THE SELF-COUNTING IDENTITY

RAPHAEL SCHUMACHER

ABSTRACT. This paper presents a curious and interesting analytic identity involving the sim-
ple self-counting sequence {ax}re, = {1,2,2,3,3,3,4,4,4,4,...}. The shape of this identity
is similar to a Lambert series and gives therefore rise to a combinatorial interpretation, which
we deduce in the second half of the paper.

1. INTRODUCTION

The self-counting sequence {a}72, = {1,2,2,3,3,3,4,4,4,4, ...} gives rise to combinatorial
questions, for example: let g(n) be the number of ways an integer n can be represented as
a sum of elements (repetitions allowed and ignoring the ordering of the summands) from the
self-counting sequence. The answer is given by the following identity for the plane partitions
pl(n) [1, 2] of n:

0 0 1 0 1 0
no_ — — 1 n
nZ::Og(n)w k];[l Tz k];[l RESL ;p (n)z

Therefore, equating coefficients on both sides, the answer is given by g(n) = pl(n).

In this paper, we will present an analytic identity in the form of a generalized Lambert series
[6], which we call the Self-Counting Identity. This identity gives rise to another combinatorial
partition problem involving the self-counting sequence. For this partition problem, we have
to define the three functions si(n), sa(n), and sp(n) for h € N, which count special partitions
of n into parts involving the self-counting sequence. We will derive explicit representations
for these functions using the self-counting sequence itself. At the end, we will generalize the
above analytic identity to other functions such as the exponential and logarithmic function.

2. DEFINITIONS

Definition 2.1. (The Self-Counting Sequence) [7, 3].
The sequence {ar}pe, = {1,2,2,3,3,3,4,4,4,4,...} (A002024) consisting of 1 copy of 1, 2
copies of 2, 8 copies of 8, ..., n copies of n, and so on is called the self-counting sequence.

There exist simple formulas for the kth term ay [7, 3], namely
1
ap = \‘5 =+ V ZkJ
1

:[é(m_l)]

Using the well-known infinite series identity

=0
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we can define the self-counting sequence also by the generating function identity

o0 o0
T k(k+1) .
Zakazk = Zm 2 for all z € Cwith |z] < 1,
k=1 =2

because the self-counting sequence element a, counts the number of triangular numbers
0,1,3,6,10,15,...,T) := @, ... (A000217) [4] that are less than or equal to n — 1.

Definition 2.2. (The Self-counting representation functions s1(n), s2(n), and sp(n)).
Furthermore, for every h € N, we define the self-counting representation functions sp(n) by

sh(n) ::H(k‘l,kg,...,kh,ml,mg,...,mh) S Nh X Ng:
n="ki +ky+ ...+ ky+miag, +moag, +--- + myag,
where k1, ko, ..., kp € Nymi,mo,...,my EN()H.

It is important to note that the order of the summands in the definition of sp(n) is considered
to be significant. The special cases h =1 and h =2 give us s1(n) and sy(n) defined by

s1(n) == [{(k,m) € Nx Ny : n =k + may where k € N and m € Ny}

and
sa(n) := H(k‘,l,m,r) € N? x N2 :n =k +1+may, + ra; where k,1 € N andm,rGNo}‘.

Examples for s;(n):

For n = 4, we have that s1(4) = 3, because

4 =14 3a; =2+ lag = 4+ Oay, for n = 10, we have that s;(10) = 4, because
10 =149 =2+ 4as =4 + 2a4 = 10 4+ 0ayo and for n = 17,

we have that s;(17) = 6, because

17 = 1—|—16a1 :3+7CL3 :5+4a5 :9+2CL9 = 12+1CL12 = 17—|—Oa17.

Examples for sa(n):

For n = 2, we have that s2(2) = 1, because

2 =141+ 0ay + 0ay, for n = 3, we have that s3(3) = 4, because

3=1+1+1a;+0a; =1+140a; +1la; = 1+2+0a; +0az = 241+ 0az + 0a; and for n = 4,

we have that s2(4) = 8, because

4=1+1+1ay+1lag =1+1+2a; +0a; =141+ 0ay +2a; =1+ 2+ laj + Oas
=2+4+1+0as+1a1 =242+ 0as +0ay =1+ 3+ 0ay + 0ag =3+ 1+ Oaz + Oa;.

