A COMBINATORIAL PROOF FOR THE GENERATING FUNCTION OF
POWERS OF THE FIBONACCI SEQUENCE

YIFAN ZHANG AND GEORGE GROSSMAN

ABSTRACT. We derive a formula for the generating function of powers of the Fibonacci se-
quence. We illustrate the formula with an example, the generating function for the fourth
powers of the Fibonacci sequence.

1. INTRODUCTION

Let Fy(x) be the generating function for kth power of Fibonacci numbers, defined by

Fu(x) =) Fra", ke N,
n=0

Example 1.1. F(z) = z/(1 — x — 2?) is known.

The following recurrence relation is due to Riordan [6],

(1 - Lyz + (1) 2H)Fp(x —1—|—ka A’”&fk 2i((—1) ),

where Lj is the kth Lucas number and the doubly—lndexed sequence Ay; has the generating
function given by,

(1—!17—33‘ ZAk]k2J7J>0
k=2j

which was improved by Dujella [2].

Also, in [2], Dujella gave a bijective proof for Riordan’s result by using Morse codes.
Stanica [7] obtained a closed form for generating function of the powers of the nondegenerate
second-order recurrence relation,

Un+to = aUpyq + 0U,, with a,b,Uy,U; € Z,
such that 6 = a® + 4b # 0.

Let a = (a+ Va2 + 4b), 5:%( —Va+4b) and A = Y88 B = Ui=lga 1y, — qn - gn
with initial condltlons Vo = 2, Vi = a. Stanica [7] showed that if £ is odd, then
k—1
“— (R AM? = BY2 4 (b)Y ((Ba)* ™ — (AB)* )
U = —AB)/ .

He also showed that, if k is even, then

k_1q . . . . .
S i (k\ B¥2 4+ AF27 — (—b)/ (Ba)* =% + (AB)F %)) E\ (—AB)
Uil=) Z(_AB) (]) 1 — (=b)Vi—gja + bFa? " (%) 1—(=b)

[SIE IS

=0
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(a) This is an Maxs. (b) This is not an Myxs.
FIGURE 1. Two examples.

Mansour [4] obtained a formula for F(z) by using the determinant of certain matrices.

Horadam [3] defined the second-order linear recurrence sequence W, (a,b;p,q), or Wy, by
Wiao = pWha1 + ¢W,, with initial condition Wy = a and W7 = b. The Fibonacci sequence
{F,} in this notation is given by W, (0,1;1,1).

The Fibonacci number F;, 11 gives the number of ways for 1x2 dominoes and squares to cover
a 1 x n checkerboard. In the next section, we begin with a series of definitions and lemmas,
modifying this approach. We develop a counting method to find the generating function for
powers of Fibonacci numbers which is the main result.

2. NEw CLOSED FORM OF F(x)

Definition 2.1. Let F(z) =3 7, FFa™ be the generating function of kth power of Fy, where
Foio = Foy1 + Fy, with initial conditions Fy =0 and F1 = 1.

The following lemma is Combinatorial Theorem 1 from Benjamin and Quinn’s book [1].

Lemma 2.2. Let f,, count the ways to tile a length n board with squares and dominoes. Then
fn is a Fibonacci number, namely f, = Fyy1 with f_1 =0 and f1 = 1.

Definition 2.3. For k > 1 and n > 1, the Fibonacci k x n checkerboard, Fv, board in short,
is a checkerboard with height k and length n covered by squares and dominoes such that the
dominoes can only be placed horizontally. |Fywxn| is the number of different Fibonacci k x n
checkerboards.

The Fibonacci k x n minimal checkerboard, My, board in short, is an Fiv, board that
cannot be vertically divided into two Fibonacci checkerboards. Let myyx, be the number of
different Fibonacci k x n minimal checkerboards.

Lemma 2.4. |Fjy,| = fF = F,’fﬂ fork>1andn>1.

