BALANCING-LIKE SEQUENCES ASSOCIATED WITH INTEGRAL
STANDARD DEVIATIONS OF CONSECUTIVE NATURAL NUMBERS

G. K. PANDA AND A. K. PANDA

3 L and is a natural number if n
is odd, n > 1 and is not a multiple of 3.The values of n corresponding to integral standard
deviations constitute a sequence behaving like the sequence of Lucas-balancing numbers and
the corresponding standard deviations constitute a sequence having some properties identical
with balancing numbers. The factorization of the standard deviation sequence results in two
other interesting sequences sharing important properties with the two original sequences.
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ABSTRACT. The variance of first n natural numbers is 2

1. INTRODUCTION

The concept of balancing numbers was first given by Behera and Panda [1] in connection
with the Diophantine equation 14+2+---+(n—1) = (n+1)+(n+2)+- - -+ (n+r), wherein, they
call n a balancing number and r the balancer corresponding to n. The n'* balancing number
is denoted by B,, and the balancing numbers satisfy the binary recurrence B,,11 = 6B, — By_1
with By = 0 and B; =1 [1]. In [3], Panda explored many fascinating properties of balancing
numbers, some of them are similar to the corresponding results on Fibonacci numbers, while
some others are more exciting.

A detailed study of balancing and some related number sequences is available in [5]. In a
latter paper [4], as a generalization of the sequence of balancing numbers, Panda and Rout
studied a class of binary recurrences defined by x,11 = Az, — Bxy_1 with g =0 and z; = 1
where A and B are any natural numbers. They proved that when B = 1 and A ¢ {1,2},
sequences arising out of these recurrences have many important and interesting properties
identical to those of balancing numbers. We, therefore, prefer to call this class of sequences as
balancing-like sequences.

For each natural number n, 8B2 + 1 is a perfect square and C,, = /8B2 + 1 is called
a Lucas-balancing number [5]. We can, therefore, call {C,}, the Lucas-balancing sequence.
In a similar manner, if z,, is a balancing-like sequence with kz2 + 1 is a perfect square for
some natural number k and for all n and y,, = \/kz2 + 1, we call {y,} a Lucas-balancing-like
sequence.

Khan and Kwong [2] called sequences arising out of the above class of recurrences corre-
sponding to B = 1 as generalized natural number sequences because of their similarity with
natural numbers with respect to certain properties. Observe that, the sequence of balancing
numbers is a member of this class corresponding to A = 6, B = 1. In this paper, we establish
the close association of another sequence of this class to an interesting Diophantine problem
of basic statistics.

The variance of the real numbers x1,x9, - - ,x,, is given by %E?Zl(a:i—a’:)2, where T = %Z?lei
is the mean of z1,z9, -+ x,. Using the above formula, it can be checked that the variance of

first n natural numbers (and hence the variance of any n consecutive natural numbers) is
2 _ n®—1
§2 —

n 12

. It is easy to see that this variance is a natural number if and only if n is odd but
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not a multiple of 3. Our focus is on those values of n that correspond to integral values of
the standard deviation s,. Observe that for some N, sy is a natural number say, sy = o if
N? — 1 = 1202 which is equivalent to the Pell’s equation N? — 1202 = 1. The fundamental
solution corresponds to N1 = 7 and o7 = 2. Hence, the totality of solutions is given by

N +2V30p = (T+4V3)k=1,2,--- . (1.1)
This gives
Ny = AV (743 0
and
C(T+4V3)F — (T —4V/3)k
o = 7 _ (1.3)

Because (Ny,0}) is a solution of the Pell’s equation N2 — 1202 = 1, both Nj and o} are
natural numbers for each k.

2. RECURRENCE RELATIONS FOR Ny AND oy,

In the last section, we obtained the Binet forms for N, and o) where o), is the standard
deviation of Ny consecutive natural numbers. Notice that the standard deviation of a single
number is zero and hence we may assume that Ny = 1 and o¢g = 0, and indeed, from the last
section, we already have N1 = 7 and o7 = 2. Observe that u,, = (7+4v/3)" and v,, = (7—4/3)"
both satisfy the binary recurrences

Upt1 = 14up — Up—1,Vpt1 = 14v, — vp_1;
hence, the linear binary recurrences for both { Ny} and {0} are given by
Nit1=14Ng — Np_1;No =1, N1 =7

and

O+1 = 140y — 01500 = 0,01 = 2.
The first five terms of both sequences are thus Ny = 7, No = 97, N3 = 1351, Ny, = 18817, N5 =
262087 and o1 = 2,090 = 28,03 = 390,04 = 5432,05 = 75658. Using the above binary
recurrences for N and og, some useful results can be obtained. The following theorem deals
with two identities in which N and o behave like hyperbolic functions.

