USING MATRICES TO DERIVE IDENTITIES FOR
RECURSIVE SEQUENCES
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ABSTRACT. Using matrix methods several identities and binomial summation formulas are
obtained for a variety of recursive second and third order sequences. Some well-known sum-
mation identities will be extended to identities with negative subscripts.

1. INTRODUCTION

Several papers have used matrices to develop (primarily) summation identities for second
order sequences and polynomials. The procedure is as follows.

Begin with a seed matrix, squaring in some cases, use the Cayley-Hamilton Theorem on
the characteristic equation, completing the square and apply the binomial expansion to obtain
summation identities.

The use of matrices to develop binomial summation identities first appeared in The Fibonacci
Quarterly [7, 8] where several were obtained for the Fibonacci and Lucas numbers. In [7]
they began with the first five rows of Pascal’s Triangle and in [8] they used the matrices

[ _31 (1) ; _21 _11 } ; [ L_2f _11 } ; [ 122;;5: _;j:f% , concluding with matrices for
Chebyshev and Fibonacci polynomials, suggesting possibilities for further identities.

Matrices for the Pell and Pell-Lucas polynomial identities were developed in [18] and several
binomial summation identities were obtained. If x is set equal to one in these Pell polyno-
mial formulas, several Pell numbers binomial summation identities analogous to those for the
Fibonacci numbers in [8] are obtained.

Many other papers have used the matrix method to develop identities but do not address
the types of identities emphasized in this paper. For example the interested reader can find
the seed matrices used for these sequences in the cited references listed in this paper.

Some Pell and Pell-Lucas number identities were developed in [5]. In addition to these,
also covered in [3], the modified Pell numbers were considered where it was noted that these
numbers were easily transferable to Pell-Lucas numbers. The Pell recurrence was generalized
to higher dimension and matrices were used in [13] to obtain various relationships but the
binomial sums considered in this paper were not considered there. However some forward and
backward binomial summation identities were explored in [14].

The matrix method for generating identities for the Jacobsthal numbers can be found, for
example, in [3, 15] and for the Jacobsthal-Lucas numbers in [16] but again, the identities
obtained are not those considered in this work.

In addition, binomial identities abound in the literature. For example, several involving
Fibonacci and Lucas numbers can be found in [17, 21]. Note that the Sloane numbers, as they
appear in [19], will be indicated where appropriate throughout this paper.
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2. THE GENERAL ETH ORDER BINOMIAL IDENTITY

Consider a general kth order sequence where ag, a1, ...,ar_1 are constants with ag # 0 and
for any n > 0
k—1
antk = Zpian—l—i- (21)
i=0

A linear system of equations can be generated from (2.1) by
Uptk = Pk—10n+tk—1 T Pk—20n4k—2 + -+ P1a1 + poln

Optk—1 = Op4k—1

An4+1 = An+1-

Let ~ _ ~ _ ~ _
an+k—1 Pk-1 Pk-2 -.- DP1 PO ak—1
Ap+k—2 1 0 PN 0 0 Af_—2
v, = Ap+k—3 ,S — 0 1 ... 0 0 , Vg = QA3
| an ] 0 o ... 1 0 | a0 |
It is easy to see the inverse of S is given by
[0 1 0 . 0]
0 0 1 ... 0
S = :
0 0 0 o1
1 Pk-1 _ Pr—2 _p1
L Po Po Po po

It follows by induction that for any integer n
v, =S" - vg.

Let R = S™ for some positive integer m. By the Cayley-Hamilton Theorem R satisfies its
characteristic equation

R + b RF1 - 4 bR 4 oI = 0. (2.2)
Suppose that by adding YR’ for some constant v that the left side of
R¥ 4+ b, RF 1+ ..+ R+ byl + YR = AR/ (2.3)

is a binomial expansion. That is, (2.3) differs from a perfect power by a single term and we
have completed the power so that (2.3) can be written in one of the forms

R+ B =~RIif j < k
(aR + B1)" ™' = R* or (aR + B1)* = R if j = k.

