FIBONACCI AND LUCAS REPRESENTATIONS
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ABSTRACT. An identity which relates the Fibonacci and Lucas representations of integers to
the Riemann zeta function is derived.

1. INTRODUCTION AND RESULTS

The Fibonacci numbers (F; = F, =1 and F,, = F,,_1 + F,,_5 for n > 3) can be used as the
base of a numeral system. Any nonnegative integer k can be written in the form

k= Z siFy = (... s281)F, (1)

where s; € {0,1}. In fact, if no further constraint is applied to the partition, such a Fibonacci
representation is not unique if £ > 0, e.g.,
1=F = F, 2=F;=Fy+ Fy, 3=F,=F3+Fh,=F3+F,....

Let R(k) be the number of Fibonacci representations of k, which defines a rather irregular
sequence (see Table 1) [9]. This sequence was first studied by Hoggatt and Basin [7], and later
by Klarner [8]. However, subsequent studies were focused on a variant of R(k) in which F} is
excluded from the base [5, 2, 6].

Similarly, the Lucas numbers (Ly =2, Ly = 1 and L,, = L,,—1 + L2 for n > 2) can also
be used to represent nonnegative integers ie.,

k= Z sili = (...5150)L (2)

where s; € {0,1}. The Lucas representatlon for an integer is also generally not unique. Let
Q(k) be the number of Lucas representations of k, which appears to be as irregular as R(k)
as a function of k (see Table 2).

In this note we prove that

#{k: QUk) = n} = 3#{k : R(k) = n} = 3u(n) (3)

and

= wm)  (s—1)
D OEICESY @

if Re(s) is sufficiently large, where ((s) is the Riemann zeta function.

2. PROOF OoF THE MAIN RESULT

The proof of identity (3) and (4) is based on a matrix product expression for R(k) and Q(k).
Such an expression was first obtained by Berstel for the above-mentioned variant of R(k) [2],
which can be generalized to R(k) and Q(k) by a minor modification.

According to a well-known theorem of Zeckendorf, the Fibonacci representation can be
made unique if we require s; = 0 and s,s,+1 = 0, i.e., F] is excluded from the base and
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no consecutive Fibonacci numbers are allowed in the summation [10]. Under this restriction,
the binary string S = ...s9s1 is called the Zeckendorf code of k = (S)p. The analog of a
Zeckendorf code for the Lucas representation is the Brown code, which satisfies spso = 0 and
$nSn+1 = 0 [3]. The matrix product expressions of R(k) and Q(k) turn out to be dependent
on the Zeckendorf and Brown codes of k.

Proposition 1. If k > 0 and S is its Zeckendorf code, where the leading infinite substring
of 0’s is ignored, S can be uniquely written as 10St, where S is a string composed of words
r =10, 1 =00 and ¢ =010 and t € {¢,0} = Ap. Here € denotes the empty string.

Proof. By induction. O

Proposition 2. If k> 2 and S is its Brown code, where the leading infinite substring of 0’s
is ignored, S can be uniquely written as 10St, where S is a string composed of words r = 10,
1 =00 and ¢ =010 and t € {0,00,10,01,010,001} = Ar.

Proof. By induction. O

We call S the essential part of the Zeckendorf or Brown code of k. The following theorem
informs us how to calculate R(k) or Q(k) from S.

Theorem 3. If the essential part of the Zeckendorf or Brown code of k is S=op... o1, then
R(k) or Q(k) is given by

M (op) - Mloy)e = € M(S)e = g(8) (5)
where
vy 1 V] mo=]g 1] me-]
are three 2 x 2 matrices and e = [1,1]T.

The proof of this theorem is a little tedious and we give it in a separate section (see below).
Noticing that R(0) =1, Q(0) = Q(1) = Q(2) = 1, and # A = 3# A, we have the following
proposition.

Proposition 4. For an arbitrary positive integer n, #{k : Q(k) = n} = 3#{k : R(k) = n}.

A key observation of Theorem 3 is that M(c) = eel, which allows us to write g(5) as
9(51)g(S2) if S = S1¢55. In other words, we have the followmg proposition.

Proposition 5. IfS’ = S,cSm_1c... Sy, where each Sj 18 a string composed only of r and [,
then

9(8) =[] 9(5)). (6)
j=1

The action of M(r) and M(l) on (m,n)T gives (m,m +n)? and (m + n,n)T, respectively.
If (m,n) is understood as the rational number m/n, this is just the generating rule of the
Calkin-Wilf tree of fractions [4]. In addition, e = [1,1]7 can be identified as the seed of the
Calkin-Wilf tree. Therefore, when S runs over all sequences composed only of r and I, M (5’ )e
will produce all co-prime pairs (m,n)? once and only once, with exceptions (0,1)” and (1,0)7.
Consequently, we have the following proposition.
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Proposition 6.

