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Abstract. Let Fn be the n-th Fibonacci number. In this paper, we give some explicit
expressions of

∑2r−3
l=0

(
2r−3

l

)∑
j1+···+jr=n−2l

j1,...,jr≥1

Fj1 · · ·Fjr as well as
∑

j1+···+jr=n
j1,...,jr≥1

Fj1 · · ·Fjr .

1. Introduction

It is known that the generating function f(x) of Fibonacci numbers Fn is given by

f(x) :=
x

1− x− x2
=
∞∑
n=0

Fnx
n .

Then f(x) satisfies the relation

f(x)2 =
x2

1 + x2
f ′(x) (1.1)

or

(1 + x2)f(x)2 = x2f ′(x) . (1.2)

The left-hand side of (1.2) is

(1 + x2)

( ∞∑
n=0

Fnx
n

)( ∞∑
m=0

Fmx
m

)

= (1 + x2)
∞∑
n=0

n∑
j=0

FjFn−jx
n

=

∞∑
n=0

n∑
j=0

FjFn−jx
n +

∞∑
n=2

n−2∑
j=0

FjFn−j−2x
n .

The right-hand side of (1.2) is

x2

( ∞∑
n=1

nFnx
n−1

)
=

∞∑
n=1

(n− 1)Fn−1x
n .
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Comparing the coefficients of both sides, we get

(n− 1)Fn−1 =
n∑
j=0

FjFn−j +
n−2∑
j=0

FjFn−j−2

=

n−1∑
j=1

FjFn−j +

n−2∑
j=0

FjFn−j−2

=
n−1∑
j=1

(FjFn−j + Fj−1Fn−j−1) .

Hence, we get the identity which can be identical with Fm+n = Fm+1Fn +FmFn−1 (see e.g.
[1, Lemma 5].

Theorem 1.1. For n ≥ 1, we have

nFn =

n∑
j=1

(FjFn−j+1 + Fj−1Fn−j) .

Differentiating both sides of (1.1) by x and dividing them by 2, we obtain

f(x)f ′(x) =
x

(1 + x2)2
f ′(x) +

x2

2(1 + x2)
f ′′(x) . (1.3)

By (1.1) and (1.3), we get

f(x)3 =
x2

1 + x2
f(x)f ′(x)

=
x3

(1 + x2)3
f ′(x) +

x4

2(1 + x2)2
f ′′(x) (1.4)

or

(1 + x2)3f(x)3 = x3f ′(x) +
1

2
x4(1 + x2)f ′′(x) . (1.5)

The left-hand side of (1.5) is

(1 + 3x2 + 3x4 + x6)
∞∑
n=0

∑
j1+j2+j3=n
j1,j2,j3≥0

Fj1Fj2Fj3x
n

=
3∑
l=0

∞∑
n=2l

(
l

3

) ∑
j1+j2+j3=n−2l

j1,j2,j3≥1

Fj1Fj2Fj3x
n .

The right-hand side of (1.5) is

x3
∞∑
n=1

nFnx
n−1 +

x4

2

∞∑
n=2

n(n− 1)Fnx
n−2 +

x6

2

∞∑
n=2

n(n− 1)Fnx
n−2

=

∞∑
n=2

(n− 1)(n− 2)

2
Fn−2x

n +

∞∑
n=4

(n− 4)(n− 5)

2
Fn−4x

n .

Comparing the coefficients of both sides, we get the following.
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Theorem 1.2. For n ≥ 6, we have

3∑
l=0

(
3

l

) ∑
j1+j2+j3=n−2l

j1,j2,j3≥1

Fj1Fj2Fj3 =

(
n− 1

2

)
Fn−2 +

(
n− 4

2

)
Fn−4 .

In this paper, we give some explicit expressions of
∑2r−3

l=0

(
2r−3
l

)∑
j1+···+jr=n−2l

j1,...,jr≥1
Fj1 · · ·Fjr as

well as
∑

j1+···+jr=n
j1,...,jr≥1

Fj1 · · ·Fjr .

2. Main result

In general, we can state the following.

Theorem 2.1. Let r ≥ 2. Then for n ≥ 3r − 5, we have

2r−3∑
l=0

(
2r − 3

l

) ∑
j1+···+jr=n−2l

j1,...,jr≥1

Fj1 · · ·Fjr

=
r−1∑
k=1

n− 2k − r + 3

r − 1

(
n− 2k + 1

r − k − 1

)(
n− k − 2r + 3

k − 1

)
Fn−2k−r+3 .