3. THE SELF-COUNTING IDENTITY

In this section, we prove the Self-Counting Identity, which is interesting because the self-
counting sequence appears on both sides of the equal sign. From this identity, we will be able
to deduce explicit formulas for sp(n) for all h € N.

Theorem 3.1. (The Self-Counting Identity).
Let {ar}re, ={1,2,2,3,3,3,4,4,4,4,...} be the self-counting sequence. Then we have that

00
l'k

1 — x%
k=1

= Zakxk for all x € C with |x| < 1.
k=1
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Proof. This identity follows by the following manipulations

ixk_a:+x2+a:3+x4+a:5+x6+
k_ll—x“k_l—a: 1—22 1—22 1—23 1—23 1—23
" 22 4 )
= 1 1 1
1—3;( )+1_w2( +x)—|—1_x3( +xz+x%)+
1 T 3 9
:$[1—x(1)+1——az2(1+$)+1—x3(1+$+$)+m
o0 4k k
J— T 2 m
=2) T D
k=0 m=0
o0 K24k k+1

T2 1—=x
:$kZ_01_$k+1 1—x

o
T K24k
E T 2
1—=z
k=0

(e e]
= Zakazk for all z € C with |z| < 1,
k=1

where we have used the infinite series identity

o0 . T [e.e] k2+k
Zakzn = Z:ET for all z € C with |z] < 1
k=1 -3

from above. O
Remark. It is not difficult to show that the self-counting sequence

{ar}ie, =41,2,2,3,3,3,4,4,4,4,...} is the unique integer sequence which satisfies the ana-
lytic identity

E T = E apa® for all z € C with |z| < 1.
—x
k=1 k=1

Therefore, it is possible to define the self-counting sequence using only the above formula.
The proof of the self-counting identity implies the following corollary.

Corollary 3.2. (Generating function for the triangular numbers).
We have the following formula

o [e.e] k

K24k z
= = e
kz—;)x kz_01+x+x2+$3+"'—|—xak+1—l fO’I”a x wi ‘x’

4. ANOTHER SELF-COUNTING PARTITION PROBLEM

Let us now study the self-counting representation functions sp(n) for h € N.
In the next Corollary, we will see that the function sa(n) is the convolution of the function
s1(n) with itself.
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Corollary 4.1. (Explicit formulas for s1(n) [7, 3] and sa(n) [5]).
We have that
si(n) = ay for alln € N,

n—1

= Z apQn_p for allm € N,
k=1

where {ay}72, is the self-counting sequence.

Proof. By the Self-Counting Identity, we have that

oo

0 k
z .
Zanx" = kz o for all z € C with |z| < 1.
=1

Expanding the function

Z Mk for all z € C with |z < 1

1 — z%
m=0

in a geometric series, we get that

o0 o0 o0 [e.e]

n __ k may k+mag __

I SRR, D O MW 281

n=1 k=1 k=1  m=0 k=1m=0
Equating coefficients, we see that s1(n) = a,, must hold.

For the second formula, we square both sides of the Self-Counting Identity to get

~ 2 . 2
<Z:1anx") :<Zl_k ) :Z:Z: . Rt — for all € C with |z] < 1.

k=1

Expanding the functions

Mg

™% for all x € C with |z| < 1

1— a0
m=0
and
1 o
: o= Z:Em’ for all x € C with |z| < 1
-z
r=0

again in two geometric series, we get that

0 00 00 00 00 o9
(o) - S S i - L L S S St
n=1

k=11=1 k=1 l=1 m=0r=0 n=1

If we also use the fact that

we obtain in total that
o) n—1
Z (Z akan_k) 2" =) so(n)z" for all z € C with |z| < 1.
n=1 \k=1
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Equating coefficients, we see that

n—1
= Z Al 0p—f-
k=1

Similarly, we can prove the following.

Corollary 4.2. (Recursion formula for sp(n)).
For sp(n) we have the following recursion formula

si(n) =a, forallneN,
Spy1(n Zaksh n—=k) foralln e Nifh>1,

where {ay}72 | is the self-countmg sequence.

