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ABSTRACT. Here, we show that if up = 0, u1 = 1, and un+2 = rUn+1 + su, for all n > 0 is
the Lucas sequence with s € {£1}, then there are only finitely many effectively computable
n such that ¢(|un|) is a power of 2, where ¢ is the Euler function. We illustrate our general
result by a few specific examples. This generalizes prior results of the third author and others
which dealt with the above problem for the particular Lucas sequences of the Fibonacci and
Pell numbers.

1. INTRODUCTION

Let ¢(m) be the Euler function of the positive integer m. It is well-known that for m > 3,
the regular polygon with m sides is constructible with the ruler and the compass if and only
if ¢(m) is a power of 2. This happens exactly when m is the product of a power of 2 and a
square free number all whose prime factors are Fermat primes; i.e., prime numbers of the form
22" 4+ 1 for some n > 0. For more information on Fermat numbers, see [1].

In [2], Luca found all the Fibonacci numbers whose Euler function is a power of 2. In [3],
Luca and Stanicd found all the Pell numbers whose Euler function is a power of 2. Here,
we prove a more general result which contains the results of [2] and [3] as particular cases.
Namely, we consider the Lucas sequence (uy,)n>0, With ug =0, u; =1 and

Upto = TMUpt1 + SUn for all n >0,

where s € {1} and r # 0 is an integer. Let A = r2 + 4s and assume that A # 0, so, in
particular, (r,s) # (£2,—1). It is then well-known that if we let

(1.8) = (”2@ d ‘;E) ,

then the so-called Binet formula

A =4
y—=9
We assume that v/ is not a root of 1, which happens if (r,s) # (£1, —1). Observe that this
condition implies that A = r?+4s > 0. So, v and § are real. If r < 0, we may replace (r, s) by
(—r, s), whose effect is that it replaces the pair (v,d) by the pair (—d, —7), so, in particular,
upn by (—1)"tu,. Such a transformation does not change |u,|. Thus, we may assume that
r > 0. In this case, we have v > 1 and § = —sy~ ! € {—y~!,y~!}. Furthermore, u, > 0 for
all n > 1. In fact, we have u,41 > u, for all n > 0 with the inequality being strict for n > 2.
This is clear if r = 1, because then s = 1 and so u,, = F},, the nth Fibonacci number, while if

Up = holds for all n > 0. (1.1)
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r > 2, then, by induction on n > 0, we have

Unt2 = 2Upi] — Up = Upgy + (un—l—l - un) > Up41-

We have the following theorem.

Theorem 1.1. Assume s = +1, r > 0 be an integer, (r,s) # (2,—1), (1,—1). Suppose n >0
is such that ¢(uy) is a power of 2. Then writing n = 2%p{* - 'pzk, where 3 < pp < -+ < pg
are distinct primes and ag, ai,...,ar are monnegative integers, we have that ag < 4 and
Pt <2(r?+3)2 foralli=1,...,k.

Example 1.2. Consider the case when u, = F), is the Fibonacci sequence and assume that
#(F,) is a power of 2. We have r = 1, therefore p{* < 32 for i = 1,...,k. Since the Euler
functions of Fr, Fi1, i3, Fi7, Fig, Fbs, Fbs, Fv7, Fog, F31 are not powers of 2, it follows
that p{* - - pi* is a divisor of 32 x 5. Finally, since the Euler function of Fy is not a power
of 2, it follows that n is a divisor of 2% x 32 x 5, and now a very quick calculation shows that
n € {1,2,3,4,5,6,9}, which is the main result from [2].

Example 1.3. Consider the case when u, = P,, the Pell sequence and assume that ¢(P,) is
a power of 2. Then r =2, so pj* <98 fori=1,...,k. A quick calculation shows that of all
odd prime power values of p* < 98, the Euler function of Py is a power of 2 only for p* = 3.
Further, the Euler function of Pyg is not a power of 2, so n is a divisor of 23 x 3. Computing
the remaining values, we get that the only values for n are in {1,2,3,4,8}, which is the main
result in [3].

2. PRELIMINARY RESULTS

For a nonzero integer m we write vo(m) for the exponent of 2 in the factorization of m.
We let {vy,}n>0 for the companion Lucas sequence of {u,},>0 given by vo = 2, v; = r and
Unt2 = Mupt1 + Sup. Its Binet formula is

Uy ="+ 0" for all n > 0. (2.1)
We have the following results. Recall that s € {+1}.

