ANALOGUES OF A FIBONACCI-LUCAS IDENTITY
GAURAV BHATNAGAR

ABSTRACT. Sury’s 2014 proof of an identity for Fibonacci and Lucas numbers (Identity 236
of Benjamin and Quinn’s 2003 book: Proofs that Count: The Art of Combinatorial Proof)
has excited a lot of comment. We give an alternate, telescoping, proof of this, and associated,
identities and generalize them. We also give analogous identities for other sequences that
satisfy a three-term recurrence relation.

1. LucaAs’ 1876 IDENTITY AND ITS ASSOCIATES

Let Fy and Ly be the kth Fibonacci and kth Lucas numbers, respectively, for £k = 0,1,2,....
Both sequences of numbers satisfy a common recurrence relation, for n =0,1,2,...
Tp42 = Tptl + Tp;
with differing initial values: Fy =0,F; =1 but Lo =2,L; = 1.
Fibonacci numbers satisfy many identities. The classic 1876 identity is due to Lucas himself:
o+ +F+- -+ Fy=Fhp— 1,

which (in view of the relation Fyy1 + Fy_1 = Ly, for k > 1) can be written as

n

Z (L — Fi41) = Faya, (1.1)
k=0

where we used 1 = Lo — Fy, Fy = Ly — F5, Fy = Lo — F3, and so on. Next consider Identity
236 of Benjamin and Quinn [4, p. 131]:

n
> 2Ly =2"TE . (1.2)
k=0

A recent proof of this identity by Sury [15] excited a lot of comment. Kwong [10] gave an
alternate proof, and Marques [11] (see also Martinjak [12]) found an analogous identity that
replaces 2 by 3. Marques’ identity can be written (in the form presented by Martinjak):

> 3% (Li + Frpr) = 3" Frys. (1.3)
k=0

On the lines of (1.2), Martinjak gave an identity with alternating signs:

n o 1\k 1\
Z( D) Ly = ( 2}3 Fppr. (1.4)
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Finally, the other classic identity (we are unaware of its provenance) which consists of alter-
nating sums of Fibonacci numbers, see Koshy [9, Identity 20, p. 88]:

Fy—F+Fy+ -+ (=1)""2F, 0 = (—1)"Foy1,

can be written as
n

SO (1F (Bsr — Fi) = (1) P, (1.5)
k=0
Now many of the classic Fibonacci identities follow from telescoping, including Lucas’ classic
identity (1.1). And all telescoping formulas can be derived from what we [5] called Euler’s
Telescoping Lemma, see (2.1) below. If we apply this approach to prove the above identities,
we are quickly led to the following generalization, for ¢ an indeterminate:

n

S tF (L + (t = 2)Frg) = " Fopy. (1.6)

k=0
Observe that when ¢ = 1,2, and 3, then (1.6) reduces to (1.1), (1.2), and (1.3), respectively.
What is remarkable is that (1.6) also contains as special cases the identities (1.4) and (1.5).
We can see this by replacing ¢t by —1/t, and setting ¢t = —1, respectively. But in this case one
has to massage the sums a bit using the relations between Fibonacci and Lucas numbers.

Alternatively, one can directly prove for t # 0:

(="
tn

n__q\k
Z( D (Li+1 + (E = 2)F) =

2 Fra. (1.7)
k=0

When ¢ = 1 and 2, then (1.7) reduces to (1.4) and (1.5), respectively. It is a nice exercise to
show that (1.6) and (1.7) are equivalent.

The purpose of this paper is to generalize the above identities to sequences which satisfy a
recurrence relation of the form

Tn+42 = AnTn+1 + bnxny

where a,, and b,, are sequences of indeterminates, which can be specialized to complex numbers
or polynomials when required. As examples, in addition to (1.6) and (1.7), we will note many
analogous identities for other sequences that are defined by this recurrence relation. See [5]
for more examples of this approach.