Theorem 2.1. For natural numbers k and l, ox4; = 0 N;+ Nioy; and Niy; = NN+ 12010;.

Proof. Since the identity
N + 2V30;, = (T4 4V3)F
holds for each natural number k, it follows that

Niyt +2V30py = (T+ 4V3)M = (7 + 4V3)H(7 + 4v/3)!
= (Nk +2V303) (N; + 2V307)
= (NN + 120407) + 2V3(0kN; + Nyoy)
Comparing the rational and irrational parts,the desired follows. O
The following corollary is a direct consequence of Theorem 2.1
Corollary 2.2. If k € N, ox41 = Top + 2Ny, Nipy1 = TN + 240, oo, = 205Ny, Nop =
N,? + 120%.
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Theorem 2.1 can be used for the derivation of another similar result. The following theorem
provides formulas for o;_; and Ni_; in terms of Ng, N;, o and oy.

Theorem 2.3. If k and | are natural numbers with k > 1, then op_; = 0N} — Npoy and
Nk—l = NkNl - IZJkUl.
Proof. By virtue of Theorem 2.1,

Ok = O(k—1)41 = Ok—1N1 + Ni—10]

and
Ni = Ng—iy+1 = 1204101 + Ng— 1 N;.
Solving these two equations for o;_; and Ni_;, we obtain

oL O]
N, N 0Ny — Niop
OL_] = =
ht N, o N12 — 12012
1201 Nl
and
N og
120, N NNy — 1200y
Nk*l = = D) P
Ny o Nf — 120}
120, N
Since for each natural number I, (N, o) is a solution of the Pell equation N2 — 1202 = 1, the
proof is complete. O

The following corollary follows from Theorem 2.3 in the exactly same way Corollary 2.2
follows from Theorem 2.1.

Corollary 2.4. For any natural number k > 1, o1 = 7o, — 2Ny, and Ni_1 = TNy — 240y.

Theorems 2.1 and 2.3 can be utilized to form interesting higher order non-linear recurrences
for both { Ny} and {0y} sequences. The following theorem is crucial in this regard.

Theorem 2.5. Ifk andl are natural numbers with k > 1, op_10k11 = a,%—af and Ng_ N1+
1= N2+ N2
Proof. By virtue of Theorems 2.1 and 2.3,

Ok—10ps1 = O2NE — Nio?

and since for each natural number 7, N2 = 1202 + 1,

Op_10pp1 = 02(1207 +1) — 671202 + 1) = 0% — 07
Further,
Nj_iNiy1 = NEN? — 144030} = NEN? — 144.N’312 1.Nl212 !
implies

Np_iNpyy+ 1= NE+ N2
O

The following corollary is a direct consequence of Theorem 2.5.

Corollary 2.6. For any natural number k > 1, 010541 = 0']% —4 and Ng_1Niy1 = N,f +48.

DECEMBER 2014 189



THE FIBONACCI QUARTERLY

In view of Theorem 2.5, we also have 0,% b1 a,% = 209,+1. Adding this identity for k =
0,1,---,1 — 1, we get the identity

201+ 03+ -+ o0o9_1) = 0F.
This proves

Corollary 2.7. Twice the sum first | odd ordered terms of the standard deviation sequence is
equal to the variance of first N; natural numbers.

Again from Theorem 2.5,
TNog1+ 1= N2, + N}

Summing over k =0 to k =1 — 1, we find

Corollary 2.8. For each natural number I, T(Ny + N3+ -+ Noyj_1)+ (I — 1) = 2(N? + N3 +
-+ N2 )+ NE.