Lemma 2.2. For r ≥ 2, we have

f(x)r =
x2r−2f (r−1)(x)

(r − 1)!(1 + x2)r−1
+

r−2∑
k=1

∑k−1
j=0(−1)j

(
k
j

)(
r−2
k−j−1

)
x2r−k−2+2j

k(r − k − 2)!(1 + x2)r+k−1
f (r−k−1)(x) . (2.1)
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Proof. The proof is done by induction. It is trivial to see that the identity holds for r = 2.
Suppose that the identity holds for some r. Differentiating both sides by x, we obtain

rf(x)r−1f ′(x)

=
x2r−2f (r)(x)

(r − 1)!(1 + x2)r−1
+

(2r − 2)x2r−3f (r−1)(x)

(r − 1)!(1 + x2)r

+
r−2∑
k=1

∑k−1
j=0(−1)j

(
k
j

)(
r−2
k−j−1

)
x2r−k−2+2j

k(r − k − 2)!(1 + x2)r+k−1
f (r−k)(x)

+
r−2∑
k=1

∑k−1
j=0(−1)j(2r − k − 2 + 2j)

(
k
j

)(
r−2
k−j−1

)
x2r−k−3+2j

k(r − k − 2)!(1 + x2)r+k
f (r−k−1)(x)

−
r−2∑
k=1

∑k−1
j=0(−1)j(3k − 2j)

(
k
j

)(
r−2
k−j−1

)
x2r−k−1+2j

k(r − k − 2)!(1 + x2)r+k
f (r−k−1)(x)

=
x2r−2f (r)(x)

(r − 1)!(1 + x2)r−1
+

2x2r−3f (r−1)(x)

(r − 2)!(1 + x2)r

+
r−2∑
k=1

∑k−1
j=0(−1)j

(
k
j

)(
r−2
k−j−1

)
x2r−k−2+2j

k(r − k − 2)!(1 + x2)r+k−1
f (r−k)(x)

+
r−1∑
k=2

∑k−2
j=0(−1)j(2r − k − 1 + 2j)

(
k−1
j

)(
r−2
k−j−2

)
x2r−k−2+2j

(k − 1)(r − k − 1)!(1 + x2)r+k−1
f (r−k)(x)

+
r−1∑
k=2

∑k−1
j=1(−1)j(3k − 2j − 1)

(
k−1
j−1
)(

r−2
k−j−1

)
x2r−k−2+2j

(k − 1)(r − k − 1)!(1 + x2)r+k−1
f (r−k)(x)

=
x2r−2f (r)(x)

(r − 1)!(1 + x2)r−1
+ r

r−1∑
k=1

∑k−1
j=0(−1)j

(
k
j

)(
r−1
k−j−1

)
x2r−k−2+2j

k(r − k − 1)!(1 + x2)r+k−1
f (r−k)(x) .

Here, we used the relations

2

(r − 2)!
+

1

(r − 3)!
=

r

(r − 2)!
(k = 1)

and

r − k − 1

k

(
k

j

)(
r − 2

k − j − 1

)
+

2r − k − 1 + 2j

k − 1

(
k − 1

j

)(
r − 2

k − j − 2

)
+

3k − 2j − 1

k − 1

(
k − 1

j − 1

)(
r − 2

k − j − 1

)
=
r

k

(
k

j

)(
r − 1

k − j − 1

)
(k ≥ 2) .
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Together with (1.1), we get

f(x)r+1 =
x2

1 + x2
f(x)r−1f ′(x)

=
x2

1 + x2

(
x2r−2f (r)(x)

r!(1 + x2)r−1
+

r−1∑
k=1

∑k−1
j=0(−1)j

(
k
j

)(
r−1
k−j−1

)
x2r−k−2+2j

k(r − k − 1)!(1 + x2)r+k−1
f (r−k)(x)

)

=
x2rf (r)(x)

r!(1 + x2)r
+

r−1∑
k=1

∑k−1
j=0(−1)j

(
k
j

)(
r−1
k−j−1

)
x2r−k+2j

k(r − k − 1)!(1 + x2)r+k
f (r−k)(x) .

�

Proof of Theorem 2.1. By Lemma 2.2 we get

(1 + x2)2r−3f(x)r = (1 + x2)r−2
x2r−2f (r−1)(x)

(r − 1)!