2. EULER’S TELESCOPING LEMMA AND ITS APPLICATION

Euler’s Telescoping Lemma can be written as [5, equation (2.2)]:

n
§ wy, = n 1, (2.1)
1 'Ul'UQ “ e Uk ’Ul'UQ P rvn

where wy = up — vg. Here the product uq - - - up_1 is considered to be equal to 1 when k£ = 1.
The u; and v, are sequences of indeterminates. Its proof is immediate. Replace wy by ui — vg
in the sum on the left-hand side, and (2.1) follows by telescoping. We showed in [5] that an
equivalent form of this identity characterizes telescoping sums. Thus all telescoping sums can
be obtained as suitable special cases.
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For example, to obtain (1.6) set uy = tFjy1, vx = Fy. Then
W, = U — Vg
=tFpp1 — Fy
= (Fe41 — Fi) + (t = 1) Frpa
=Fr 1+ (t—1)Fp1
= (Fr—1+ Fry1) + (t — 2) Fiq1
Now substitute for ug, vg, and wy, in (2.1) to obtain (1.6).
Similarly, to obtain (1.7), set uy = Fgy1, vpg = —tF) in (2.1) and observe that wy =
Ly + (t — 2)Fy.
For sequences satisfying a more general three-term recurrence relation, we have the following
generalization.

Theorem 2.1. Let a, and b, be sequences, with a, # 0, b, # 0, for all n. Let t be an
indeterminate. Consider a sequence x,, that satisfies (for n >0):

Tpt2 = pTnyl + bpy,.

Then the following identities hold for n =0,1,2,..., provided the denominators are not 0.
Zn: th—1 br—12k—1 + (t — D)k _ t" Tngl 1 (2 2)
A apay - - ap—1 €1 apay - apn-1 1

1
(—D)*araz - ag_y xpa + (t— 1)bpay, _ (D" aag - an Tng

tk blbg"'bk I tn blbg---bn I

1. (2.3)
k=1

Remarks. The special case ¢ = 1 of identity (2.3) has appeared previously in [5, equation
(10.11)]. When a = 1 = by, then (2.2) reduces to (1.6), and (2.3) reduces to (1.7).

Proof. We derive (2.2) from Euler’s Telescoping Lemma (2.1). Set uy = txpi1, v = Gk—1Tk-
Note that wy = (bg—1xk—1 + (t — 1)xg41). Substituting in (2.1), we immediately obtain (2.2).

Next, set up = agxpsq and vy = —tbgry, so that wy = (zgyo + (t — 1)bgxy). Substituting in
(2.1), we obtain (2.3). O

Next, we note some examples of sequences that satisfy a three term recurrence relation.

3. EXAMPLES OF ANALOGOUS IDENTITIES

First consider the kth Pell number P, and the kth Pell-Lucas number Q. Both these
sequences satisfy the recurrence relation, for n =0,1,2,...

Tng2 = 2Tpg1 + Tn,

and have initial values: Py =0, P, = 1; and, Qg = 2 = Q. It is easy to check that P, and Qp
satisfy the relation

Per1 + P = Qk, for k > 1.
Substituting ax = 2, by = 1, and z; = P, in (2.2), multiplying both sides by ¢, and using the
above relation between the Pell and Pell-Lucas numbers, we obtain a Pell analogue of (1.6):

n tk n+1

> ok @k + (= 2)Pen) = o

Pror.
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When ¢ is replaced by 2t, we have
Ztk b4 2t —1)Pypyy) = 20" Py (3.1)
Similarly, equation (2.3) ylelds, after replacing ¢ by 2t, for t # 0:

no ok 1
Z G (Qrr1+2(t —1)P) = &Pn—l—l- (3.2)

otk tn
k=0

Compare the ¢t =1 case of (3.1)

> Qr =2Pu1. (3.3)
k=0
with (1.1) and (1.2). The identity
D (=DFQui1 = (=1)"2P 4, (3.4)

k=0
obtained by setting ¢ = 1 in (3.2) is similarly very appealing.
Next, we obtain identities for the Lucas numbers. Recall that Lucas numbers also satisfy

the same recursion as the Fibonacci numbers, and have initial values Lo = 2 and L; = 1. In
this case, (2.2) yields:

n
1+ Y 5 (Lpoy + (¢ = 1) Ljyr) = " Ly, (3.5)
k=0
where we have taken L_; = 0 in order to write the sum from 0 to n. Similarly, equation (2.3)
yields, for ¢ # O:

(-1,

nel- 3.6
Tt (3.6)

~ (—1)F

1+ Z ko (Lgyo + (t—1)Lg) =

The Derangement Numbers d,,, counting the number of derangements—that is, the number

of permutations on n letters with no fixed points—are usually not considered to be analogous

to the Fibonacci numbers. However, they do satisfy a three term recurrence relation. Since the

formulas (2.2) and (2.3) involve division by x;, and d; = 0, we have to make an adjustment.

