —6) (n —2) (n — 1) n
(s)

To find a solution of the system let us consider the unknown sequence «u,’ in a basis of the
falling powers. Let

al®) = (n— (25 1)) (5((]5)71& + 5§S)n§ bt 5§8)n@> =(n—(25s—1)) Zﬁfs)n—‘*_lﬂ.

=0
Then
ol = (n— (25— 1)) it = Zﬁ —(s+i—1)—(s—i)nt

i:O

_Z/B(S S—I-Z s—i—z 1 ZB ns= s—=1+% _ ZB

On the other hand

s—1

Z o Z,)Bi(s)nsflﬂ'.

1=

s—1
o = (n— (25 -2) Y BF TV (n - 1)H2,
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Then
(s) (s—1)
(s) _ X1 X1
“n n(n—23+n— 23—2))
S X s—1 .
_ Znﬂl(s) (n . 1)s—l+z + Znﬁi(s_l) (n . 1)572+z
i=0 i=0
s s—1 )
Y S R T
i=0 i=0
Thus,

s—1 s—1
-1 s—141 . s—1+41
S BT = 23 (s — i) e
i=0 i=0
By equating the corresponding coefficients of the ni, we get

(s=1)
52.“):_5;_2, i=0,...,5— 1.

(s)

The coefficient 5§3) is determined from the initial condition oy, = 0. We have

agss_zﬁ(s sl+z Zﬁs Slﬂ—i—ﬁs( )71:0‘

=0 =0

Taking into account (28)M =25(2s —1)...2 = (2s)! we have

s—1 s5—1 (s)
1 s—14i B;
(s) — (S) 9 s=14¢ — 7
s (25)] &= fi(2s) ; (s—i+r 1)
Thus we get the following relations for ﬁ,(f):

. ﬁ(s 1)
B() ) = s

o is—l)
/81 = - s—1 )

o (S 1
/82 = - s — 9 )
B =P,

s5—1 (s)

B(S) = bs = - 52

s —(s—i+ nl

It yields

K _13—2' .
ﬁi():( )1 'bi, fori=0,...,s—1,
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and
s—1

(=) (=1 ,
b= T GF O ;((s—z’)(s—z’+1)!)bl'

1=

Therefore we get the following recurrence relation for the sequence by:

S (_1)n—i B
Z(s—z)(s—z—i—l)b =0

1=0

Consider the series

= =y , 1
;::Onlin—gl)!z - ﬁjl(\/@)

and write

G(bp, z) Z bpz".

Then taking into account the recurrence relatlon we find that

J1(V4z)

G(bp, 2) N =1
Below are a few initial terms
vz 1 1 7 13 A 107 4 409 4
G(b =———=14- — — — .
bo2) = v~ T2t 41 o0 tasso0” T aos00° T

Thus we have the following statement.

Theorem 3.2. Define the linear map Y ar by
n—1
¢AL(xn) =ZTpy1 + 041(11)1%—1 + a£L2)33‘n—3 + -+ Oé( )$n+1 2 + -+ OM(L[ 2 ])$n+1—2[%]’

where

04518) = (n — 25+ 1) (__1)b0n5—1 4+ 4 i bins_"‘i+ s 4 bsn25_1 ,
s! (s —1)!

and the ordinary generating function for by, bi,...,by,... is as follows:

\/Z
sz \/E)

Then Y ar is an Appel-Fibonacci intertwmmg map.
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