HIGHER-ORDER IDENTITIES FOR FIBONACCI NUMBERS

TAKAO KOMATSU, ZUZANA MASAKOVA, AND EDITA PELANTOVA

ABSTRACT. Let F,, be the n-th Fibonacci number. In this paper, we give some explicit

2r—3 (2r—3
expressions of ;7% (*", )Zgﬁ Hin=no Fj, - Fj, aswell as 3 ;4 i =n Fj, - Fj..
..... P>1 G1reerdr>1

1. INTRODUCTION

It is known that the generating function f(x) of Fibonacci numbers F,, is given by

f(x):_l—a:—aﬂ ZFCE
Then f(z) satisfies the relation

f'(x) (1.1)

+ 2

or
(14 2% f(2)? = 22/ (a). (1.2)
The left-hand side of (1.2) is

(1+2?) (ZF:C ) <§mem>

= (1 + .732) Z Z Fan_jx"

n=0 j=0
oo n—2
_ZZFFn D D FiF,_joa”
n=0 j=0 n=2 j=0

The right-hand side of (1.2) is
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HIGHER-ORDER IDENTITIES FOR FIBONACCI NUMBERS

Comparing the coefficients of both sides, we get

n—2
(n—1)F,_ 1_ZFFn it FiFa i
Jj=0 Jj=0
n—1 n—2
= FiFu-j+ 3 FiFu-j2
j=1 j=0
n—1
= (FjFuj+ Fj1Fj1).
j=1

Hence, we get the identity which can be identical with Fy, 1, = Fp1Fn + FrF—1 (see e.g.
[1, Lemma 5].

Theorem 1.1. Forn > 1, we have

n

nk, = Z(Fan,jJrl + ijan,]’) .
j=1
Differentiating both sides of (1.1) by x and dividing them by 2, we obtain

x {L‘2

f@)f'(z) = mf’(x) + mf”(x) : (1.3)
By (1.1) and (1.3), we get
72 ,
F@) = 1 @) @)
a’ ’ at "
Tl @O+ @ (1.4
(142 f(@) = 2 () + 2ot (1 4 22) 1" (2) (15)
The left-hand side of (1.5) is

(14322 +32 +29>° Y Fj F,Fja”
n=0 j1+ti2+ijz=n
J1,32,332>0

3 o0 I
:Z <3> Z Fj, Fj, Fjga™ .
=0 n=2[

J1+iz+ig=n—21

J1,J2,4321
The right-hand side of (1.5) is
wgannx"A%—?Zn(n—l) 2 Znn—l n—2
n=2

—Z Fy_oa™ +Z 5)n4$

Comparing the coeﬂiments of both sides, we get the following.
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THE FIBONACCI QUARTERLY

Theorem 1.2. Forn > 6, we have

~ (3 n—1 n—4
Z([) Z Fleszj3:< 9 )Fn—2+< 9 >Fn_4.

=0 J1+iz+iz=n—21
J1,32,33>1

2r—3

In this paper, we give some explicit expressions of > ;" (2Tl_3) D irtetir=n—2 Fj - Fj,
J1

----- Jr=1
well as Y g+ tir=n Fjy o+ Fj, .

J1seendr21

2. MAIN RESULT

In general, we can state the following.

Theorem 2.1. Let r > 2. Then for n > 3r — 5, we have

L3 o3
Z( l > Z F]lF]r

r—1 r—k—1 k-1

k=1

Lemma 2.2. Forr > 2, we have

2272 f0r=1) () T—2 Z;?;é (—1)4 (l]c) (kiﬁl)xw—k—%zj

(r— N1 + 22)r—1 ; k(r —k —2)1(1 + a2)r+k—1

f(@)" =

%k —r+3/m—2k+1\/n—Fk—2r+3
= —_— Fn ok —ry3-

fOE @) (20

152 VOLUME 52, NUMBER 5



HIGHER-ORDER IDENTITIES FOR FIBONACCI NUMBERS

Proof. The proof is done by induction. It is trivial to see that the identity holds for r = 2.
Suppose that the identity holds for some r. Differentiating both sides by x, we obtain

rf(z) 7 (x)

B p2r— 2f ( ) (27" _ 2)1.27'73']0(7'71)(1.)
(r=1)Y —|—x2)” 1 (r—l)!(1+x2)7“

r—2 Z 1)]( V(" ) 2 —k—2+2;
2 Jk:( - z)k(1j+la;2)r+k i

k=1
(=12 — k= 2+ 25) () (17, ) 2 R

FOR ()