G—s 1 — p(k s—1
M=Yad) = ¥ =Y 0 = o
S

m4+n>1 k=2
(m,n)=1

where ¢(k) is the Euler totient function [1].
Combining all above facts, we finally have the following theorem.

Theorem 7.

== ((s) —C(s—1)
Proof.
fiR%Y*:1+fiRwrS:1+§:E:R«mgwmﬁ
k=0 k=1 § teAFR
=14+2) g($) " =1+2(A+ A3 +--)
g
1+ A, ((s—1)
TTA T2 G- 1) ©)

3. DISCUSSION

A formula for w(n) is possible as follows. A multiplicative composition of n is a sequence
x1,x9,...,x of integers (for some k > 1) satisfying

n=axr2---xp, xj>2forall<j<Ek.

Let X,, denote the set of all multiplicative compositions of n. For example, if n is a prime
power p™, then #X,, = 2™ 1: if n is a product of distinct primes pg, then #X,, = 3. Let
X 1 denote the subset of X, of sequences containing exactly & terms. By use of Proposition
5, it can be shown that

wn) =2 |en)+ > o)) + > olar)p(z)p(rs) + -

Xn’z Xn,3

For example, w (p™) = 2(p — 1)(2p — 1)™~! and w(pq) = 6(p — 1)(¢ — 1). The arithmetic
function w(n) fails to be multiplicative; standard techniques for computing the Dirichlet series
corresponding to w(n) do not apply.

Since the number of n-bit binary strings is 2" while F,,, L,, grow like 7" when n — oo, where
7 = (v/5+1)/2 is the golden ratio, by averaging, R(k) and Q(k) increase as k* when k — oo,
where

_ 082 os2. .
log 7
Thus, >, R(k)™® and ), Q(k)™* diverge for real s < 1 + «, which is slightly smaller than
2.47875 ..., the exact lower bound for convergence of the two series determined by the zero of

the denominator of formula (8).
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4. PROOF OF THEOREM 3

The key point to proving Theorem 3 is to categorize the Fibonacci (or Lucas) representations
into two classes according to whether the leading non-zero bit of the Zeckendorf (or Brown)
code is used. The counts of the two classes form a 2-component vector, and Edson and Zamboni
found that this vector can be generated from a simple iteration relation [6].

Let us begin with the Fibonacci representation. The proof is based on two facts. One is
the inequality

n
> Fi=Fupo—1< Foyp < 2Fp (10)
k=1
for n > 1. Suppose S; and Sy are two arbitrary binary sequences that begin with 1. The first
part of this inequality implies that, if (S1)p = (S2)r, then |S1| and |Ss| are either equal or
differ by one, where |S| denotes the length of S as a binary string. In addition, the second
part of this inequality implies that, if (S1)r = (S2)F + Fjg,|, then |S1] > [Sa].

The other fact crucial to our proof is that, of all Fibonacci representations of a positive
integer, the Zeckendorf code as a binary string is the one with the largest lexicographical
order. Therefore, if S = 10S’ is the Zeckendorf code of a positive integer k and S; = 15" is
an arbitrary Fibonacci representation of k, i.e., (S1)p = k = (S)p, then |S1| =|S] or |S| — 1.

The above described properties of the Fibonacci representation lead naturally to the follow-
ing definitions.

Definition 8. Letting S = 10... be the Zeckendorf code of a positive integer, define
Ro(S) = #{8' € 0,151+ ()5 = (S}, (11)
Ri(S) = #{S' € [0,1]¥7": (18")F = (S)r}- (12)
Using this notation, we have the following proposition.

Proposition 9. If S = 105’ is a Zeckendorf code, then

RI(S)P) = Fo(S) + Ra(s) = " | 3 . (13

Moreover, from the definition and properties of the Zeckendorf code we have the following
proposition.

Proposition 10. If 105’ is a Zeckendorf code, then
R1(108") = R((S')F)- (14)

We then consider how Ry and Ry change when a Zeckendorf code 105 is expanded to 1075,
101S or 10¢S. The iteration rules for Ry can be readily derived as follows:

R1(10105) = R((108) ) = Ry(10S) + Ry (105), (
R;(1000S) = R((005)r) = R((S)r) = R1(105), (
R1(10010S) = R((010S)r) = R((108)r) = Ry(10S) + R;(10S).