+

r−2∑
k=1

(1 + x2)r−k−2
∑k−1

j=0(−1)j
(
k
j

)(
r−2
k−j−1

)
x2r−k−2+2j

k(r − k − 2)!
f (r−k−1)(x) . (2.2)

Since F0 = 0, the left-hand side of (2.2) is equal to

(1 + x2)2r−3
∞∑
n=0

∑
j1+···+jr=n
j1,...,jr≥0

Fj1 · · ·Fjrxn

=
2r−3∑
l=0

∞∑
n=2l

(
2r − 3

l

) ∑
j1+···+jr=n−2l

j1,...,jr≥1

Fj1 · · ·Fjrxn .

On the other hand,

(1 + x2)r−2
x2r−2f (r−1)(x)

(r − 1)!

=

r−2∑
i=0

(
r − 2

i

)
x2i

x2r−2

(r − 1)!

∞∑
n=r−1

n!

(n− r + 1)!
Fnx

n−r+1

=
1

(r − 1)!

r−2∑
i=0

(
r − 2

i

) ∞∑
n=2r+2i−2

(n− r − 2i+ 1)!

(n− 2r − 2i+ 2)!
Fn−r−2i+1x

n .

For i = r − 2, we have

1

(r − 1)!

∑
n=4r−6

(n− 3r + 5)!

(n− 4r + 6)!
Fn−3r+5x

n

=
∑

n=3r−5

n− 3r + 5

r − 1

(
n− 3r + 4

r − 2

)
Fn−3r+5x

n ,

which yields the term for k = r − 1 on the right-hand side of the identity in Theorem 2.1.
Notice that (

γ′

γ

)
= 0 (γ′ < γ) .
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The second term of the right-hand side of (2.2) is

r−2∑
k=1

r−k−2∑
i=0

(
r − k − 2

i

)
x2i

1

k(r − k − 2)!

k−1∑
j=0

(−1)j
(
k

j

)(
r − 2

k − j − 1

)
x2r−k−2+2j

×
∞∑

n=r−k−1

n!

(n− r + k + 1)!
Fnx

n−r+k+1

=

r−3∑
i=0

r−i−3∑
j=0

r−i−3∑
k=j

1

(k + 1)(r − k − 3)!(n− 2r + k − 2i− 2j + 3)!

(
r − k − 3

i

)

×
(
k + 1

j

)(
r − 2

k − j

) ∑
n=2r+2i+2j−k−3

(−1)j(n− r − 2i− 2j + 1)!Fn−r−2i−2j+1x
n

=

r−3∑
i=0

r−2∑
κ=i+1

r−i−3∑
k=κ−i−1

1

(k + 1)(r − k − 3)!(n− 2r + k − 2κ+ 5)!

(
r − k − 3

i

)
×
(

k + 1

κ− i− 1

)(
r − 2

k − κ+ i+ 1

) ∑
n=2r+2κ−k−5

(−1)κ−i−1(n− r − 2κ+ 3)!Fn−r−2κ+3x
n .

Together with the first term of the right-hand side of (2.2) we can prove that

1

(r − 1)!

(
r − 2

k − 1

)
(n− r − 2k + 3)!

(n− 2r − 2k + 4)!

+
k−1∑
i=0

r−i−3∑
l=k−i−1

1

(l + 1)(r − l − 3)!(n− 2r + l − 2k + 5)!

×
(
r − l − 3

i

)(
l + 1

k − i− 1

)(
r − 2

l − k + i+ 1

)
(−1)k−i−1(n− r − 2k + 3)!

=
n− 2k − r + 3

r − 1

(
n− 2k + 1

r − k − 1

)(
n− k − 2r + 3

k − 1

)
. (2.3)

Then the proof is done. �

3. Examples 1

When r = 2 and r = 3, Theorem 2.1 is reduced to Theorem 1.1 and Theorem 1.2, respec-
tively. When r = 3, 4, 5 in Theorem 2.1, we get the following Corollaries as examples.