3. BALANCING-LIKE SEQUENCES DERIVED FROM {N;} AND {0}

The linear binary recurrences for the sequences { Ny} and {oj} along with their proper-
ties suggest that{%} is a balancing-like sequence whereas { Ny} is the corresponding Lucas-
balancing-like sequence [3]. In addition, these sequences are closely related to two other
sequences that can also be described by similar binary recurrences.

The following theorem deals with a sequence derived from {Ny}, the terms of which are
factors of corresponding terms of the sequence {0} .

Ng

Theorem 3.1. For each natural number k, 2“ s a perfect square. Further, My = Nit1

2

divides op,.
Proof. By virtue of Theorem 2.1 and the Pell’s equation N? — 1202 = 1
Nop+1  NPE+1207 +1
2 2
implying that My, = Ni. Since o9r = 20, Ng, Moy divides o9 for each natural number k.
Further
Noji14+1 TNy, + 240, +1  T(NE +1207) + 4804 Ny, + 1
2 B 2 B 2
= 840% + 240, Ny, + 4 = 3607 + 2401, Ny, + 4N? = (60, + 2Ny)? = (Top + 2Ny, — op)?

=N}

= (Uk—i-l - Uk)2

from which we obtain Msg4+1 = ox41 — 0k. By virtue of Theorem 2.5, UI%H — o*,% = 2095+1 and
thus

_ Ok+1 0k _5
T2+l = (Ok41 — oK) = Ok (Okt1 — O%)
where 0, = % is a natural number since oy, is even for each k and hence Moy 1 divides
O2k+1- O

We have shown while proving Theorem 3.1 that Mogi11 = ox4+1 — 0. Thus, we have

Corollary 3.2. The sum of first | odd terms of the sequence {My} is equal to the standard
deviation of the first N; natural numbers.
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By virtue of Theorem 3.1, M}, divides o for each natural number k. Therefore, it is natural
to study the sequence Ly = ]‘\’T’; From the proof of Theorem 3.1, it follows that Loy = 20y

and Lojy1 = 7(Uk+12+ak).

Our next objective is to show that the sequence {Lj}7°, is a balancing-like sequence and
{M}}72, is the corresponding Lucas-balancing-like sequence. This claim is validated by the
following theorem.

Theorem 3.3. For each natural number k, M? = 3L3 + 1. Further, the sequences {Lj}32,
and { M}, }72 | satisfy the binary recurrences L1 = 4Ly — L1,k > 1 with Lo =0 and L1 =1
and My =4My, — My_1,k > 1 with Mo =1 and M; = 2.
Proof. In view of the Pell’s equation N2 — 1202 = 1, Corollary 2.4 and the discussion following
Corollary 3.2,
313, +1=3(204)? +1 = NE = M3,
and
(O'k + ok—1
2
= (60y, — 2Ny,)? = (o) — o%—1)? = M3}, _4.

To this end, using Corollary 2.2, we get

4Mopq1 — Moy, = 4(0k41 — 0k) — Np = 4(60 + 2Ny,) — Ni, = Npy1 = Mogyo

3L3, 1 +1=3 )24+1=3(40r — N2+ 1

and
AMoy, — Moy 1 = ANy — (0g1+1 — o) = 4N, — (—60) + 2Ny,)
= 60k + 2N, = 01 — 0k = Mag41.
Thus, the sequence M}, satisfies the binary recurrence
M1 =AMy — M.
Similarly, the identities

4Lopy1 — Log = 2(0pq1 + 0k) — 20 = 20411 = Logyo

and
Ok + Ok—1 o + ok
4L2k—L2k_1:Sak—#:80k—(40'k—Nk:40'k+Nk: 9 :L2k+1
confirm that the sequence Ly satisfies the binary recurrences L1 = 4Ly — Ly_1. O

It is easy to check that the Binet forms of the sequences { Ly} and {M}} are respectively
(2+V3)*—(2-V3)*
2v3

2+ V3)*F+(2-v3)
2
Using the Binet forms or otherwise, the interested reader is invited the following identities.
(1) L1+ L3+ -+ 4 Lop—1) = L2,
(2) My + Mz + -+ Moyq = 122,
(3) Lo+ La+ -+ Loy = LiLga,
(4)

Ly =

and

My, =

k=1,2,-.

4 M2+M4+"'+M2k:w,
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(5) Lyty = LoMy, + MLy,
(6) Myyy = MyM, + 3L, L,.
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