—

— = =
N O Ot
NN NS

For the iteration rules of Ry, note that
Ro(108) = #{5" € [0,1]"°1 : (1.8")p = (105)p}
= #{5" € [0,1]"1: (8")r = Fig + (S)r},
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hence we have the following,
Ry(10108) = #{9" € [0,1]1*2 : (') p = Flg42 + (109) r}
= #{S" € 0,151 : (18")p = Flg 12 + (105)r}
= #{9" € [0,1]°* () p = (109) 5}
= Ry(105), (18)

Ro(10008) = #{S’ € [0,1]572 : (") p = Fig|12 + (005)p = (105)p}
= R((10S)F) = Ro(10S) + R1(105), (19)

Ro(100108) = #{S" € [0,1]5173 . (S')p = Flg43 + (010S)p = (1000S)F}
= Ry(1000S) = Ry(10S) + Ry (10S). (20)
Combining formulas 15-17 and 18-20, we have the following proposition.

Proposition 11. If 105 is the Zeckendorf code of a positive integer, then

| Ao | =) Fios) | )

foro=rl,c.

Finally, we can readily check that Ry(10) = 1 (as Fy = Fy), R1(10) = 1 (as F» = Fy),
RQ(lOO) =1 (as F3 = F2 + F1) and R1(100) =1 (as F3 = Fg), i.e.,

[ g(l)ggg } B [ 2(1)8885 } = [ 1 } =e (22)

Combining this formula with Propositions 9 and 11, Theorem 3 for the Fibonacci representa-
tion is proved.
We now consider the Lucas representation. Because similar inequalities hold for Lucas

numbers, i.e.,
k

S Lj=Lips—1<2Lp (23)
§=0
for kK > 1 and the Brown code is also constructed from a greedy algorithm for the largest
lexicographical order, the same iteration rules hold for similarly defined Qg and Q. Thus we

need only to verify that
Qo(10t) | |1
o =[] o

for each t € A, which is obviously true (see Table 3). Therefore we complete the proof of
Theorem 3.
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Table 1.
n | Zeckendorf code | segmentation | essential part | R(n)
1 10 10 el 2
2 100 100 el 2
3 1000 10 00 Il 3
4 1010 10 10 T 3
5 10000 10000 Iy 3
6 10010 10 010 c| 4
7 10100 10100 r| 3
8 100000 10 00 00 ) 4
9 100010 10 00 10 Ir| 5
10 100100 10010 0 c| 4
11 101000 10 10 00 rl )
12 101010 10 10 10 T 4
13 1000000 10 00 00 0 ) 4
14 1000010 10 00 010 le| 6
15 1000100 | 10 00 10 10 Ir| 5
16 1001000 10 010 00 cd| 6
17 1001010 10 010 10 cr| 6
18 1010000 1010000 rl| 5
19 1010010 10 10 010 rc| 6
20 1010100 1010100 rr| 4
21 10000000 | 10 00 00 00 ury 5
22 10000010 | 10 00 00 10 Ur | 7
23 10000100 | 10 00 010 O le] 6
24 10001000 | 10 00 10 00 Irl| 8
25 10001010 | 10 00 10 10 lrr| 7
26 10010000 | 10 010 00 O cd| 6
27 10010010 10 010 010 cc| 8
28 10010100 | 10010100 cr| 6
29 10100000 | 10 10 00 00 rll | 7
30 10100010 | 10 00 00 10 rir| 8
31 10100100 | 10 100100 rc| 6
32 10101000 | 10 10 10 00 rrl | 7
33 10101010 | 10 10 10 10 rrr | 5
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Table 2

n | Brown code | segmentation | essential part | Q(n)

1 10 — — 1

2 1 — — 1

3 100 100 € 2

4 1000 10 00 € 2

5} 1010 10 10 € 2

6 1001 10 01 € 2

7 10000 10000 l 3

8 10010 10 010 € 2

9 10001 10 001 € 2

10 10100 10100 T 3

11 100000 10 00 00 l 3

12 100010 10 00 10 l 3

13 100001 10 00 01 l 3

14 100100 10010 0 c 4

15 101000 10 10 00 T 3

16 101010 10 10 10 T 3

17 101001 10 10 01 T 3

18 1000000 10 00 00 O Il 4

19 1000010 10 00 010 l 3

20 1000001 10 00 001 l 3

21 1000100 1000100 Ir )

22 1001000 10 010 00 c 4

23 1001010 10 010 10 c 4

24 1001001 10 010 01 c 4

25 1010000 101000 0 rl )

26 1010010 10 10 010 T 3

27 1010010 10 10 001 T 3

28 1010100 1010100 T 4

Table 3.
t | Qo(10t) | partition (Q1(10t) | partition

0 1 3=L1+4+ Ly 1 3 =1Ly

00 1 4=1Lo+ 14 1 4=1Lg

01 1 6=Lo+ L1+ Lo 1 6 =Ls+ Lo

10 1 5= Lo+ Ly 1 5=Ls+ Iy
001 1 9=Ls+ La+ Lo 1 9=L4s+ Ly
010 1 8=Ls+ Lo+ 14 1 8=L4+ L1
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