SOME INFINITE PRODUCT IDENTITIES INVOLVING FIBONACCI AND
LUCAS NUMBERS
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ABSTRACT. We derive interesting general infinite product identities involving Fibonacci and
Lucas numbers. Our procedure consists of applying the classic telescoping summation formula
and its variants to identities involving inverse hyperbolic tangent functions having inverse
powers of the golden ratio as arguments, thereby obtaining infinite summation identities.
While taking into consideration subtle properties of the Fibonacci and Lucas numbers, the
infinite summation identities are then converted to infinite product identities.

1. INTRODUCTION

The following striking (in Frontczak’s description [4]) infinite product identity involving
Fibonacci numbers,

H Fopyo +1 _ 3
T Fora — 1 ’

originally obtained by Melham and Shannon [8], is an n = 1 = ¢ case of the following more
general identity (to be derived in this present paper), valid for ¢ € Ny, n € Z*, Ny being the
set of natural numbers including zero:

s F(Qn 1)(2k+2q) +F2q 2n—1) ﬁ (2n—1)(2k—1 L(2n 1)2k
k1 F(2n—1)(2k+2q) F2q 2n—1) k1 2n 1)(2k— l)F(Qn 1)2k

Here the Fibonacci numbers, F;,, and Lucas numbers, L,, are defined, for n € N, as usual,
through the recurrence relations F,, = F,,_1 + F,_o, with Fy =0, Fy =1land L,, = L,,_1 + L,,_2,
with Lo =2, L1 = 1.

Our goal in this paper is to derive several general infinite product identities, including the
one given above. For this purpose, we require the following general telescoping summation
property (equation (2.1) of [2], also (2.17) of [5]), which holds for N,m € Z:

N

> (f(k) = f(k+m)) Zf ifk—i—N for N >m. (1.1)
k=1 k=1

k=1

We also need the alternating version of the above identity, obtained by replacing f(k) with
(—=1)*=" f(k), namely,

N
(DR (fk) + (=)™ f (ke +m))
= . (1.2)
=S (DR + (DN (DR (ke + N)
k=1 k=1
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Identities (1.1) and (1.2) will be applied to some inverse hyperbolic tangent identities with the
inverse powers of the golden mean as arguments of the inverse hyperbolic tangent functions.

If f(N) — 0as N — oo, then we have, from (1.1) and (1.2), the useful identities:

S (fR) = fk+m) =) f(k) (1.3)
k=1 k=1
and
SR + ()™ (k+m)) =D (D) F(R). (1.4)
k=1 k=1

In handling infinite products, the following identity will often be useful:

m [m/2] [m/2]
[[rk) =TI re@e=1 I 1@k, (1.5)
k=1 k=1 k=1

where |u] is the greatest integer less than or equal to w and [u] is the smallest integer greater
than or equal to u.

Specifically, we have:

2q q
T1 7 =TT £e2k - 1)f2k) (1.6)
k=1 k=1
and
2q—1 q q—1
IT sy =TT ree -0 Il sk, (1.7)
k=1 k=1 k=1

We shall adopt the following empty product convention:

0
[Irx=1.
k=1

The golden ratio, having the numerical value of (/5 + 1)/2, denoted throughout this paper
by ¢, will appear frequently. We shall often make use of the following algebraic properties of
¢, valid for n € Z:

PP =1+0¢, (1.8)
VE=2¢-1, (1.8b)
p—1=1/9, (1.8¢)
" = ¢F, + Fy1, (1.8d)
¢~ " = (=1)"(=¢Fn + Fpt1), and (1.8¢)
Pl = " "R (1.8f)
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Using Binet’s formula, F,v/5 = ¢" — (—¢)™™, n € Z and identities (1.8d) and (1.8e), it is
straightforward to establish the following useful identities:

P — ¢ " = Fo/5, n even (1.9a)
"+ ¢ " =1L,, mneven (1.9b)
P+ ¢ = Fp /5, nodd (1.9¢)
" — ¢ " =L, nodd. (1.94d)
From (1.9) we also have the following useful results:
"+1 F, 2
2n J_r 1= \;ijL , mnodd, and (1.10a)
41 E,
0"+ 1 _ Fns n even. (1.10b)

¢n—1 L,—2’
We shall make repeated use of the following identities connecting Fibonacci and Lucas num-
bers:

Fop = FLy, (1.11a)

Loy, —2(—1)" =5F2, (1.11b)
5F2 — 12 =4(-1)™D  and (1.11c)
Lop +2(—=1)" = L2. (1.11d)

Identities (1.11) or their variations can be found in [1, 3, 6].