5. GENERALIZATIONS TO OTHER FUNCTIONS
Using the identity

1— .Z'k+1

_ 2 3 ... k _ m
-2 =l4+zx4+z°+2°+ —I—:L'_Z;E

for finite geometric summation, we can also prove (just like in the proof of the Self-Counting
Identity) the following

Theorem 5.1. (Series identities for some analytic functions).
We have that

2 n
1—xz a Z x%“Zkar for all x € C with |z| < 1,

r 2 = 2 T 1

1 o gk Eo\
J— n .
m_zil—xk“ Zﬂ: for all x € C with |x| < 1.
k=0 n=0
For the exponential function, we have for all x € C where x is not a root of unity

- (3] k+1 1

-z Z (n—11(1—2an) o

=0 \o- 552

which is after multiplying both sides with (1 — x) equivalent to

k+1

o0 1
Z Z ’
= €T
_ -1 2 2
=0 \ i (n—1!(zrt+an24.. - +224+2+1)
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and for the logarithmic function

[e%S) k
log(1 — z) 1 k :
725 E ———— | 2" forallz € C with |z] < 1,
1—=x el ":Lk;QJ n(ZE —1)

which is after multiplying both sides with (1 — x) equivalent to

9] k

1
log(l—z) = - > i Il z € C with 1.
og(l —x) 2 LHQJ"(xn_1+xn_2+”’+x2+x+1) ¥ for all x € C with |z| <
=12

Moreover, we also have that

w~ (5]
1 1 & )
- = — |z or all x € C with |z| < 1,
R P ] M :

which is, after multiplying both sides with (1 — x), equivalent to

kt2
o [[5] X
g k .
B k1 " for all x € C with |z| < 1.
k=0 \ n=1 U e 2 2

1
1—=x

Proof. All these formulas are obtained similarly using the formula

1— ﬂj‘k+1

k
— 2 3 k __ m
= ltrtat it _E:Oa: ,
m=

for finite geometric summation. The first formula is proved by the following calculation

1 ZOO 1
k=0

9 k2

1 x xt x x

:1—x+1—x+1—a:+1—a:+”‘+1—a:

_ 1 1—=x n x 1—a3 n xt 1—ab n
Cl—z\l-—=z 1—23\1—2 1—2\1—2

ku 1 — p2k+1
+1—x2k+1 1—x o

4

1—2°

1 T
- —(1 2
1—3:+1—3:3( tatat)+
T
00 1 2k )
:Zngnk 7 for all z € C with |z| < 1.
k=0 n=0

I+z+a®+23+a*)+ -

(x 4+ 22 +23) + (' + 25+ 20 + 2"+ 2%+

1—2a°
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The second formula follows by the manipulations

1 0 ik 1 3 6 10 K24k
=1

1—3:k 1—=x

k2 +k
X II)‘3 ZL'G ZL'lO xr 2

:1—l’+1—l’+1—$+1—l’+‘”+1—3}

oz 1—=x + a3 1— a2 + a0 1—a3 +

I 1—22\1—2 1—23\1—2

+x@ 1—zF +

1—akF\1—2

3 6
z

= 1

11—z 1—3:2( +x)—|—1_$3

(1+a+2?)

+x—x4(1+l’+l’2+$3)+"'

1
= + 2 (x3 + w4) +

T (w6+x7+x8)

1—2a3
2 (@04t 42t 1) 4

00 1 k—1 W2k
:E kg x 2 " for all z € C with |z| < 1.
-z

k=1 n=0

—_

Using that

k 2 2
:En _(1—.Z'k+1)
(Z ) BT

we can prove the third identity as follows

2
0 ok k 0 2k (1 _ wk+1)2
> e (X) - e G
k=0 n=0 k=0

= 7(1 _13:)2 ki;oajk (1 — $k+1>

1 o o
= i=ap (Z o szkﬂ)

k=0 =0
B 1 1 x
C(1—x)? (1—:E_1—x2>
1 1
T (12?2 1-a?

1

= (ESSI(EE for all z € C with |z| < 1.
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We get the proof of the above identity for the exponential function in the following way

e’ 1 z 22 22 2t 25 af
1—x 1—x[+1l+_+§+_+§+ﬁ+ ]

1 T z? 3 x? x® 0
I VT BTGy 1T G s Bl ey TG s B T e S

1 1—=z T 1 — a2 x? 1— a3
= - +
l—z\1l-2z H1-2?)\1—= 21 —23) \ 1 —x
+ 3 11—zt n
Bl—azt)y \1-=z
1 x z?