If this is the case then (2.3) can then be written as one of two types (R + SI)¥ ™! = 4RJ for

j<kor (aR+ 5I)k = 4R/ for j < k for some constants o, 3, .
If n is any non-negative integer then the binomial expansions of the two forms above are

> <kn> o' BFTIgm = 4ngmIn oy <(k . 1)”) o gE=tn=igmi — yngmin,
im0 N =0 !
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Multiplying each side above by a S¥ for some fixed integer K and then by v results in

Z </<:n> zﬂkn szz+Kv — ,Ynsmjn-i-KVO
=0 !
or

(k—=1)n

Z <(k - 1)n> o gUn—igmit Ky ngmintKy
i=0 !
Which implies for any nonnegative integer n and any integer K that

kn
Z ( i > szn Zamz—i-K - ’Y Omjn+K Or
=0
(k—=1)n

k—1)n 7 —1)n—1 n
Z <( . ) )aﬂ(k 1 Umi+K = 7 Omjn+K-

< (3
=0

(2.4)

In either case (2.4) yields a binomial identity for every choice of K. We also note that (2.3)
may not be unique. For example, R? 4+ 4R + I = 0 can be rewritten either as (R + 2I)% = 31

r (R +1I)2 = —2I, so it may be possible to complete the power in any number of different
ways thereby yielding various binomial identities using (2.4).

3. SECOND ORDER SEQUENCES

Consider a second order linear sequence with initial conditions ag = a, a; = b, and

(pt2 = Pan+1 + qay, for n > 0. (3.1)
Let
s=|? 1] 1= Lo =g v, = | and vo = | ¢ (3.2)
1 0| q -1 P y¥n an ) 0 ao ) .

so that for any integer n, S"vg = v,,.

In [24] the matrix S in (3.2) is investigated in some detail and various identities have been
obtained but none of those is considered in this paper.

The following proposition shows that it is always possible to find an eigenvalue equation for
even powers of S from (3.2) which allows for the completing of a square in a natural way thus
enabling binomial summation identities to be determined.

Proposition 3.1. For a second order linear recursion, any integer i, and any positive integers
m,n we have

n myn— mn
S () erS™ ey = "

k(T mn— m
Z(_l)n k<k>q ( k)tr(s )kamk—i-i = @2mn+i>

k=0

S0 () S sy = 0"

k=0

Z < > m(n—k) tr(sm)kamk—l-i = A2mn+i,

k=0

for any even m.

for any odd m.
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Proof. Let R = S™ for some positive integer m. The characteristic equation of R satisfies
A2 —tr(R)A+det(R) = 0. Now det(R) = det(S™) = (—¢)™ and so R satisfies R(R—tr(R)I) =
—(=1)"¢™I. Thus we have R"(R — tr(R)I)" = (—1)"(—1)""¢™"I and so

Z(_l)n—k (Z) tr(R)n—kRn—i-ksi — (_1)n(_1)mnqmnsi‘
k=0

So,
Z(_l)n—k <n> tr(sm)n—ksm(n-i-k)—i-iv() _ (_1)n(_1)mnqmnSiV0
and thus,

g n— n miyn— n mn _ mn

51 (S s = (DD

k=0

Note that if m is odd then (—1)™" = (—1)" so (—1)*® = 1. If m is even then (—1)™" = 1
and (—1)"% = (—1)"** so there is a common factor of (—1)" in the even case. This proves
two of the identities. To prove the remaining two identities, note that R also satisfies R? =
tr(R)R — (—¢)™I thus, (tr(R)R — (—¢)™I)" = R?" and so

Z(_l)(m-l-l)(n—k) <Z> qm(n—k)tr(R)kRksi _ R2nsz

k=0

So,

Z(_l)(m-l-l)(n—k) <Z> qm(n—k)tr(sm)ksmk—l—iv(] _ S2mn+ivo
k=0
and thus,

n

m n— n mn— m
E (—1)( F1)(n=k) <k:>q ( k)tl"(s )kamk—i-i = Aomnti-
k=0

O

Note that 3.1 is valid for any choice of integer 7 and so holds true for negative subscripts as
well. A more readable form for negative subscripts is the following.

Proposition 3.2. For a second order linear recursion, any integer i, and any positive integers
m,n we have

n n .
Z(_l)k <k>tr(Sm)" K ka—m(n+k)—z’ = a—i
for any even m.

- —k(T m mn
Z(_l)n b <k‘> tI‘(S )ka—mk—i =q a—2mn—i,

- n myn— m.
<I<:> tr(8™)" *q ka—m(n—l—k)—i = a_j,
0 for any odd m.