Finally, the relevant inverse hyperbolic function identities that we shall require are the
following, valid for z,y € R (see [8]):

tanh™! 2 + tanh ™! y = tanh ™! <m+y> , ay<l1, (1.12a)
142y
tanh™! 2 — tanh~! y = tanh ! (f —Y ) , xy>-—1, and (1.12b)
1
tanh ™! (90) = —log (W) ;o |zl <yl (1.12¢)
Y 2 y—x

Infinite product identities involving Fibonacci numbers and Lucas numbers were also derived
in [4, 8, 7] and references therein.

2. INFINITE PRODUCT IDENTITIES
1.
W> in (1.3).

Theorem 2.1. For q,n € Z™" the following infinite product identities hold:

2.1. Identities resulting from taking f(k) = tanh™!(

ﬁ Lon-1)@k+2¢-1) + L2n-1)(24-1) fH Flok-1)2n-1) ﬁLQk(Zn—l) (2.1)
i Len-1@kt29-1) = Lzn-1)(2¢-1) Liok-1)(2n-1) 35 For(en—1)

00 2q—1

H Fonk+2g-1) T Fan(2g-1) 1 H Long (2.2)

el FQn(2k+2q—1) - F2n(2q71) B (\/5)2(1—1 k=1
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H F4n (k+q) + F4nq . H L2nk (2 3)
F4n (k+q) F4nq 5q Fan

and

= Flon—1)@2k+2g) + Fag2n—1) ﬁ (2n—1)(2k—1)L(2n—1)2k (2.4)

s Flon—1)@k+2q) = Foq(2n-1) Lon-1yer-1)Fen-12k

Proof. Choosing f(k) = tanh™!( ) in (1.3) and using (1.12b), we have

1
¢2pk

¢2pkz+2pm ¢2pk

Z tanh_l (¢2pk¢2pk+2pm _ > Z tanh™ <¢2pk ) (25)
k=1

Dividing through the argument of the inverse hyperbolic tangent function in the summation
on the left hand side of identity (2.5) by ¢?PKTP™ gives

e B PP — P
kz tanh™! <¢2pk+pm — T > Z tanh™ <¢2pk > (2.6)
=1

It then follows from the identity (2.6), using identity (1.9d) and identity (1.9a), respectively,
that:

Ztanh < o > Ztanh <¢2pk> pm odd, (2.7)

and

Ztanh ( ot > Ztanh <¢2pk> pm even. (2.8)

Now by identity (1.12c), we can express the left hand side of identity (2.7) as

St () - (2 )

2k+m) - me

1 > Lp(2k+m) + me
=5 log (,}_[1 .

(2.9)

_ Lp(?k—f—m) - me

Similarly, the right hand side of identity (2.7) can be expressed as:

1 k41
Z tanh™ <¢2pk ) 5 Z <Z2pk >

k=

1 b 41
= 5 log (E 22?”“—1) (2.10)

11g<m FopeV/5

— 10
27 o\ M Ly —2

) , by identity (1.10b).
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Using (2.9) and (2.10) in the identity (2.7) while setting p = 2n —1 and m = 2¢ — 1 (since pm
is required to be odd) we have:

o1 Lon—1)2k+29-1) T L(2n—-1)(2¢-1)
L(Qn—l)(2k+2q—1) - L(Zn—l)(Qq—l)

k=1

V)21 Qﬁl Forn-1) 21y
i Laken—1) — 2
Fy n) S Firn S
V5)2a-1 H L2(22k;2kl 12n2 1)1_ 5 H L4k:42kr(L2 1)1_ 5 by identity (1.7).
Now:
L2(2k—1)(2n—1) —-2= L%Qk:—l)(2n—1) , by (1.11d), (2.12)
and
Lug(an—1) = 2 = 5F3 5, 1y, by (1.11b). (2.13)
Also by (1.11a) we have:
Fyor-1)@2n-1) = Fr-1@n—1)Lek—1)@2n-1) (2.14)
and
Fyran—1) = Foren—1)Lok(zn—1) - (2.15)

Using (2.12), (2.13), (2.14), and (2.15) in identity (2.11), we finally have:

H Lan—1)2k42¢4-1) T L2n-1)(2¢-1)
s Lon—1)@2k+29-1) = L2n—-1)(2¢-1)

_ (VE) H Flok-1) (2n L@k-1)2n-1) 3 sz(m nLok@n-1)

2
k=1 (Qk 1)(2n—1) k=1 5F2k(2n 1)

q
'L

B Flok-1y(2n-1) 2k(2n—1)

=5 k|_|1 7 | | :

E
(2k=1)(2n—1) 2 F'2k(2n—1)

which proves (2.1).