+§: = k(r—k—2).(1+:c2]§7"ik1 FUE (@)
Vo (=1 3k —2)(5) (52 e R E
_Z s r—k—2)(.()1—’:-x2)1’”)+k Fr @)
B 5627" 2f(7")( ) 2:L.2r—3f(r—1) (:E)
= (7«— 1)! ( +x2)’“ LD (r =211+ 22)
] (—1)7 k) TJ2 p2r—k—2+2j -~
+Z Or—k ( 2)(k(1 +1l2)r+k:1 £ k)(m)
k— 2 1) (27'— — 1+ 25) (kjl)( ; ) 2r—k—2+2j .
+Z = —)(r—k- 1)'(1+x§)’"+k2 1 FUR ()
r—1 j: ( ) (3k — 2j _1)( )( r—2 )x2r7k72+2j .
P = (k— UW—R—J)O+2%;*1 Fo ()

k=2
20 S B (D () (L)
) +r kzl K

— (r—k)
= (1" — 1)!(1 n 72)r—1 r—f — 1)!(1 n xz)rJrk,l f (ﬁ) .

Here, we used the relations

2 1 T
=2 =3 (r—2)

and

r—k—1/(k r—2 +2r—k—1+2j k—1 r—2
k iJ\k—j-1 k1 i J\k—j—2
LSRRI (=2

k-1 \y—1)\k-j-1

k r—1

E>2).
G o
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THE FIBONACCI QUARTERLY

Together with (1.1), we get

1l _ a? r—1 g1
Pyt = S p @ @)
o (a0 RS G) L)
1422 <T!(1 + z2)r—1 + Z k(r—k —]1)!(1]4— x2)rth-1 / (z)
B :UQrf(T)(g;) = Z ( ) ()(k;r 11) aroktey (r—k)
T e e h(r—k - 1).(1j+ 2y (@)
O
Proof of Theorem 2.1. By Lemma 2.2 we get
. § . 1,27”—2]0(7"—1)(1,)
(142> 2 f(2)" = (14 2?) 2W
r—9 k}—l _1\j k 7‘742 2r—k—2+42j
+ Z(l + z?)rk-2 2= 1);((;)—(kk]—12)):f ’ FURD(z) . (2.2)
k=1 '

Since Fy = 0, the left-hand side of (2.2) is equal to

(1+x2)27“—3§: > Fj---Fa®

n=0 ji+-+jr=n

n—21
J1seees Jjr>1
On the other hand
(1 N x?)r— 1.27"—2]('(7"—1)(1.)
(r—1)!
-2 _

_ X r—2 2 p?r—2 f: n! g

o\ i (r—1)! (n—r+10)""

_(le)!:_:<ri2> i (n—r—2i+1)!

(n—2r —2i+2)l "
n=2r+2i—2
For i = r — 2, we have

n—3r—+5
R

— 1 Ln— 3r+5$
i (n —4r +6)!

n—3r+5/n—3r+4
= Z < )Fn—?)r-‘rf)mn

i 1 r—2
which yields the term for £k = r — 1 on the right-hand side of the identity in Theorem 2.1
Notice that
() =0 o<
=0 (v <7).
~
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HIGHER-ORDER IDENTITIES FOR FIBONACCI NUMBERS

The second term of the right-hand side of (2.2) is

r—2r—k—2 k-1
<r - k - 2> 2 1 Z(_l)j <k) < r- 2 )x2rk2+2j
— = i k(r—k—2)! 4 j)\k—75—-1

—i 1 r—k—3
Z Z (k+1)(r—k— 3)(n—2r+k—2z—23+3)< i >

k+1 -2 ,
X ( —; > (; _ j) Z (=17 (n—r—2i=2j + )IFyr9i2j412"

n=2r42i+2j—k—3

' 1 r—k—3
=2 2 :_._1(k‘—i—l)(r—k—3)!(n—2r—|—/~c—2/€—|—5)!< i )

k
+1 r—2 il
X —1)st 9 SV n
n—i—l)(k—/s—i—i—i—l) Z (=1) (n—7r—26+3) Fy  2ni3T
n=2r4+2k—k—>5

Together with the first term of the right-hand side of (2.2) we can prove that

1 r—2\ (n—r—2k+3)!
(r— 1)( )(n—2r—2k+4)!
k—

1 r—i-3

=0 l= —1

. 1
+ Z U+ D0 —1-3)(n—2r+1—2k+5)!

—-1-3 [+1 r—2 CNk—iel |
X< i ><k—i—1><l—k+i~l—1>( D —r =2k + 3)!