- n
(_1)k <k> tr(Sm)ka—mk—i = qmna—Zmn—i7
0
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Proof. Since R* —tr(R)R+ (—¢)™I = 0 then I—tr(R)R™' 4+ (—¢)"R"? =0 s0 I = (tr(R)I -
(—¢)"R"HR™! and (tr(R)R™! — 1) = (—¢)"R™2. Hence, it follows that S™" = (tr(R)I —
(—g)"R~)"R"S~" and (tr(R)R~! — I)»S~ = (—¢)™R~2"S~*. Thus,

Z(_l)(m—i-l)k (Z) tr(sm)n—kqus—m(lﬁ-n)—i — St

k=0
and
Z(_l)n—k (Z) tr(sm)ks—mk—i _ (_1)mnqmns—2mn—i
k=0
and the proposition now follows. O

Corollary 3.3. If m =1 then

n
k(M —
Z(_l)n k<k>pn kan+k+z’ =q"a;

for a second order linear recursion.

Corollary 3.4. If ag = 0 then

k=0

for a second order linear recursion.

Corollary 3.5. For the Fibonacci numbers we have

n

n n—
Z(_l)k <k> Ly, ka(n-l—k)-i—i = F,

k=0
N for any even m.
n—k [T\ rk
Z(_]‘) ]’{7 Lmka—l-Z = F2mn+i7
k=0
n

n—k ([T n—
Z(_l) g <k‘> Ly, ka(n—i—k)—l—i =F

k=0

n
n
Z <k> L%amk—l—i = F2mn+i7

k=0

for any odd m.
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where L,, is the mth Lucas number.

Zn:(—l)n_k <Z> Foikvi = F
S0 (§) e =0

Zn: <Z> Fj = F,.

k=0

Proof. For the Fibonacci numbers we have for any m that tr(S™) = Fy,,+1 + Fin—1 = Ly, and
so the corollary follows. O

The next proposition shows that for S, i.e., even powers of S that —2¢™ occurs naturally
as a term in the trace of S?™ and so there is a natural way to complete the square in the
characteristic polynomial of S™.

Proposition 3.6. If S is the matriz of (3.2) then the characteristic equation of S*™ satisfies
M (—tr(8™)? — 2¢™)\ + ¢*™ = 0,if m is odd.
M 4 (—tr(8™)2 + 2¢™)A + ¢*™ = 0, if m is even.

Proof. For any even positive integer 2m we have that the characteristic equation of S*™ satisfies

A2 — tr(S?™)\ + ¢*™ = 0. Let v = /A so that det(S?™ — AI) = det(S™ — 4I) det(S™ +~1I). If
m is odd then

0 = det(S™ —AT) det(S™ + 1) = (v — tr(S™)y — ¢™)(v* + tr(S™)y — ¢™)
=+ (—t(8™)* — 2¢™) + ¢
If m is even then
0 = det(S™ — 4I) det(S™ + 1) = (72 — tr(S™)y + ¢™)(v? + tr(S™)y + ¢™)
=+ (—t(S8™)* 4+ 2¢™) + ¢
O

It follows that there are at least two ways to complete the square using the middle term
for any even power of the matrix S generated by a second order recursion relation by using
the ¢>™ constant term and the 2¢™ coefficient. That is by the Cayley-Hamilton Theorem:
SAm 4 (—tr(S™)2 £ 2¢™)S?™ + ¢*™I = 0 implies

(8?™ — ¢™T)% = tr(S™)2S?™ and (S?™ + ¢™I)? = (tr(S™)% 4 4¢™)S?™ if m is odd,
(SZm + qu)2 _ tr(Sm)2S2m and (S2m _ qu)z = (tr(sm)2 — 4qm)Szm if m is even.