Proof. From Lemma 2.2, |Fyy,| = f, for n > 1. Since an Fj, board has k layers, and each
layer is an Fy, board, there are f,, of them. Therefore, |Fjx,| = f¥ = Fr]f+1- O

n

In Figure 1, there are two examples of M boards. Figure 1(b) is not an M5, since it can
be divided into an Fyy«3 and an Fjyo.

Table 1 contains values of my4x, for small n. Small values were obtained by counting and
large values were obtained from Lemma 2.23. These values are used to explain Examples 2.8
and 2.13.

236 VOLUME 55, NUMBER 3



COMBINATORIAL PROOF OF GENERATING FUNCTIONS OF FIBONACCI NUMBERS

Lemma 2.5. Fach Fjx, board, which is not an Fj«, minimal board, can be uniquely divided
into at most n Fibonacci minimal boards.

Proof. The proof is straightforward. O

TABLE 1. mux, for small n

n (112 (3] 4| 5 | 6 7 8 9 10

Maxn | 1|15 ] 50 | 254 | 1202 | 5774 | 27650 | 132494 | 634802 | 3041534

Definition 2.6. If an Fgxn board can be divided into Myxn,, Mgxny;- .-, Mixn,; boards,
where order matters, n; € NT for i € {1,2,...,7}, then the Fyx, board can be written as

an My (ny ny.,...n;) board. Let My (ny ny,...ny) b€ the number of My (ny ny,..n;) boards. With

this notation, My (2,3) 7 Mpx (243)-
An My, (32) board is shown in Figure 1(b).

Lemma 2.7. The number of Fix, boards is,

n n J
Frlf—i-l = frlf = Z Z MEx (n1,n2,,n;) = Z Z Hmkxni-

j=1ni+ne+-+n;=n J=lnitna+--4n;=ni=1
ni€N+ ni€N+

Proof. From Lemma 2.5, each Fj, board is either an M}, board or can be uniquely divided
into j minimal boards, 2 < j < n, and the number of M}, boards is myxn,, 1 <7 <j. O
Example 2.8. F = f§ = myxs+myx(o1)+Max1,2)+Max1,1) = 50+15-1+1-154+1-1-1 = 81.

From Mazur [5, p. 111], we have the following question: “In how many ways can we
distribute n identical objects to 6 distinct recipients if each recipient receives at least one
object?” Then the answer is the coefficient of 2™ in the expansion of (z + 22 + 23 +...)0 =
(1%)°

This is equivalent to: “If there is exactly one word for each length, in how many ways can
we write an n-letter sentence with 6 words?”

Question 2.9. In how many ways can we write an n-letter sentence?
The following examples answer Question 2.9 with different conditions.

Example 2.10. If there is exactly one word for each length and we are not sure how many
words are there, then the answer to Question 2.9 is the coefficient of x™ in
1 1 T

1—(z+z2+--+) 11— 1—2z

e -
Z(w—i—wz—l—wg—k---)]
j=1

Example 2.11. Suppose there is one 1-letter word and one 2-letter word, then the number of
ways of writing an n-letter sentence is the coefficient of x™ in

oo

; 1 z(l+x)
£ S S 0
;(x—i_x) 1 — (z+ 2?) 1—x—22
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Example 2.12. Now, if there are myy; different i-letter words, then f¥ is the number of ways
to write an n-letter sentence.

Example 2.13. Suppose there are one 1-letter word, 15 2-letter words, 50 3-letter words, .. .,
and Mmyxn n-letter words, n > 1. Then the answer to Question 2.9 is the coefficient of ™ in

; 1
i—
) 1 — (z + 1522 + 5023 + 25424 + - - -)

o0

> (z+ 152 + 502® + 2542 + - -
j=1

-1

We have the following lemma.

Lemma 2.14. Let e, = Y .2 | Mixnz™. Then

0o n i 1
SIS S Mo |-t
n=1

7j=1 ni+n2+--+n;=n =1
ni€N+
xT

Moreover, Fy(v) = 1=

—eg .