Theorem 3.1. For n ≥ 7, we have

5∑
l=0

(
5

l

) ∑
j1+j2+j3+j4=n−2l

j1,j2,j3,j4≥1

Fj1Fj2Fj3Fj4

=

(
n− 1

3

)
Fn−3 +

(n− 3)(n− 5)(n− 7)

3
Fn−5 +

(
n− 7

3

)
Fn−7 .
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Theorem 3.2. For n ≥ 10, we have

7∑
l=0

(
7

l

) ∑
j1+j2+j3+j4+j5=n−2l

j1,j2,j3,j4,j5≥1

Fj1Fj2Fj3Fj4Fj5

=

(
n− 1

4

)
Fn−4 +

(n− 3)(n− 4)(n− 6)(n− 9)

8
Fn−6

+
(n− 5)(n− 8)(n− 10)(n− 11)

8
Fn−6 +

(
n− 10

4

)
Fn−10 .

Theorem 3.3. For n ≥ 13, we have

9∑
l=0

(
9

l

) ∑
j1+···+j6=n−2l

j1,...,j6≥1

Fj1 · · ·Fj6

=

(
n− 1

5

)
Fn−5 +

(n− 3)(n− 4)(n− 5)(n− 7)(n− 11)

30
Fn−7

+
(n− 5)(n− 6)(n− 9)(n− 12)(n− 13)

20
Fn−9

+
(n− 7)(n− 11)(n− 13)(n− 14)(n− 15)

30
Fn−11 +

(
n− 13

5

)
Fn−13 .

4. Another result

In this section, we shall give an expression of
∑

j1+···+jr
j1,...,jr≥1

Fj1 · · ·Fjr .

The left-hand side of (1.1) is( ∞∑
n=0

Fnx
n

)( ∞∑
m=0

Fmx
m

)
=
∞∑
n=0

n∑
j=0

FjFn−jx
n .

The right-hand side of (1.1) is

x2

 ∞∑
j=0

(−1)jx2j

( ∞∑
m=1

mFmx
m−1

)
= x2

 ∞∑
j=0

αjx
j

( ∞∑
m=0

(m+ 1)Fm+1x
m

)

= x2
∞∑
n=0

n∑
m=0

αn−m(m+ 1)Fm+1x
n

=

∞∑
n=0

n−2∑
m=0

αn−m−2(m+ 1)Fm+1x
n ,

where αj = cos jπ2 (j ≥ 0), satisfying {αj}j≥0 = 1, 0,−1, 0, 1, 0,−1, 0, 1, 0,−1, 0, . . . . Compar-
ing the coefficients of both sides, we have the following.
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Theorem 4.1. For n ≥ 2, we have

n∑
j=0

FjFn−j =
n−1∑
m=1

mFm cos
(n−m− 1)π

2
. (4.1)

In general, we have the following.

Theorem 4.2. For n ≥ r ≥ 2, we have

∑
j1+···+jr=n
j1,...,jr≥1

Fj1 · · ·Fjr

=
Cr−2

(2r − 4)!22r−4

n−r+1∑
m=1

(n+m+ r − 3)!!(n−m+ r − 3)!!

(n+m− r + 1)!!(n−m− r + 1)!!
mFm cos

(n−m− r + 1)π

2
,

where Cn is the n-th Catalan number ([4, A000108]) given by

Cn =
1

n+ 1

(
2n

n

)
(n ≥ 0)

and n!! = n(n− 2)(n− 4) · · · 1 if n is odd; n!! = n(n− 2)(n− 4) · · · 2 if n is even.

Proof. The left-hand side of (2.1) in Lemma 2.2 is equal to

∞∑
n=0

∑
j1+···+jr=n
j1,...,jr≥1

Fj1 · · ·Fjrxn .
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The first term on the right-hand side of (2.1) in Lemma 2.2 is equal to

x2r−2f (r−1)(x)

(r − 1)!(1 + x2)r−1

=
x2r−2

(r − 1)!

∞∑
i=0

(
i+ r − 2

r − 2

)
x2i

∞∑
m=0

(m+ r − 1)!

m!
Fm+r−1x

m

=
x2r−2

(r − 1)!

∞∑
k=0

1

(r − 2)!2r−2
(k + 2r − 4)!!

k!!
cos

kπ

2
xk

∞∑
m=0

(m+ r − 1)!

m!
Fm+r−1x

m

=
x2r−2

(r − 1)!

∞∑
n=0

n∑
m=0

1

(r − 2)!2r−2
(n−m+ 2r − 4)!!

(n−m)!!