- n—=2k—r+3(n—-2k+1\(n—k—-2r+3 (2.3)
B r—1 r—k—1 k—1 ’ ‘
Then the proof is done. U

3. EXAMPLES 1

When r = 2 and r = 3, Theorem 2.1 is reduced to Theorem 1.1 and Theorem 1.2, respec-
tively. When r = 3,4,5 in Theorem 2.1, we get the following Corollaries as examples.

Theorem 3.1. Forn > 7, we have

5

Z <§)> Z F; Fy, Fy, Fy,

=0 j1+io+ig+ig=n—21
(13 ) CTROCIO D (02

J1,92,33,d42>1
3 3
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THE FIBONACCI QUARTERLY

Theorem 3.2. Forn > 10, we have

7
7
S() X mmmmm

=0 J1+Ji2+iz+istis=n—21

_ (n ; 1)Fn4 N (n—3)(n— 41‘(71 —6)(n— Q)anG
N (n—"5)(n— 8)(;1 —10)(n — 11)Fn—6 N (n 410) Fo.

Theorem 3.3. For n > 13, we have

2. /9
() X meen
=0 Jittie=n—21

J1sede 21

(n — 1>Fn—5 N (n—=3)(n—4)(n—>5)(n—"T7)(n— 11)Fn—7

5 30
n—>5)(n—6)(n—9)(n—12)(n — 13
+( )( )( 20)( )( )Fni9
n—"T(n-—11)(n—13)(n — 14)(n — 15 n—13
L (=D = 13— 10 —15) .
30 5
4. ANOTHER RESULT
In this section, we shall give an expression of Y jj+. 4. Fj ---Fj.
j1 AAAAAA jr>1
The left-hand side of (1.1) is
o o o n
(Srr) (X mn) = 3 romset
n=0 m=0 n=0 j=0
The right-hand side of (1.1) is
z? Z(—l)jx2] <Z mmem1> =22 Z a;x’ (Z(m + 1)Fm+1:cm>
j=0 m=1 j=0 m=0
o0 n
=2 Z Z Ap—m(m + 1) Fp 12"
n=0m=0
oo n—2
=SS mam 4 D) F 1",
n=0m=0

where o = cos % (j > 0), satisfying {a;}j>0 =1,0,-1,0,1,0,-1,0,1,0,—1,0,.... Compar-
ing the coefficients of both sides, we have the following.
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Theorem 4.1. For n > 2, we have

- — (n—m-—1)7
Y FiF, ;=) mFy cos —————. (4.1)
7=0 m=1
In general, we have the following.
Theorem 4.2. Forn > r > 2, we have
Y FyF,
J1t-+ir=n
J1seees Jr>1
Cr_2 n_TH(n+m+r—3)!!(n—m+r—3)!! 7 (mn—m-—r+1m
= mFy, cos
@2r — 41224 2= (n+m—r+ 1l n—m—r+ 1) " 2 ’

where Cy, is the n-th Catalan number (14, A000108]) given by

and n!l =n(n—2)(n—4)---1ifn is odd; n!! =n(n —2)(n —4)---2 if n is even.

Proof. The left-hand side of (2.1) in Lemma 2.2 is equal to

[e.9]
DI DR
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THE FIBONACCI QUARTERLY

The first term on the right-hand side of (2.1) in Lemma 2.2 is equal to

CL‘QT_Qf(T_l)(fL')
(r— N1+ 22)r—1

p2r—2 0 0
P+ —2\ o5 (m+r—1)! m
- r_1v2< R

m=0

22 1 (k+2r — 4N kT o= (m 47 —1)! m
RG] Z T R TR ) D B L
k=0

m=0
_ 22 izn: 1 (n—m+2r —4)
(r=1)l e = (r —2)12772 (n—m)!!

- ~1)!
X COS (n 2m)7r (m +n2' ) Fopr—12"

~ = —9)lgr—2 R 1

(r 1)(7" 2)12r— s = (n 2r +2)!1

m—m-—=2r+2)r (m+r—1)!
2 m!
n—r+1

(n—m-+7r—3)!
(r=1)( 7"—2'27“2 Z Z (n—m—r+1)!

n=2r—2m=r—1

X COS Foir1x”

m—m-—-r+1)m m!
Fx™.
X cos 2 m—r+0 ™

Concerning the second term, we have

25;3 (—1)j (’;) (kigzl)lﬂr—k—%,_gj
(1 + $2)T+k71

k—1 0o .
(RN ([ 72 —h—242j ik =2\
— —1)J 2r—k—2+42j —1)¢ 2
.ﬂ( )(J(k—j—aw Z; Urin—2 )®

oo
m+r—~k—1)!
X Z ( ) Foyr—p—12™
m=0

fU (@)

<

m)

k—1 [e's)
=Y (~1) k r—2 2T —k=242j Z 1 (14 2r +2k — 4!
J)\k—j—1 ho@+k—%ﬁ““2 1

I o= (m+r—Fk—1)
X COS 5azk Z ( — ) Frr—gprx™

1]

m=0
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[k r—2 (n—m+2r+ 2k —4)!l
= -1y 2r—k—2+42j
Z( )<j><k:—j—1> ZZ r+k—2'2’"+k2 (n —m)!!

nOmO

(n—m)mr (m+r—k—1)!