Proof. The first part of the lemma follows from Lemma 2.7 and as in Example 2.13. From
Lemma 2.7 we obtain,

[oe) (@)
Fr(x) = Z F,]fa:" = Fok + Flkx + Z f,’f_la;"
n=0

n=2

o
1 T
:x+fo,’fx":x+x<1_ek—l> T o

n=1

Example 2.15. ¢4 = > 20 myxnz™ = z + 1522 + 5023 + -, Fy(z) = =

l—ey

In order to find the closed form of ey, or the closed form for e, we will utilize the following
lemma.

Lemma 2.16. Let S1,, Sopn, ..., Smn be sequences (not necessarily distinct) with
Stnt1 = a1151,n + a125 5, + -+ + a1,mSmn,
Son+1 = a2151,n + @225 5 + -+ 4+ a2,mSmn,

..y

Sm,n—i—l = am,lsl,n + am,252,n + -+ am,mSm,n-

T
a1 a2 ot Gim Sin 1
a1 Q22 - G2m San 1
If [ai,j]mxm = . . . . 5 [Sj,n]mxl = . s Bm+1 = . s
Am,1 Gm2 - Amm mxm Sm,n mx1 1 1xm

then 3211 Sjn = Bmi11aislmmlSjilmx1 € R.

Proof. Since

(@i )t [Salmxt = (@i )it @i il [Sj)mx1
= [aijlmm [Sjittlmx1 =+ = [Sjnlmx1,
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then

> Sim = Bms1[Sjnlmx1 = Bma1[aislmim[Siilmx1.
j=1

Example 2.17. Since F,,_ 1 =F, o+ F,_3 and F,,_o=F,,_o+0-F,_3, then

1 17 71

The matrix E (1)} 1s called the Fibonacci QQ-matriz.

Definition 2.18. Let S pxp board (j € {1,2,3,...,k},k > 1,n > 2) be an My, board with
J dominoes in the last two columns. Let s;xn be the number of different S; .« boards and
Sjkxn = 0 if there does not exist any S jxn board.

Example 2.19. Figure 1(a) is an Siaxs board and Figure 1(b) is a combination of an Si4x3
board and Sa4x2 board.

Note 2.20. There are some special cases:
(1) Ifk=1andn=2, then j =1, S11x2 15 a 1 X 2 domino and s1,1x2 = 1.
(2) If k=1 and n >3, then j =1, S11xn does not exist and s1,1xn = 0.
B) Ifn=2,k>2and 1 <j <k, then sjpxa = (k)
(4) If n >3,k >2 and j =k, then spxn = 0.
(5) If n =1, then mpx, = 1.
(6) If n =2, then myyo = ok _ 1 = Z§=1 5jkx2 = Z;:ll Sjkx2 + 1.
(7) If n > 3, then myx, = Z§=1 Sjkxn = z;:ll Sjkxn-

Lemma 2.21. 8;pu(ni1) = Yoiei (5 )Sikxn for 1< j <k—1,k>2,n>2.

Proof. Each Sj gy (n41) board, 1 < j < k — 1, can be obtained from any S; kx, board with
1<i<k—j. An S jxn board with 1 < ¢ < k— j, has k —i squares in the last column; choose
J squares from them, replace the chosen squares by dominoes, then fill the S; ;. (,4+1) board

with squares. Figure 2 illustrates this with an example. Hence, $; 1y (n41) = Zf:_f (k] Z) Sikxn
for1 <j<k-—1.

Definition 2.22. For k > 2, define matrices

() () 0 1"
= - e 0 1
ae= |2 G0 N
(k—%) 0 o 0 (k—1)x (k—1) (k—l) (k—1)x1 1 1x(k—1)

and Iy, is the (k — 1) x (k — 1) identity matriz. If k=1, let Ay = B; =C, =0, I; = 1. Note
that the matriz Ay, contains portions of Pascal’s triangle.

Lemma 2.23. For k > 2, myxo = 1 + BrAYCr, mpxn = BkAZ_zCk form > 3.
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FIGURE 2. Transforming an Sj 4x5 board to an S 4x6 board.