× cos
(n−m)π

2

(m+ r − 1)!

m!
Fm+r−1x

n

=
1

(r − 1)!(r − 2)!2r−2

∞∑
n=2r−2

n−2r+2∑
m=0

(n−m− 2)!!

(n−m− 2r + 2)!!

× cos
(n−m− 2r + 2)π

2

(m+ r − 1)!

m!
Fm+r−1x

n

=
1

(r − 1)!(r − 2)!2r−2

∞∑
n=2r−2

n−r+1∑
m=r−1

(n−m+ r − 3)!!

(n−m− r + 1)!!

× cos
(n−m− r + 1)π

2

m!

(m− r + 1)!
Fmx

n .

Concerning the second term, we have

∑k−1
j=0(−1)j

(
k
j

)(
r−2
k−j−1

)
x2r−k−2+2j

(1 + x2)r+k−1
f (r−k−1)(x)

=

k−1∑
j=0

(−1)j
(
k

j

)(
r − 2

k − j − 1

)
x2r−k−2+2j

∞∑
i=0

(−1)i
(
i+ r + k − 2

r + k − 2

)
x2i

×
∞∑
m=0

(m+ r − k − 1)!

m!
Fm+r−k−1x

m

=

k−1∑
j=0

(−1)j
(
k

j

)(
r − 2

k − j − 1

)
x2r−k−2+2j

∞∑
l=0

1

(r + k − 2)!2r+k−2
(l + 2r + 2k − 4)!!

l!!

× cos
lπ

2
xk

∞∑
m=0

(m+ r − k − 1)!

m!
Fm+r−k−1x

m
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=
k−1∑
j=0

(−1)j
(
k

j

)(
r − 2

k − j − 1

)
x2r−k−2+2j

∞∑
n=0

n∑
m=0

1

(r + k − 2)!2r+k−2
(n−m+ 2r + 2k − 4)!!

(n−m)!!

× cos
(n−m)π

2

(m+ r − k − 1)!

m!
Fm+r−k−1x

n

=
1

(r + k − 2)!2r+k−2

k−1∑
j=0

(−1)j
(
k

j

)(
r − 2

k − j − 1

) ∞∑
n=2r−k−2+2j

n−2r+k+2−2j∑
m=0

(n−m+ 3k − 2− 2j)!!

(n−m− 2r + k + 2− 2j)!!
cos

(n−m− 2r + k + 2− 2j)π

2

(m+ r − k − 1)!

m!
Fm+r−k−1x

n .

Since

(n−m+ r + 2k − 3− 2j)!!

(n−m− r + k + 3− 2j)!!
= 0 if m = n− 2r + k + 2− 2j (j = 1, 2, . . . , k − 2)

and

cos
(n−m− r + 1− 2j)π

2
= 0 if m = n− 2r + k + 1− 2j (j = 0, 1, . . . , k − 1) ,

this is equal to

1

(r + k − 2)!2r+k−2

k−1∑
j=0

(−1)j
(
k

j

)(
r − 2

k − j − 1

) ∞∑
n=2r−k−2

n−2r+k+2∑
m=0

× (n−m+ 3k − 2− 2j)!!

(n−m− 2r + k + 2− 2j)!!
cos

(n−m− 2r + k + 2− 2j)π

2

(m+ r − k − 1)!

m!
Fm+r−k−1x

n

=
1

(r + k − 2)!2r+k−2

∞∑
n=2r−k−2

n−r+1∑
m=r−k−1

k−1∑
j=0

(−1)j
(
k

j

)(
r − 2

k − j − 1

)

× (n−m+ r + 2k − 3− 2j)!!

(n−m− r + k + 3− 2j)!!
cos

(n−m− r + 1− 2j)π

2

m!

(m− r + k + 1)!
Fmx

n .

Since cos(α+ π) = − cosα, this is also equal to

1

(r + k − 2)!2r+k−2

∞∑
n=2r−k−2

n−r+1∑
m=r−k−1

k−1∑
j=0

(
k

j

)(
r − 2

k − j − 1

)
(n−m+ r + 2k − 3− 2j)!!

(n−m− r + k + 3− 2j)!!

× cos
(n−m− r + 1)π

2

m!

(m− r + k + 1)!
Fmx

n

=
1

(r + k − 2)!2r+k−2

∞∑
n=2r−k−2

n−r+1∑
m=r−k−1

(n−m+ r − 1)!!

(n−m− r + 1)!!

(
r + k − 2

k − 1

)
(n−m+ r − 3)!!