The possibilities for the choice of m and p in (2.8) are (i) p even, m odd, (ii) p even, m even
and (iii) p odd, m even. Converting the infinite sums in (2.8) to infinite products and setting
p = 2n and m = 2q — 1 proves identity (2.2); while the identity (2.3) is proved by setting
p = 2n and m = 2q. Finally, identity (2.4) is proved by setting p = 2n — 1 and m = 2q in the
infinite product identity resulting from (2.8).

[l
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1
2.2. Identities resulting from taking f(k) = tanhfl(qbp(zk_l)) in (1.3).

Theorem 2.2. For q,n € Z* the following infinite product identities hold:

-~ F. _1) + F. L
4n(2k+q—1) ng - H 2n(2k—1) (216)
s Fan(2krq—1) = Fing \f Fon(2k—1)
~ F + F: —1)(2k—
F(4n 2)(2k+q—1) F2q (2n—1) \/’61 H . 2n 1)(2k—-1) ’ (217)
k=1 = (4n—=2)(2k+g—1) — F2q(2n—1) =1 ~(2n—1)(2k-1)

= (2.18)

2
lo—o[ (2k—142q)(2n—1) + VD Fog(2n-1) & Flok—1)(2n-1)V5 +2
i1 Len-1129en-1) — V5Faq@n-1) 1o Lek-1ee-1)

and

0o 2q—1
\/5F2(2n—1)(k+q—1) + L(Qn_l)(Qq—l) _ i—[ F(Qk‘—l)(Qn—l)\/g_'— 2 . (219)

i1 VOFaon- D (ktg-1) — Len-1)2e-1) o LEk-1)@n-1)

1
Proof. Choosing f(k) = tanh_l(m) in (1.3) and proceeding as in the previous section,

we obtain the following infinite sum identities:

tanh™ tanh™ 1 , peven,
Z (F2kp+mp p) Z -l

o0 Fm m
Ztanh_l ( p\[ ) Ztanh 1 0 P odd, m even
k=1

L2kp+mp —p

and

tanh ! [ ——T2 tahl , odd.
Z ! (fogkpmp p> Z ' ‘” o

Identities (2.16) — (2.19) are established by convertlng each infinite sum identity to an infinite
product identity with the appropriate choice of m and p in each case.

O

In closing this section, we observe that ¢ = 1 = n in (2.18) and (2.19) yield the following
special evaluations:

L2k+1 + \f H \fF% +1 ¢3
g Lok+1 — L VEEy — 1
1
2.3. Identities resulting from taking f(k) = tanhfl(w) in (1.4).

Theorem 2.3. The following infinite product identities hold for q,n € Z":

ha F4nq+4nk‘ + (_1)k_1F4nq e L2n(2k—1)F4nk:

— 7 ko) Tank 2.20
el F4nq+4nk: + (_1)kF4nq el F2n(2k71)L4nk ( )
1 Flon—1)@2q+28) + (— )kilF(Qn—l)Qq L Fon—1)@2k-1)Flon—1)2k
H - = 5¢ : (2.21)
i Flen-@eerar T (=1 Fan-1)2 i Len—nek-1)Len—1)2k
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i L4nk+4nq—2n + (_1)k_1L4nq—2n _ i g L2n(2k—1) s F4nk (2 22)
P L4nk+4nq72n + (_1)kL4nq—2n \/5 k=1 F2n(2k71) k=1 L4nk .
and
lo—o[ (2n—1)2q+2%—1) + (=1 L Flon_1)(24-1)
i Fen-neerar—1) + (1D Fan_1)2g-1)
(2.23)

2q 1HL2n 1)(2k-1) HL2TL 12k

(2n—1)(2k—1) (2n— 12k

1
Proof. Taking f(k) = tanhfl(ﬁ) in (1.4), setting m = 2¢, and making use of the identi-

ties (1.12b) and (1.9a), we have:

o) F 2q 1
—1)*'tanh ™! <2qp> = —1)*'tanh™! —,
; -y Fkp-t24p Z =1) ¢?Pk

from which follows

_ 2 _

- F2pq+2pk + (_1)k 1F2pq _ l—q[ ¢2pk + (_1)k !
k=1 Fopgopr + (_1)kF2pq ¢k 4 (—1)F

4q ¢2p(2k71) +1 4q ¢4pk -1

- H ¢2p(2k71) -1 H ¢4pk: +1’ by (15)a

(2.24)

H Fopak-1)VD Lypy —

by (1.10b),
L2p 2%—1) — 2 F4pk\[ ( )

Fopar—1)  Fopi,
Lop(ar—1) — 2 Lopk |

q
— 59
k=1
The final evaluation of the denominator of the product term in the last line of identity (2.24)

depends on the parity of p. Setting p = 2n in (2.24), making use of (1.11b) proves (2.20) while
setting p = 2n — 1 in (2.24), utilizing (1.11d) proves (2.21).