X COS — Froir_ k12"
r—9 o) n—2r+k+2—-2j5
- .mz (52) X
(7’ + k- 12" J 1 n=2r—k—2+2j m=0
(n—m+3k—2—2j)!! (n—m —27“+k:+2—2j)7r(m+r—k—1)!F "
cos g1z
(n—m—2r+k+2—2j)!! 2 ml =kl

Since

(n—m+r+2k—3-—2j)!
(n—m-—r+k+3-25)!

=0 if m=n—-2r+k+2-2j (j=12,...,k—2)

and

(n—m-—r+1-2j)r

cos 5 =0 if m=n—-2r+k+1-2j (j=0,1,...,k-1),

this is equal to

et S ()50 £ Y

n=2r—k—2 m=0

(n—m+3kz—2—2j)!! (n—m-2r+k+2-2j)r(m+r—FkF—1)! n
— COS Foyr—k1z
(n—m—2r+k+2-—25)! 2 m!
1 "t r—2
o > 2 (5
n=2r—k—2m=r—k—1 j=0
X(n—m+r+2k—3—2j)!! (m—m-—-r+1-2j)r m! Fogn
0s x
(n—m-—r+k+3—25)! 2 (m—r+k+1)""
Since cos(a 4+ m) = — cos a, this is also equal to

TR >y Z()( ]1><&—m+f+2k—3—2;>!!

n=2r—k—2m=r—k—1 j=0 mfr+k+3*2])”
(n_m—""‘i'l) m)!
F,
2 (m—r+ktnl ™"

X COS n

n—r+1
1

B (n—m+r—1/r+k-—2 (n—m+r—3)!
C(r+k—2)l2rtk-2 Z Z (n—m—r+1)!!< E—1 )(

n=2r—k—2m=r—k—1 n—m+r—2k—1)!
(mn—m-—r+1)rm m)
2 (m—r+k+1)!

X COS Fhz".
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Therefore, the right-hand side of the relation in Theorem 4.2 is

0o n—r+1

(n—m+r—3)! m—m-—r+1)rm m! n
BV

Fx
_ — I _ |
P (n—m—r+ 1 2 (m—r+1)!

r—1 o)
1 1

nfl (n—m+r—1)!!(r+k—2> (n—m+r—3)!
m:r_k_l(n—m—r+1)!! k—1 J(n—m+r—2k—1)!
—m — 1 !
« cos (n—m-—r+1)r m P
2 (m—r+k+1)!
i nfl n—m+r—3)!!cos(n—m—r+l)7r m! Fogn
= x
(r—l)( 2)12r—2 (n—m—r+ 1) 2 (m—r+1)1 "™
n=2r—2m=r—1

o0

1 —m 47— 1)
+Z 7._127’22 Z k! (nmr )

— — — — I
nT_l == (r—k—2)12k(n—m —r+ 1)
(n—m+r—3)! m—m-—r+1)rm m!
F n
><(n—7n+r—2k:—1)”005 2 (m—r+k+1)! m¥
n—r+1 r—2
(n—=m+r—1)!
* Z 7"—1'27‘2 Z Zk'r— k—2)128(n—m—r+1)!
nrl m=r—1k=1
- -3 —m — 1 !
y (n—m-+r—23) cos(n m—r+ 1) m P
(n—m+r—2k—1)! 2 (m—r+k+1)!

Since for 1 < m < r — 2 we have

1 ’"Zz 1 (n—m+r—1)!
— 1)12r—2 I(r — k — 2)12k — — I
(r—1)127 k:r—m—lk'(T E—2)128 (n—m —r+ 1!
" (n—m+r—3)! m!
m—m+r—-2k—1)!1(m—-—r+k+1)
1 (n+m+r—-3!1"n—-—m+r—3)!
= m
(r—Dl(r—=2)1224(n+m—-r+1)!'(n—m—7r+ 1!
and forr —1<m <n—r+1 we have
1 (n—m+r—3)! m!
(r=Dl(r=2)22n-m—-r+ 1) (m—r+1)!
1 = 1 n—m+r— 1)
+(r—1)'27”*2 Z k'(r—k:—2)'2kgn—m—r+1;”
! K ! n
" (n—m+r—3)! m!