(n−m+ r − 2k − 1)!!

× cos
(n−m− r + 1)π

2

m!

(m− r + k + 1)!
Fmx

n .
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Therefore, the right-hand side of the relation in Theorem 4.2 is

1

(r − 1)!(r − 2)!2r−2

∞∑
n=2r−2

n−r+1∑
m=r−1

(n−m+ r − 3)!!

(n−m− r + 1)!!
cos

(n−m− r + 1)π

2

m!

(m− r + 1)!
Fmx

n

+
r−1∑
k=1

1

k(r − k − 2)!

1

(r + k − 2)!2r+k−2

∞∑
n=2r−k−2

n−r+1∑
m=r−k−1

(n−m+ r − 1)!!

(n−m− r + 1)!!

(
r + k − 2

k − 1

)
(n−m+ r − 3)!!

(n−m+ r − 2k − 1)!!

× cos
(n−m− r + 1)π

2

m!

(m− r + k + 1)!
Fmx

n

=
1

(r − 1)!(r − 2)!2r−2

∞∑
n=2r−2

n−r+1∑
m=r−1

(n−m+ r − 3)!!

(n−m− r + 1)!!
cos

(n−m− r + 1)π

2

m!

(m− r + 1)!
Fmx

n

+

∞∑
n=r−1

1

(r − 1)!2r−2

r−2∑
m=1

r−2∑
k=r−m−1

1

k!(r − k − 2)!2k
(n−m+ r − 1)!!

(n−m− r + 1)!!

× (n−m+ r − 3)!!

(n−m+ r − 2k − 1)!!
cos

(n−m− r + 1)π

2

m!

(m− r + k + 1)!
Fmx

n

+
∞∑

n=r−1

1

(r − 1)!2r−2

n−r+1∑
m=r−1

r−2∑
k=1

1

k!(r − k − 2)!2k
(n−m+ r − 1)!!

(n−m− r + 1)!!

× (n−m+ r − 3)!!

(n−m+ r − 2k − 1)!!
cos

(n−m− r + 1)π

2

m!

(m− r + k + 1)!
Fmx

n .

Since for 1 ≤ m ≤ r − 2 we have

1

(r − 1)!2r−2

r−2∑
k=r−m−1

1

k!(r − k − 2)!2k
(n−m+ r − 1)!!

(n−m− r + 1)!!

× (n−m+ r − 3)!!

(n−m+ r − 2k − 1)!!

m!

(m− r + k + 1)!

=
1

(r − 1)!(r − 2)!22r−4
(n+m+ r − 3)!!

(n+m− r + 1)!!

(n−m+ r − 3)!!

(n−m− r + 1)!!
m

and for r − 1 ≤ m ≤ n− r + 1 we have

1

(r − 1)!(r − 2)!2r−2
(n−m+ r − 3)!!

(n−m− r + 1)!!

m!

(m− r + 1)!

+
1

(r − 1)!2r−2

r−2∑
k=r−m−1

1

k!(r − k − 2)!2k
(n−m+ r − 1)!!

(n−m− r + 1)!!

× (n−m+ r − 3)!!

(n−m+ r − 2k − 1)!!

m!

(m− r + k + 1)!

=
1

(r − 1)!(r − 2)!22r−4
(n+m+ r − 3)!!

(n+m− r + 1)!!

(n−m+ r − 3)!!

(n−m− r + 1)!!
m,
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the proof is done. �

5. Examples 2

When r = 2, Theorem 4.2 is reduced to Theorem 4.1. When r = 3, 4, 5, we have the
following results as examples.

Theorem 5.1. For n ≥ 3, we have

∑
j1+j2+j3=n
j1,j2,j3≥1

Fj1Fj2Fj3 =

n−2∑
m=1

(n+m)(n−m)mFm
8

cos
(n−m− 2)π

2
,

Theorem 5.2. For n ≥ 4, we have∑
j1+j2+j3+j4=n
j1,j2,j3,j4≥1

Fj1Fj2Fj3Fj4

=
n−3∑
m=1

(n+m+ 1)(n+m− 1)(n−m+ 1)(n−m− 1)mFm
4!23

cos
(n−m− 3)π

2
.