We consider the shifted derangement numbers D,, which satisfy D,, = d,,+1. They are defined
by: Dy =0, Dy =1 and for n > 0

Dyio=(n+2)Dypi1 + (n+2)D,.
In this case ap =k +2 = bk. Equation (2.2) gives us

n

tTL
1+ Z (k4 1)Dg_1 + (t — 1)Dypq) = mDnH. (3.7)

Similarly, equation (2.3) yields, for ¢ # 0:

(=1)¥ [ Dyya+ (t — 1)(k +2)D (—1)"
> . < k42 — k>: p

- (3.8)
k=0
Identities for the derangement numbers are obtained by replacing D,, by d;,+1.
Next, we consider the g-Fibonacci numbers considered first by Schur, and later studied by
Andrews [1, 2, 3], Carlitz [6, 7], and Smith [14]. We use the notation of Garrett [8] who has
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studied these sequences combinatorially. The ¢-Fibonacci numbers are defined by Féa) (¢) =0,

(a)
Fi™(¢) =1, and
F\9y(q) = F\%(q) + " F (q).

In this case a; = 1, by = ¢®* and (2.2) yields

1+ 38 (¢ E (@) + (- DET () = B (). (3.9)
k=1

Similarly, equation (2.3) yields, for ¢ # 0:

" (=1)k Cak —(kF1 a o a
C et () (B0 + (0= D0 F ()
k=0

= (_ti)n ¢ g " EY, (). (3.10)

The above identities may be regarded as g-analogs of (1.6) and (1.7). As a final set of
examples, we give another set of g-analogs of these two identities.

We need the notation for ¢-rising factorials. The ¢-rising factorial (for ¢ a complex number)
is defined as the product:

(a' ) - 1 ifsz,
14)m = (1_a)(1_aq)...(1_aqm_l) 1fm21

In Euler’s Telescoping Lemma (2.1), consider uy = (1 — tq“*’k_l)F,gi)l (¢) and vy = F]ia)(q).

Then
wp = ¢ (o)~ tF (@)

and we obtain:

n

1+ >t 0 (R @) — (@) = (e a), B . (311
k=1

Next in (2.1), set u = F,gj_)l(q) and vy = (—1)¢FTe(1 - tq_(‘”k))Flga)(q). Then

wy, = F\Y,(q) — tF(q),

and we obtain, after some simplification:

— (3.12)

S 1AL -0 1L
tk (t1lgotlyq),  tn(t1lgotl;q),

k=0

By now, the reader may well think that we have strayed quite far from the classic identities
(1.1) and (1.5). However, given the uniform way they have been derived, one can see that all
the identities presented here are related to each other. We emphasize that the above are only
a small set of possible analogues. There are many sequences of numbers, and of polynomials,
that satisfy such a three term recurrence. They all have analogues of Lucas’ identity and its
associates.

170 VOLUME 54, NUMBER 2



ANALOGUES OF A FIBONACCI-LUCAS IDENTITY

4. WHAT’S THE POINT?

Any identity of the type

n
Z t, =1,
k=0

is a telescoping sum, since one can write Ty — Tr_1 = t; and then sum both sides. But how
do you make it telescope? For many identities, we can use the WZ method (see Petkovsek,
Wilf and Zeilberger [13]) and let the computer find the telescoping. For sequences defined by
a three term recurrence relation, this may not always be possible, or practical. But you can
use Euler’s Telescoping Lemma to find the telescoping, without using a computer! This is the
point of [5], which gives many examples of this approach, including several involving analogues
of the Fibonacci numbers.

So if you have found a Fibonacci type identity, you can use Euler’s Telescoping Lemma to
find analogous identities for other interesting sequences.

Note Added to proof. After submitting this paper, we found that T. Edgar (The Fibonacci
Quarterly 54.1 (2016), 79) has independently given identity (1.6) for the case where ¢ is a
natural number bigger than 1.
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