Lemma 2.1. We have the following relations:
i) If r =0 (mod 2), then
() = 0 if n=1 (mod 2),
Valtin) = va(r)+va(n)—1 if n=0 (mod 2),

and

w(r) if n=1 (mod 2),
va(vn) :{ 12( ) if n=0 EmOd 2;'

ii) Ifr =1 (mod 2), then

0 if n#0 (mod 3),
vo(up) = { va(r?+s) if n=3 (mod 6),
va(r? 4+ 8) + 19(r? +3s) +va(n) =1 if n=0 (mod 6),
and
0 if n#0 (mod 3),
vo(vy) =< va(r?+3s) if n=3 (mod 6),
1 if n=0 (mod 6).
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Proof. i) Say r is even. If {wy},>0 is any binary recurrent sequence of recurrence wy, o =
TWp+1 + SWy, then wy49 = w, (mod 2). In particular, w,, has the same parity as wy or w; if
n is even or odd, respectively. Since vy = 2, vy = r are even, it follows that v, is always even.
If n = 2k is even, then

vn =7 4+ 0% = (¥ + %) —2(70)F = vj £ 2
is congruent to 2 modulo 4 because 2 | vg. If n = 2k + 1, then
241 | §52k+1

v+

where ¢ = 7/r, d = §/r. Thus, {wy }x>0 is a binary recurrent sequence of roots 72, §2, whose
sum is v2 + 82 = vy is even and whose product is v202 = 1. By the remark at the beginning
of the proof, wy has the same parity as wg or wy if k is even and odd, respectively, and since
wo =1, wy =%+ 6% — 6 = vy + 1 is also odd, it follows that wy, is always odd. This shows
that v9(ver11) = va(r) and takes care of the parity of v,. For u,, since uyp = 0, u; = 1, it
follows that u,, is even or odd according to whether n is even or odd, respectively. If n is even
and we write n = 2¥¢ with & > 1 and ¢ odd, then

2’6_52’c 2k\e 52kz 2kNe 52ke

,.Y _ 5 72k o 52k ’sz . 52k

~

Vo1 = (v +0) < > = rwy, where wy = c(v?)F + d(6%)F,

Since v1 = r, and vy is congruent to 2 modulo 4 for all i = 1,...,k — 1, the part about vs(uy,)
when n is even follows provided that we show that the factor in the parenthesis above is odd.
But this is wy, where now {wy}n>0 is the Lucas sequence of roots ’y2k and 52k, the sum of

which is vyr which is even and the product of which is (’)/(5)21c = 1, and now the fact that wy
is odd when £ is odd follows by the argument at the beginning of the proof, because wy = 1 is
odd. This takes care of (i).

ii) Say r is odd. Then up12 = Uupt1 + up (mod 2) and the same is true for {v,},>0. Since
vo =up =0 (mod 2) and v; =u; =1 (mod 2), it follows that both u,, and v, have the same
parity as F,, the nth Fibonacci number, which is even if and only if 3 | n. This takes care of
ii) when 3 {n. Now take n = 3k. Then

3k _ s3k 3_ 43 3\k _ (53\k
w, = 10T 707 ()" = () = + s)wp,
=0 =46 7P — 67
where {w;, }n>0 is the Lucas sequence of roots 73 + 6% the sum of which is r(r? + 3s), which

is even and for which vo(r(r2 + 3s)) = va(r? + 3s) and the product of which is () = —s>.
Similarly,

Un = (’YS)k + (53)k
is the companion Lucas sequence of {wy, },>0. Since this new Lucas sequence has the property
that its sum of roots (namely, its corresponding “r”) is 2 4+ 3s which is even, the results from
i) apply to wy and its companion and give ii). O

Lemma 2.2. We have the following relations:
i) If r=0 (mod 2) and k > 2, then
Vo (Vg — 2) = va (12 + 4s) + 2u(r) + 2k — 4.
ii) Ifr =1 (mod 2) and k > 2, then
vor =7 (mod 8).
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Proof. For k > 2, we write

ok—1 ok—1

Ugk — 2 = 721@ +6 —2= (v — 6 ) = Augk,l, (2.2)
where A = r2 + 4s = (y — §)2. Thus, if 7 is even, we get, by Lemma 2.1, that
Vo (Vgr — 2) = va(A) 4 2u9(ugn—1) = va(r? + 4s) + 2va(r) + 2(k — 2).

If r is odd, then A = 72 + 4s = 5 (mod 2) and ugk—1 is odd, by Lemma 2.1, so that the
right-hand side of formula (2.2) is congruent to 5 (mod 8), which yields vor =7 (mod 8). O

Lemma 2.3. Let a, b be nonnegative integers with a =b (mod 2). Then

U — U — U(a_b)/gv(a+b)/2 Zf s=1 or a=b (HlOd 4),
a1 U(agd)/2V(a—b)2 o s=—1 and a=b+2 (mod4).