In particular for S? we have (S? — qI)? = p?S? and (S? + ¢qI)? = (p? + 4¢)S?.
Similarly S*™ + (—tr(S™)? 4 2¢™)S?™ + ¢*™1 = 0 implies I + (—tr(S™)? 4 2¢™)S~2™ +
¢?mS~4m = 0 so

(@S2 —1)* =p’S™% and (¢S + 1) = (p” +4¢)S%.
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Proposition 3.7. For any whole number i the following identities hold for a second order
TECUTSION Gpto = PAp=1 + qap, a0 = G,a1 = b

2n

2n _
Z(_l)k< k >q2n ka2k+i = p2na2n+i7
k=0
2n m,
> ( 1 >q2n_ka2k+i = (p* + 4q)" agni-
k=0

Proof. We have (S? — ¢I)?" = (p?S?)" and (S? + ¢I)?" = ((p? + 4¢)S?)" so by the binomial
theorem we have

2n 2n
E 2n - nQ2n E 2n n— nQ2n
(_1)k< L >q2n k‘82k2 :p2 S2 and < L >q2 k82k2 — (p2 + 4q) S2 )
k=0 k=0

Multiplying all sides above by S? for any whole number i we have

2n 2n
2 . ) 2 . )
E :(_1)k< n> q2n—ks2k+2 _ p2ns2n+z and z : < ’I’L> q2n—ks2k+z _ (p2 + 4q)ns2n+z‘

k=0 k k=0 k
Hence,
2n
-1 k 2n—ks2k+z 1 — 2ns2n+z 1
S (e oy "
and

2n
20N on—kq2kti | 1 | _ 2 ng2n+ti | 01
Z<k>q S o | = P H40)"S w |
k=0

From (3.2) it follows that for any whole number 4

2n m,
> (=) ( I >q2n_ka2k+i = p*"agn i

k=0

and

2n m
> < i )qzn_ka%—l—i = (p* + 49)" azn+i-
k=0

For negative subscripts we have the following proposition.

Proposition 3.8. For any whole number i the following identities hold for a second order

) p
TeCUTSION Gp = —Gp42 — —Apt1,00 = A, a1 = b
q q

2n m,
Z(_l)k ( k >qka—2k—i = p™a_gn—i,

k=0

2n m
> < I )qka—2k—i = (p* +49)"a 2.

k=0
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Proof. We have (¢S™2 —T1)*" = (p>S™2)" and (¢S™% + 1)** = ((p* + 4¢)S™2)" so again by the
binomial theorem and by multiplying all sides (S™!)? for any positive integer i we have

2n
_1\k kQq—2k—1i 0 _ o 2nQ—2n—i 0
S ()rs [ [ ]
k=0
and
2n m, a a
kg—2k+i 0 o 2 nQ—2n+i 0
(W) |- vars ]
k=0
Thus it follows that for any whole number ¢
2n
2n
Z(—l)k< i >qka—2k—i =p™a_gn
k=0

and

2n m
> ( i >qka—2k—i = (p* +49)"a 20—

k=0
O
By way of examples we present the following binomial sums.
. . 1 1] o 2 1
3.1. Fibonacci Sequence. F,,(p = 1,¢ = 1). Here S = Lol S° = L and
S—2 = [ _11 _21 } By Proposition 3.8 we have
2n m 2n m,
Z(—l)k< I )F—%—i = F 9, ; and Z ( I >F—2k—i =5"F_gp_;.
k=0 k=0
2 1] o 5 2
3.2. Pell Sequence. P,,(p = 2,q = 1), [1, 3]. Here S = 1ol S° = 2 1| and

S2 = [ _12 _52 ] Using Proposition 3.7 yields the following identities that vary slightly

with those obtained from [18]

2n m 2n m

Z(—l)k< 3 >P2k+i = 4" Pyp4; and Z ( I >P2k+i = 8" Popyi-
k=0 k=0

By Proposition 3.8 for negative subscripts we have

2n m 2n m

Z(—l)k< I )P—%—i =4"P_9,_; and Z ( k >P—2k—i =8"P_g,_;.
k=0 k=0
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3.3. Jacobsthal Sequence. J,,(p =1,q = 2), [4]. Here S = [ i (2) ], S? = [ i’ 3 ], and

S—2 = [ _12 _52 } . Using Proposition 3.7 yields the following identities

2n 2n

2n 2n
E (—1)k< 1 >22n_k<]2k+i = Jon+i and E <k: >22n_k<]2k+i =9"Jopnyi-
k=0 k=0

By Proposition 3.8 for negative subscripts we have

2n 2n
2n 2n
E (—1)k< I >2k<]—2k—i = J_9p—; and E ( i >2kj—2k—i =9"J 2.
k=0

Next we consider polynomials associated with the classical Chebyshev polynomials described
by the recurrence A, o(x) = 2xA,+1(x) — Ap(z).