(n—m+r—-2k—1D(m—r+k+1)!

B 1 m+m+r—=3!"(n—m+r—3)!

(r—Dl(r—=2)224(n+m-r+1)'(n—m—r+ 1)”m,
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the proof is done. O

5. EXAMPLES 2

When r = 2, Theorem 4.2 is reduced to Theorem 4.1. When r = 3,4,5, we have the
following results as examples.

Theorem 5.1. Forn > 3, we have

n—2
(n+m)(n —m)mF, (n—m-—2)7
Z Flej2Fj3 = Z 3 ™ cos 5 ,
J1tiztiz=n m=1

J1,J2,33=>1

Theorem 5.2. For n > 4, we have

E : Fjl sz Fjst4
Jj1+ig+izt+ig=n
J1,32,33,342>1

S ntm4+Dm+m—1)n—m+1 n—m—1)mF, (n—m—3)m
:mz::l( )( )(4!23 )( . ‘

Theorem 5.3. Forn > 5, we have

> EB

j1te+is=n
Jlseees js=>1
&5+ m+2)(n+m)(n+m—2)(n—m+2)(n—m)(n—m —2)mE,
- Z 6126
m=1
(n—m)mw
X COS 9

6. REMARKS

In [3, Theorem 32.4], it is shown that Z?:O FjFn_j = hop, where h; j = hjj_o+ hi;—1 +
hi—l,j—l (2 Z 1,j Z 2) with h(],j =0 (] Z 2), hj,j =1 (] Z 1) and hm’ =0 (Z > j) In addition,
an explicit form is given by ha, = ((n — 1)F, 4+ 2nF,—1)/5 ([3, (32.13)]). We can show that
Theorem 4.1 matches this fact.

In addition, in [3, Theorem 32.4 and (32.14)], it is shown that the left-hand side of (5.1) is
equal to ((5n% — 3n — 2)F,, — 6nF,_1)/50.

Proposition 6.1. Forn > 2

~1
nz: mF, cos (n— TT2L - _ (n— 1)Fn5—|— 2nF, 1 ‘
m=1
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Lemma 6.2. Forn >0 and k > 1 with k > j, we have

Y A = (=D Fupy — = (“1) Fiey 6.1
S Bty = T () , (6.1)
=0

n ‘ - 1 k
;ZFkH (L= (- —1)? (nFrp—s = 10t 04 1) Py

+ (2(=DFn+1) +n)Fuej — (n+ 1) Fpo 1y
(1) By + By + 21 E) (6.2)

Proof. (6.1) is Theorem 5.11 in [3]. We shall prove (6.2). Since

d n+2 1 n+1
P+ 22438 bt = (L a4 2 ) = (nt D" + 2
dz (z—1)2

by a = (1++/5)/2 and 8 = (1 ++/5)/2 with a8 = —1, we have

izlq’Fk‘Z—j — izll \/5
_ 1 <1 n(af)"2 — (n+1)(a*)" + « 3 in(ﬁk)n+2 — (n+ 1))+ + 5)
VB \od (aF —1)2 39 (BF — 1)2

1

= Bl —(ar gyt (I e Dl S g
— (—=DF(@*B77 = gFaI) = 2n(=1)* (ol DR
= BUHE) 2= 1) (n + 1) (@ — ) —2(=1)f (a7 - 57)
+ n(aH2E=0 _ gnt2k=3y _ (4 1) (TR — grtDE=dy 4 gk 5’9—9‘))
1

(L — (=1)F = 1)°
+ (2(=D*n+1) +n) Fop—j — (n+ 1) Fp_1yp—y

— (—D)MIF 4+ P+ 2(—1)’f+ij) .

(nF(n—i—Q)k—j — (2(=1*n+n+ 1) Fpyrpj

Here, we used the fact F_; = (—1)71F; (j > 1). O
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Proof of Proposition 6.1. Let n = 4k. Other cases n # 0 (mod 4) can be proven similarly. By
Lemma 6.2

n—1
—-—m-—1
Z mk, cos W

3)Fy— 3+Z (41— 1)Fy
=1

k
T
%
Z LFy— 2+ZF41 5
=1 =1

4
(kF4k+6 — (3k + 1) Fapro + 3k + 2) Fap—o — (k + 1) Fyp—g — 5)

+ 5(F4k:—1 — Fy—5+4)

4k —1)Fy +2F1  (n—1)F, +2F, 1
N 5 N 5 ’
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