Taking f(k) = tanh™!(¢~%P%) in (1.4), setting m = 2¢ — 1, and making use of the identi-
ties (1.12a) and (1.9), we have:

3 —1)* 1 tanh™! _Logp—p qu_l VRO O

;( )*~" tan < szp+2qpp> = ; (=1)""" tan e peven,
and

S (1) tann ! (P o VT, y

;< )¥=1 tan ( F%p+2qpp> = kZ:l< P tanh ! e podd,

from which identities (2.22) and (2.23) follow immediately.
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1
2.4. Identities resulting from taking f(k) = tanhfl(qbp(zk_l)) in (1.4).

Theorem 2.4. The following infinite product identities hold for q,n € Z™:

HFSnk+8nq i+ (D Fany 1 Lon(kb—3) Fon(an—1)

_ , 2.25
FSnk+8nq an T (_1)kF8nq el F2n(4k73)L2n(4k71) ( )
ﬁ Flan—2)2q+21-1) + (D" Fon-nag _ 71 Flen-nar-3 Lenn@— (2.26)
o Fuan-oyeeron—1) + (G0 Fon1yag 5 Len-1y@—3)Fon-1)@k-1) ’
5t Lon—1)@q+26-1) + (= 1)F VB F (5, _1)2
" Lion—1)2g+26—1) + (=1)*VBF 2,1y
k=1 )29+ ) ( )2q (2.27)

(Flan—1)(k-3)V5 + 2) Li2n_1)(ak-1)
i1 (Flan—1)( 4k—1)\/5+ 2) Lan—1)(4k—3)

= Lsnorq1) + (=D Ly (ag-1) Loy (ak—3) - Fon(ak— N
= 2.28
[1 =) H 3 (228)

i1 Lsn(kag—1) (= 1)k Ly (2g-1) L Fongak—3) 5 Lon(ak— 1)

)

*r L(sn—1)(ktq-1) + (—1)k_1L(4n—2)(2q—1)
i L(sn—a)(ktq—1) T (_1)kL(4n—2)(2q—1)

(2.29)
_ 3 Flon—1)(ar-3) (2n—1)(4k—1)
H 2nl4k3HF2n14kl)
and
ﬁ (4n—2)(q+k— 1)+(_1)k_1\/5F(2n—1)(2q—1)
" Lian—2)(g+k—1) + (=1)FV5F (2, 12 —1)
r= ! ! (2.30)

- H Flon—1)1k-3) Vh+2) T Lon-—1)ar-1)
Lion—1)(ak-3) el (F(2n—1)(4k—1)\/g+2)

Proof. Taking f(k) = tanh™! ) in (1.4) and setting m = 2¢, we obtain the following

1
(¢p(2k*1)

summation identities:

2q
F 1
\k—1 -1 2qp k 1 -1
(—1)"~" tanh < — p) El tanh e p even, (2.31)

o0

k=1
and

00 2q
_ _ Foup/5 _ 1
> (~1)F " tanh~! (W) =3 (~1)*" tanh 1m, podd. (2.32)

b1 Lokp+2gp—p b—1
Identities (2.25) and (2.26) follow from (2.31), while the identity (2.27) follows directly from (2.32).

Taking f(k) = tanh™?

summation identities:

3 )\ _ 1
- - 21 1)1 -1
(—1)* ! tanh 1( > tanh™ ———, peven (2.33)
Lop(ktq-1) Zl Ph=p

1
(W) in (1.4) and setting m = 2¢ — 1, we obtain the following

k=1
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and
> 2g—1
Z (=D tanh™" M - qZ (-1)*" tanh™! . p odd. (2.34)
k=1 Lop(k+q-1) ot poreh

Identities (2.28) and (2.29) follow from evaluating the summation identity (2.33) at p = 4n and
p = 4n—2, respectively. Identity (2.30) is obtained by converting the summation identity (2.34)
to an infinite product identity at p = 2n — 1.

O

From (2.27) and (2.30) at ¢ = 1 = n come the special evaluations:

rp Lok + (D5 rp Low + (DG
i Lok + (=1DFV5 ioy Lok + (=1)FV5

¢°, o3
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