In [12] associated Chebyshev polynomials of the second kind A, = U, with Uy = 1 and
U, = 2x; were investigated and in [10] associated Chebyshev polynomials of the first kind
A, =T, with Ty = 2 and T} = 2x were analogously considered.

Furthermore Horadam described Fermat polynomials of the first kind, §, (x), and the second
kind, f,(x), in [9] as follows. Both satisfy the recurrence §p42(x) = 3xFn+1() — 2§, (x) with
initial conditions, respectively as Fo(z) = 0,F1(z) = 1; and fo(z) = 2,f1(z) = 3z. He called
the second kind Fermat-Lucas polynomials.

The Fermat numbers (not to be confused with the classical Fermat numbers F,,) are ob-
tained by letting z = 1. He called §(1) = ¢, yielding the sequence {¢,} = {0,1,3,7,15,...}
with Sloane number A000225 sometimes called Mersenne numbers (2" — 1 as opposed to
the classical Mersenne numbers where n is prime) and f,(1) = 6, yielding the sequence
{0} = {2,3,5,9,17,...} = {2" + 1} with Sloane number A000051, sometimes referred to
as the Pisot sequence L(2,3). Both sequences satisfy the recurrence A, 9 = 34,41 — 24,

Further investigation of these and other polynomial sequences leading to the second order
sequential numbers considered in this paper has also been explored in [11].

3.4. Chebyshev Numbers. x =1, 4,19 = 24,11 — A,.
Setting x = 1 in the Chebyshev polynomials yields the common recurrence

An+2 = 2f4n+1 - An

n+1 -—n

for Chebyshev numbers. In this case it follows by induction that S™ = [ n 1—n

that the characteristic equation for any power of S is
det(S" —AXI) =A% =2\ + 1= (A —1)%
For n =1 this implies Zi’io(—l)k(%?) S* = 0 so that
2n 2n
2n 2n
k _ k _
kZ_O(—l) ( i >Gk+1 =0 and ];)(—1) ( i )ak = 0.

At first glance this relationship might seem less interesting than the previous ones. However
when the arbitrary initial conditions, ag and aq are assigned values ag = 0 and a; = 1, the
Chebyshev numbers of the first kind become {1,1,1,1,...,1,...} while ag = 1 and a; = 2,
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the Chebyshev numbers of the first kind become {1,2,3,4,...,n,...}. These initial conditions

yield the identities

2n m 2n m

k _ k _

> (-1) <k> =0and » (-1) <k>k_0
k=0 k=0

which normally require a proof by induction.

3.5. Fermat Numbers. These Fermat numbers are not the classical ones. For these Fermat
numbers, p = 3 and ¢ = —2. Using Proposition 3.7 we get the following identities:

2n 2n
2n _ 2n . n
E (—1)* < k >(—2)2" Fagksi = E </<; )22 Fagkyi = 9" agn i

k=0 k=0
2 9n on 2n
Z < & >(—2)2n_k02k+z’ = Z(—l)k< 1 >22n_ka2k+i = A2n+i,
k=0 k=0

when a; = ¢; = 20 — lia; =05 = 2/ + 1 then we have

2n 2n

2n . on .
> ( . )22“—’%2%“ —1) =9"(2n4; — 1) and ) < L >22”—’“(22’“+2 +1) = 9"(29p45 + 1)
k=0 k=0

2n 2n

9 . . 9 . .

Z(_l)k < l:) 22n—k(22k+z _ 1) — 22n+z — 1 and Z(_l)k< :) 22n—k(22k+z + 1) — 22n+z +1.

k=0 k=0

This results in the identities: zio (2,?) 92ntkdi — gno2nti, zio (2,?) 22—k — 9n and
210(—1)’“(2,?) 92nthti — gnti Eilo(—l)k(%f) 22—k — 1. This reduces to

2n m 2n m
Z < k>2k _ 971,2 <k>22n—k — 9717

k=0 k=0
and
2n m, . 2n . m, ok
— k = — n— =
> (1) <k>2 1,y (1) <k>2 1.
k=0 k=0

3.6. Sloane A001109. a, 2 = 6a,41 — an,a9 = 0,a; = 1,p = 6,¢ = 1 (a2 is a Triangular
number).

Here S2 —6S +1=0s0 (3S —I)2 = 8S2%,(S — 3I)2 =8I, (S — 1)2 =4S, (S +I)2 = 8S and
for any integer ¢ > 0

2n 2n
Z(—l)k3kak+i = 8"agy+; and Z(—l)k32"_kak+,- = 8"y 4.
k=0 k=0

4. THIRD ORDER SEQUENCES

The matrix technique introduced in [8] has been extended to third order sequences for spe-
cific sequences in [20, 22] and some identities were provided, with suggestions for further de-
velopment. The general case analogous to (3.2) was considered in [23] where some summation
identities not involving binomial coefficients were obtained for some specific cases. Additional
algorithmic techniques were provided in [2] but the matrix method was not employed.