Proof. Straightforward verification using Binet’s formulas (1.1) and (2.1). O

3. PROOF OF THEOREM 1.1

We use the fact that if ¢(m) is a power of 2 and d is a divisor of m, then ¢(d) is a power of
2 as well. We assume that n > 1, ¢(u,) is a power of 2 and p®||n and we want to bound p“.
We proceed in various steps.

Case 1. p is odd and p | A.

It is well-known that p | u,. Furthermore, if p? | n, then p? | u,,. Since ¢(u,) is a power of
2, it follows that it is not possible that p? | n, therefore a < 1. Thus, in this case

P <p<A=ritds< (r®+3)%

Case 2. p>5 and p1 A.

We consider the number uya /u,0-1, which is a divisor of u,. Since it is also a divisor of upa
and p > 5, it follows, by Lemma 2.1, that e/ Upa—1 is an odd number larger than 1 because
Um+1 > Up for all m > 2. Since the Euler function of the odd number upa /Uy -1 > 1 is a
power of 2, it can be written as

Upa n;
P —qigg---q, where ¢ =2%"+1 isprimefor 1<i<t. (3.1)
upafl
We assume that ny < --- < n;. We look at the smallest prime factor g; of uye /upafl. Since

p 1 A, it follows that g is primitive for upe. In particular, ¢ = £1 (mod p?). If ¢ = 1
(mod p?), then, since ¢; = 22" + 1, it follows that 22" +1 = 1 (mod p®). Thus, p | 22",
which is false. Hence, ¢ = —1 (mod p?), therefore

2" 1= —1+pY for some integer /. (3.2)

Since p > 5, it follows that nqy > 2. Further, reducing the above relation modulo 4, we get
that 2||¢. Thus, we have that

22" 42 n

a < < 22 1—1
P = —7 =

Since the number 22"' 1 + 1 is a multiple of 3 and p > 5, the above inequality implies that in

fact

+ 1.

Pt <2 (3.3)
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We now use a 2-adic argument to bound ny in terms of p. Namely, performing the multiplica-
tion on the right-hand side of (3.1) above, we get that the right-hand side of (3.1) is congruent
to 1+ 22" (mod 22" 1), Hence,

2" = vy (upe [upa—1 — 1) = vo((upe — Upa—1)/Upa—1). (3.4)

Since u,a-1 is odd, we get that

P
2™ = vy (Upe — Upa-1).

P
By Lemma 2.3, we get that

Upa — Upa—1 = Upa—1(pig)/2Vpa—1(p—c)/2 for some e e {£1}.
Since p > 5, exactly one of p®~!(p £ 1)/2 is even and the other is odd, and exactly one is a
multiple of 3 and the other is not. Invoking Lemma 2.1, we get that

2" = v (upe — Upa—1) < Max{va(Ugpte)/2), V2(V(p—e)s2) } + v2(r). (3.5)
The extra term vo(r) in fact appears only when r is even and (p + £)/2 is also even. Let
A = vo(r) + va(r? + s) + va(r? + 3s). Note that A > 1. We distinguish two cases.
Case 2.1 The mazimum on the right-hand side of (3.5) is at most A.
In this case, 22" ~1 < 24+»2()=1 [f r is even, then A = 15(r), and therefore 24+72("~1 <
r?/2. If r is odd, then A = v5(r? + s) + vo(r? + 3s), and since (r2 +3s) — (r* +s) = 2s = £2,
it follows that min{vs(r? + s),v2(r? + 3s)} = 1. Hence,

2447201 < max(r?/2,7% + 3s,1% + s} <r? + 3. (3.6)
By inequality (3.3), we get that
pa < 22”1—1 < 2A+V2(T)—1 < 7,2 +3. (37)

Case 2.2 The mazimum on the right-hand side of (3.5) exceeds A.