Proof. From Lemmas 2.16, 2.21, and Note 2.20, for kK > 2 and n > 3, we have

S1,kx2
g 52, kx2
Mixn = Y Sjknn = BeAp 2|7 = By Ay *C.
j=1
sk)—l7k><2 (k)—l)Xl
Further, mpyo =1+ BkAng follows from Note 2.20. O

Example 2.24. In Table 2, there are small values of sj4xn, j = 1,2,3. We find that,
S1,4x(n41) = 3 S1dxn + 2 $24xn + 1+ 834xn,
S2.4x(n41) = 3 S1axn + 1+ 824xn + 0+ 834xn,
$34x(nt1) = 1 S1,axn + 0 824xn + 0+ S34xn-
From Lemma 2.23, forn > 3,

32 11" [4
Myxn = 514xn + 524xn +834xn = [1 1 1] {3 1 0 6
1 00 4

Lemma 2.25. For k > 2, there exists an open interval J such that Y > (xAp)" = (I —
rA) "t for all x € J.

Proof. For k > 2, we have det (A;) = —1 or 1; more precisely, det (A;) = (—1)L%J. We can
conclude that Ay is not a singular matrix and 0 is not an eigenvalue of Ay.
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TABLE 2. Sjaxn, j = 1,2,3, for small n

n (123 4| 5 | 6 7 8 9 10

Maxn | 1|15 ] 50 | 254 | 1202 | 5774 | 27650 | 132494 | 634802 | 3041534

81.4xn 4128|124 604 | 2884 | 13828 | 66244 | 317404 | 1520764

89.4xn 6 | 18 | 102 | 474 | 2286 | 10938 | 52422 | 251154 | 1203366

83 4xn 4 14|28 | 124 | 604 | 2884 | 13828 | 66244 | 317404

Suppose all k — 1 eigenvalues of Ay are A1, Mg, ..., Ag—1. Let |z| < min {])\1]_1, AL, ..
[Ak—1|7t}. It follows that, [#A;| < 1 for 1 <4 < k—1. Since the k — 1 eigenvalues of A can
be written as z\; for 1 <1i < k — 1, it follows |zAk| < 1.

Thus, >0 o(zAg)" = (I — xAg) "L O
Theorem 2.26. For k € N,
x
Fr(z) =

1—z—a?—a?Bi(I — zAr)"1C)
Proof. For k > 2, according to Lemmas 2.14, 2.23, and 2.25

00

_ n

ep = § Mixn®
n=1

(o.]
—r+ 22+ Z BkAZ_2Ck{L'n

n=2

[o¢]
=z + 2% + 22 Z B A Cra”
n=0
o0

=z + 2>+ 2°B; Z(xAk)”Ck
n=0

—z+a2%+ l’sz(Ik — l’Ak)_lck.

Then . .
?k(x) - 1-— (% - 1—x— 1‘2 — szk(Ik - xAk)—le'
Since By(I; — xA;)~'C; = 0, the theorem is also true for k = 1. O
Example 2.27. If k = 4 we obtain,
1 1—x 2x z(1—z)
(I —2Ag) " = TP 3z 1 — 3z — 22 322
AT At z(1—x) 272 1 — 4z — 322
Also, By(Iy — 2A4)71Cy = %' Hence,
F4(x) = x _ z(1+2)(1 — 5z + 2?)

_1_w_m2_x21—_24~’fj_—+ﬁ (1—2)(1 =7z +22)(1+ 3z +22)
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Corollary 2.28. If det(I, — xAy) = apz* ' + a2 =2 + - 4+ ap_12°, then
ak_lAIZ—l + ak_2A£_2 + -+ aoAg =0.

Proof. Since det(Iy — xAg) = ¥ det(2™ I}, — Ay), then det(z™'I}, — Ag) = apz® + a1z~ +
-+« 4 ap_12'*. Employing the Cayley-Hamilton Theorem, we obtain

ak_lAI]z_l + ak_2A£_2 + -+ aoAg = 0.
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