Investigating several powers of the basic matrix using MAPLE suggests that a useful eigen-
value equation analogous to that determined in Proposition 3.6 for the second order case may
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not be obtainable. However some of the more well-known cases yield summation identities.
These are illustrated here.
We consider third order linear sequences with initial conditions ag = a,a; = b,as = ¢ and

Ap+3 = Pan+2 + qpi1 + Tan, (41)
for n > 0. Let
pqr nt2 p g r]"[ a
S=|10 0],sothat | ape1 | =] 1 0 O a; | . (4.2)
01 0 ap, 010 ag

4.1. The Tribonacci Sequence. Here p = 1,q = 1,7 = 1. S? satisfies its characteristic
equation A3 —3X2 — X\ — 1 =0 so we have S —3S* - 82 ~T =050 (S? —I)3 = 4S? and so

3n
Z(_1)3n—k <3£> g2k+i _ gng2nti

k=0
Thus for any 7 > 0

3n
k(3N n
Z(—l)?’" k< L >a2k+z’ = 4"agm ;. (4.3)
k=0
Using MAPLE to investigate lower powers of S are fruitless until S® where S® satisfies the
equation A —131A2 43X —1 = 0 and so S?* — 131816 +3S® — T = 0 we have (S® —1)3 = 128516
and so

3n

Z(_1)3n—k <3n> g8k+i _ {9gnglénti
k=0 k

So for any positive integer i > 0

3n
> (—1)k <3£> ask+i = (128)"a16n-+4i- (4.4)

k=0

4.2. The Perrin-Padovan Sequences [25, 26]. Here p = 0,q = 1,7 = 1 in (4.1) and S3
satisfies its characteristic equation A3 — 3\ +2X\ —1=0. So S? — 386 4+ 283 — I =0 and so
(S —1)? = S3. Thus,

3n

Z(_1)3n—k <3n> g3k+i _ g3nti
k=0 k

and so for any positive integer i > 0

3n
3n
Z(—l)?’n_k( 1 >a3k+i = U3n+i- (4.5)

k=0

4.3. The Narayana’s Cows Sequence. Here p = 1, = 0,7 = 1. S? satisfies the equation
A3 —4X2 +3X—1=0. SoS? —4S% +3S3 —I =0 and (S® — I)? = S5 and so for any positive

integer ¢ > 0 that
3n

S (-1t <3£> A3ti = Abns- (4.6)

k=0
An interesting presentation on the Narayana—Cows Problem and the resulting sequence
{2,3,4,6,9,...} with Sloane number A000930 can be found in [6].
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4.4. Sloane A0002478 and Sloane A108122. Here p = 1,q = 2, and » = 1 so that
Ant3 = Qpio + 24,41 + ap. S satisfies S3 = (S +1I)? and so

2n m,
k+i _ Q3n+i
Z(QS =3

k=0

and thus for any integer ¢ > 0

2n
k k—+i 3n+i-

k=0

5. ACKNOWLEDGMENT

The authors would like to thank the referee for the careful reading, suggestions, and im-
provements to this paper.

(1]

w

=

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]

[19]
[20]

REFERENCES

M. Bicknell, A primer on the Pell sequence and related sequences, The Fibonacci Quarterly, 13.4 (1975),
345-349.

Bro. A. Brousseau, Algorithms for third-order sequences, The Fibonacci Quarterly, 12.2 (1974), 167-174.
A. Dagdemir, On the Pell, Pell-Lucas and modified Pell numbers by matrixz method, Applied Mathematical
Sciences, 5.64 (2011), 3173-3181.