A quick look at Lemma 2.1, shows that this case occurs only if the above maximum is at
v2(U(pte)/2)- Further, the condition vo(u(,ys)/2) > A implies that vo((p +¢)/2) > 2. Thus,

p+e=2°"Ek holds with some odd number & and some « > 2, (3.8)

and relation (3.5) and Lemma 2.1 give
9" =B ta-—1 (3.9)
for some 1 < B < A+ w5(r). In fact, it is easy to deduce that B = A + v»5(r), but we shall not

need this precise information. Thus, also using relation (3.2), we get

—2 4 pi = 2% = oBrarl — 9B=1 9o _ 9Bl (p;{f) :

Thus, we get that
p(2klp®=t — 2871y = 4k 4 2871, (3.10)
Assume first that the left-hand side of the formula (3.10) above is 0. Then 2k¢p®~1 = 28-1,
Since k is odd, 2||¢, the only possibility is £ = 2, a = 1, k = 1, B = 3. We then get
22" 41 = —1 + 2p, therefore p = 22"' =1 4+ 1, which is a multiple of 3, a contradiction.
Thus, the left-hand side of equation (3.10) is nonzero. If k > 2572, then 2k¢ > 4k > 28, so
2klp®~1 —2B=1 > 2k 50 (3.10) gives
B—1 B—2
< 4k + 2 2

ST T2

<3,
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a contradiction. Thus, k < 2872, so, by (3.10) again,
p<4.2872 1 9B <35 9871 <3 94201 < 3(2 4 3),
where for the last inequality we have used inequality (3.6). Thus,
_p+te

« 2
2 =55 <2(r° +3),

therefore,
92"l _ 9B+a—1 < 2A+V2(r)—12a < (7,2 + 3) > (2(7‘2 + 3)) _ 2(7,2 _’_3)27
getting, by (3.3), that
pa < 22”1—1 S (T2 _’_3)27
which is what we wanted to prove.

Case 3. p=3 and p1 A.

Up to some minor particularities, this case is similar to Case 2. We work again with
uza Jusa-1. If a = 1, then 3¢ = 3 < (r? 4 3)2, which is what we wanted. Suppose that a > 2. If
r is even by Lemma 2.1, it follows that usa is odd, so uga /uze-1 is also odd. If r is odd, then
vo(uga) = vo(r? + 5) = vo(uga-1), SO Uga/uga—1 is also odd and it is larger than 1. We again
write equation (3.1), as well as its conclusion (3.2). If ny = 1, we get —1 + 3%¢ = 22" 41 =5,
showing that 3% | 6, so @ = 1, which is not the case we are treating. Thus, ny > 2, and (3.3)
gives

3% < 22" L (3.11)
Equation (3.3) is
2™ = vy(uga /uze—1 — 1) = vo((uge — uga—1)/Uga—1).

Since 3% = 3%~ +2 (mod 4), we have, by Lemma 2.3,

. o Uga—1V9y3a—1 lf s=1

uge Uzt = {U2X3a1?]3a1 lf s=—1.

In particular,

U3a - ’LL3a71 2

—— = U9x3a-1 or U3a71

Uga—1
according to whether s = 1 or s = —1. If r is even, we deduce, by Lemma 2.1, that 2™ < 2A.
If r is odd, then, again by Lemma 2.1, we deduce that 2" < 2u5(r? + 3s) < 24 — 2. Hence,
at any rate, 2"t < 24, therefore
22" <22 =4 x (2471 <4(r? 4 3)%,
where we used again inequality (3.6). By (3.11), we get
3¢ <227 <2(r + 3)%,
which is what we wanted.
Case 4. p = 2.
In this case, uga | uy,. Assume that @ > 5. Then
Uga = V1V ** - Vga—1.

Assume that r is odd. Lemma 2.2 shows that both vs and vg are congruent to 7 (mod 8).
Since the only Fermat prime which is congruent to 3 modulo 4 is 3, and each one of vy and
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vg is a product of distinct Fermat primes, it follows easily that 3 | v4 and 3 | vg, s0 9 | uy,, a
contradiction. So, in fact, a < 4 in this case.

Assume next that r is even and a > 5. Then vavgv14 is a divisor of usa and in particular its
Euler function is a power of 2. By Lemma 2.2, we have

va(vg — 2) = vo(r? + 4s) + 2ua(7),
va(vg — 2) = va(r? + 4s) + 2ua(r) + 2,
va(vig — 2) = va(r? + 4s) + 2u(r) + 4.
Writing b = vo(r? + 4s) + 2u5(r), we get that
v =2q1---q with g =22" 4+ 1 where ny < - <ng,

vg =2¢) - -q, with ¢ = 22" +1  where ny <o <np,
vig = 247 -+ g with ¢} = 22" +1 where ny <. <np,
and where furthermore 2 = b, 2" = b+ 2, 2" = b+ 4 and the sets

{ny,...,ne}, {nf,...,ny} and {nf,... nj}

are mutually disjoint. Hence, 2™ + 2™ = 2"+ (= 2b 4 4), with distinct ny, n}, n/, which is
impossible by the uniqueness of the base 2 representation. This contradiction shows that in
fact a < 4.
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