Theorem 5.3. For n ≥ 5, we have∑
j1+···+j5=n
j1,...,j5≥1

Fj1 · · ·Fj5

=
n−4∑
m=1

5(n+m+ 2)(n+m)(n+m− 2)(n−m+ 2)(n−m)(n−m− 2)mFm
6!26

× cos
(n−m)π

2
.

6. Remarks

In [3, Theorem 32.4], it is shown that
∑n

j=0 FjFn−j = h2,n, where hi,j = hi,j−2 + hi,j−1 +

hi−1,j−1 (i ≥ 1, j ≥ 2) with h0,j = 0 (j ≥ 2), hj,j = 1 (j ≥ 1) and hi,j = 0 (i > j). In addition,
an explicit form is given by h2,n =

(
(n − 1)Fn + 2nFn−1

)
/5 ([3, (32.13)]). We can show that

Theorem 4.1 matches this fact.
In addition, in [3, Theorem 32.4 and (32.14)], it is shown that the left-hand side of (5.1) is

equal to
(
(5n2 − 3n− 2)Fn − 6nFn−1

)
/50.

Proposition 6.1. For n ≥ 2

n−1∑
m=1

mFm cos
(n−m− 1)π

2
=

(n− 1)Fn + 2nFn−1
5

.
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Lemma 6.2. For n ≥ 0 and k ≥ 1 with k > j, we have

n∑
i=0

Fki+j =
F(n+1)k+j − (−1)kFnk+j − Fj − (−1)jFk−j

Lk − (−1)k − 1
, (6.1)

n∑
i=0

iFki−j =
1(

Lk − (−1)k − 1
)2 (nF(n+2)k−j −

(
2(−1)kn+ n+ 1

)
F(n+1)k−j

+
(
2(−1)k(n+ 1) + n

)
Fnk−j − (n+ 1)F(n−1)k−j

−(−1)k+jFk+j + Fk−j + 2(−1)k+jFj

)
, (6.2)

Proof. (6.1) is Theorem 5.11 in [3]. We shall prove (6.2). Since

z + 2z2 + 3z3 + · · ·+ nzn = z
d

dz
(1 + z + z2 + · · ·+ zn) =

nzn+2 − (n+ 1)zn+1 + z

(z − 1)2
,

by α = (1 +
√

5)/2 and β = (1 +
√

5)/2 with αβ = −1, we have

n∑
i=1

iFki−j =

n∑
i=1

i
αki−j − βki−j√

5

=
1√
5

(
1

αj
n(αk)n+2 − (n+ 1)(αk)n+1 + α

(αk − 1)2
− 1

βj
n(βk)n+2 − (n+ 1)(βk)n+1 + β

(βk − 1)2

)
=

1
√

5
(
(αβ)k − (αk + βk) + 1

)2 (n(αnk−j − βnk−j)− (n+ 1)(α(n−1)k−j − β(n−1)k−j)

− (−1)k(αkβ−j − βkα−j)− 2n(−1)k(α(n+1)k−j

− β(n+1)k−j) + 2(−1)k(n+ 1)(αnk−j − βnk−j)− 2(−1)k(α−j − β−j)

+ n(α(n+2)k−j − β(n+2)k−j)− (n+ 1)(α(n+1)k−j − β(n+1)k−j) + (αk−j − βk−j)
)

=
1(

Lk − (−1)k − 1
)2(nF(n+2)k−j −

(
2(−1)kn+ n+ 1

)
F(n+1)k−j

+
(
2(−1)k(n+ 1) + n

)
Fnk−j − (n+ 1)F(n−1)k−j

− (−1)k+jFk+j + Fk−j + 2(−1)k+jFj

)
.

Here, we used the fact F−j = (−1)j−1Fj (j ≥ 1). �
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Proof of Proposition 6.1. Let n = 4k. Other cases n 6≡ 0 (mod 4) can be proven similarly. By
Lemma 6.2

n−1∑
m=1

mFm cos
(n−m− 1)π

2

= −
k∑
l=1

(4l − 3)F4l−3 +

k∑
l=1

(4l − 1)F4l−1

= 4
k∑
l=1

lF4l−2 +
k∑
l=1

F4l−5

=
4

25

(
kF4k+6 − (3k + 1)F4k+2 + (3k + 2)F4k−2 − (k + 1)F4k−6 − 5

)
+

1

5
(F4k−1 − F4k−5 + 4)

=
(4k − 1)F4k + 2F4k−1

5
=

(n− 1)Fn + 2Fn−1
5

.

�
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