A. Dagdemir, On the Jacobsthal numbers by matriz method, SDU Journal of Science (e-Journal), 7.1 (2012),
69-76.

J. Ercolano, Matriz generators of Pell numbers, The Fibonacci Quarterly, 17.1 (1979), 71-77.

C. Flaut and V. Shpakivskyi, On generalized Fibonacci quaternions and Fibonacci-Narayana quaternions,
arXiv: 1209.0584v2.

V. E. Hoggatt, Jr. and M. Bicknell-Johnson, Fourth power identities from Pascal’s triangle, The Fibonacci
Quarterly, 2.4 (1964), 261-266.

V. E. Hoggatt, Jr. and M. Bicknell-Johnson, A matriz representation of Fibonacci identities for Foni, A
Collection of Manuscripts Related To The Fibonacci Sequence, 18th Anniversary Volume, pp. 114-124,
The Fibonacci Association, 1980.

A. F. Horadam, Chebyshev and Fermat polynomials for diagonal functions, The Fibonacci Quarterly, 17.4
(1979), 328-333.

A. F. Horadam, Polynomials associated with Chebyshev polynomials of the first kind, The Fibonacci Quar-
terly, 15.3 (1977), 255-257.

A. F. Horadam, Synthesis of certain polynomial sequences, In Applications of Fibonacci Numbers, Volume
6, pp. 215229, Kluwer Academic Publishers, Dordrecht, 1996.

D. V. Jaiswal, On polynomials related to Tchebichef polynomials of the second kind, The Fibonacci Quar-
terly, 12.3 (1974), 263-265.

E. Kilic, The generalized order-k Fibonacci-Pell sequence by matrix methods, J. of Computational and
Applied Mathematics, 209 (2007), 133-145.

E. Kilic and P. Staanica, Factorizations and representations of second order linear recurrences with indices
in arithmetic progressions, Bulletin of the Mexican Mathematical Society, 15.1 (2009), 23-36.

F. Koken and D. Buzkurt, On the Jacobsthal numbers by matriz methods, Int. J. Contemp. Math. Sciences,
3.13 (2008), 605-614.

F. Koken and D. Bozkurt, On the Jacobsthal-Lucas numbers, Int. J. Contemp. Math. Sciences, 3.33 (2008),
1629-1633.

C. T. Long, Some binomial Fibonacci identities, In Applications of Fibonacci Numbers, Volume 3, pp. 241—
254, Kluwer Academic Publishers, Dordrecht, 1990.

J. M. Mahon and A. F. Horadam, Pell polynomial matrices, The Fibonacci Quarterly, 25.1 (1987), 21-28.
OEIS Foundation Inc. (2013), The On-Line Encyclopedia of Integer Sequences, http://oeis.org.

S. Pethe, On sequences having third-order recurrence relations, In Fibonacci Numbers and Their Applica-
tions, pp. 185-192, D. Reidel Publishing Company, Dordrect, 1986.

AUGUST 2016 215



THE FIBONACCI QUARTERLY

[21] J. Quaintance, and H. W. Gould, Unpublished manuscript notebooks (1945-1990) of H. W. Gould, edited
and compiled by J. Quaintance, Gould Home Page http://www.math.wvu.edu/gould/, 2010.

[22] S. Rabinowitz, Algorithmic manipulation of third—order linear recurrences, The Fibonacci Quarterly, 34.5
(1996), 447-464.

[23] A. G. Shannon and A. F. Horadam, Some properties of third-order recurrence relations, The Fibonacci
Quarterly, 10.2 (1972), 135-145.

[24] M. E. Waddill, Matrices and generalized Fibonacci sequences, The Fibonacci Quarterly, 12.4 (1974), 381—
386.

[25] E. W. Weisstein, Perrin sequences, From MathWorld-A Wolfram Web Resource.
http://mathworld.wolfram.com/PerrinSequence.html

[26] E. W. Weisstein, Padovan sequences, From MathWorld-A Wolfram Web Resource.
http://mathworld.wolfram.com/PadovanSequence.html

MSC2010: 11B39 11B83 11Y55

THE CITADEL, CHARLESTON, SC
E-mail address: rachelgraves4@gmail.com

SAINT LEO UNIVERSITY - SHAW CENTER, SUMTER, SC
E-mail address: baconmr@gmail.com

EMERITUS, UNIVERSITY OF SOUTH CAROLINA-SUMTER, SUMTER, SC
FE-mail address: charliecook29150@aim.com

216 VOLUME 54, NUMBER 3