_ 1
e Ty A

m(l+w+x2)

_— 2 3 ..
+ x4)(1+x+w +x)+

— + ! (z+2%) +

2 3 4
1—z 11— a2) (#" 427 +27)

2(1 - 29)

2n—2

:Z(n— '1—:1:“ Z 7

mnl

1
(n—1!(1—2am)

2* for all z € C where z is not a root of unity,

where, in the last step, we have used that

k
(k+1)—1§k§2-{%3J—2 for all k£ € Ny,

but

k
2({%:1 —1)—2</<:<(/<;+2)—1 for all k£ € Np.

The proof of the identity for the logarithmic function follows by these manipulations

log(1 — x) 1 +x2+x3+w4+w5+x6+
— — x JR— JR— JR— JR— JR— “e
1-—2x 1—- 2 3 4 ) 6
x 22 3 z x° 20
= + + + + + +o

x—1 2xz-1) 3x—-1) 4x-1) 5xz—-1) 6(x—1)
x T — z? z? — 3 3 — xt ot —
o1 <w—i>+2(w2—l) <w—11>+3(w3—1) <w—11>+4(w4—1) <x—11>+"'
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4 v (1+2)+ v (I+z+2%)+ i (I+z+2>+2°) +
= €T e
z—1 " 221 3(2% — 1) Az -0)
o 1 3 1 4 1 4,5, .6, .7
_x—1+2(a:2—1)(x +a:)+3( 7 1) (m +x +a:)+4(x4_1) (m +x” +x —i—a:)—i—
00 1 2n—1
B — n(zm —1) mz::nx
00 k 1
:Z Z — | 2* forall 2 € C with |z| < 1.
n(zn —1)

=1\
In the last step above, we have used that

k+2 k+2
kﬁkg?\‘%J—l for all k£ € Ny, but2-<{%J—1>—l<k‘<k‘+l for all £ € Ny.

The last identity is obtained by the calculation

1 1

(1_96)2:1_96[1+x+a:2+a:3+x4+x5+a:6+~~}
_ ! +a:+a:2+a:3+x4+x5+a:6+
1l—-z 11—z 1—-2 1—-2 11—z 1—2 1-—2

_ 1 1—=x n x 1— a2 n x2 1—a3 n a3 1— a4 n
o l—z\l-—=z 1—22\1—2 1—23\1—2 1l—zt\1—2

1 xT x2 2 x3 2 3
:1—x+1—x2(1+w)+1—x3 (1—|—a:+x)+1_ 4(1—|—a:+x —|—a:)+~'
:1i$+—1_1x2 (:13—1—3:2)—1—1_ 3(:1324—:133—1—3:4)—1—1_3:4 (2% + 2 +2° + 2%) + - -

oo 2n—2
D D

n=1 m:n—l

00 k+1

=2 Z a*
1—an
k=0 k|
2
Ed

o

:Z Z +Lk+1J 2% for all 2 € C with || < 1,
k=0 \ n=1 1—

where we have again used the relations

k
(k+1)—1§kg2{%3J—2 for all k € No,
but
2-({1{:—;3J—1>—2<k<(k‘+2)—1 for all k € Np.

Using the same method, one can derive a lot of other similar series identities.
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6. CONCLUSION

We have seen and proved the interesting Self-Counting Identity, which describes an un-
expected property of the self-counting sequence {ap}re; = {1,2,2,3,3,3,4,4,4,4,...} and
we have used it to deduce explicit formulas for the self-counting representation functions
sp(n) for all h € N. At the end of the paper, we have obtained related series identities for
other functions and integer sequences. Using the techniques and formulas presented in this
paper, one can obtain much more interesting series identities.

For example, substituting z := e% into the Self-Counting Identity, we obtain the following

formula
0o 00 ais
a e
E T = E T (ears = 1) Y for all s > 0,
k=1 k=1

where {a;}7° ;| is again the self-counting sequence. This is proved by the following calculation

ays

e
= E ——— forall s >0.
k _
—e s (ews — 1)
1

Similarly, substituting x := Z into the generating function identity of the self-counting se-
quence on page 2, we deduce that

[e.9] oo

ag 1 1
E hs T o1 E EET, for all s > 0.
k=1 k=0 € 2

Substituting z := eis into
f:H b losl— ) f: f: ! ¥ for all x € C with |z| < 1
= = ——— | 2" for all with |z
k=1 ’ n 7

we get that

oon 0 k e 1
Ze—szz Z m ks for all s > 0,
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for the Harmonic numbers H,, := >} _; + [8].

Finally, we have the following formula

e (3] k+1

1 k

= E T for all

=D (e = 1) e orallz >0
=0 \u- 52

for the double exponential function.
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