ON CANDIDO LIKE IDENTITIES

ZVONKO CERIN

ABSTRACT. We give some identities for Horadam and (general) Lucas numbers analogous to
the famous Candido identity for the Fibonacci numbers.

1. INTRODUCTION

Let Q=(a+b+c)(b+c—a)(c+a—0b)(a+b—c). We first recall the following two well-
known alternate representations of Q).

(@ +02+ ) =2 (a* +b' +¢Y) = @, (1)
4[(be)* + (ca)® + (ab)?] — (> + 6+ 2) = Q. (2)

Of course, they are related to the Heron’s formula 16 P? = @ for the area P of a triangle in
terms of its sides a, b and ¢ (see [11]).

An immediate consequence of (1) is that when real numbers a, b and ¢ are three consecutive
members of a binary recurrence sequence {s, } satisfying the recurrence s, 412 = s, + Sp+1 then
@ = 0. Since every Fibonacci number F), is the sum of two previous Fibonacci numbers F;, 1
and F,,_o, in particular, we conclude from (1) that

(F2 + Fy + FLp)' =2 (B + Fibyy + Fisy) (3)

This is one of the most beautiful among myriads of identities for Fibonacci numbers known
as the Candido identity (quoted in [1] and first appeared in [2]). Let Sz = F2 + F2,, + F2,_
In the same way, from (2), we also have the following (less known) identity.

8% =4[ (P Fus)?® + (Fuga Fa)® + (B Fasa)?] . (4)

Both (3) and (4) hold also for Lucas numbers since they also satisfy the above recurrence.

The identity (3) was again considered by Melham [8] in 2004 when he decided to increase
the numbers of terms. For example, he discovered the following identity.

3(Fl4dF  +4F Y, +F'y) =2 (F2+ F2, + F2y+ F25)°.

Let Sy = F? + FQJrl + F? niot F? wi3 and for integers ¢ and j, let P; ; denote the product

Fti Fyyj. Here we only mention the following three analogues of the identity (4) for Sy.
951 =PF31+8P s+ PPy + 2P+ F5 o+ Py
SI=A4P5 +4P ,+4 P 3+ P o +4P5,+4P 5.
RS =TP} +8P2y+ TP} s+ 2P} + TP}, + 7P,

In the rest of this paper we shall stick to the cases of at most three terms except in the
section 10 when we return to four terms. Our main goal is to generalize the identities (3) and
(4) in two directions.

Firstly, we replace Fibonacci numbers with more general Horadam numbers w,,. Moreover,
we show that for (general) Lucas numbers x,, analogous identities are also true.
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Secondly, instead of the indices n, n +1 and n+ 2 in (3) and (4), we consider the indices
n, n+m and n 4+ 2m for any integers m and n. In this way, it follows that (3) and (4) are
just single identities from a whole series of identities.

2. HORADAM AND (GENERAL) LUCAS NUMBERS

The sequence Fy, Fy, Fb, F3, ...of Fibonacci numbers is defined recursively so that Fy =0
and Fy =1 and we require Fj 9 = Fj11 + Fj, for every k > 0. Hence, Fy =1, F3 =2, Fy = 3,
5 =5, Fy =8, F; =13, Fg = 21, Fy = 34, etc.

Quite similar is also the sequence Lg, L1, Lo, L3, ...of Lucas numbers when we take Ly = 2
and L; = 1 while the recursion Ligio = L1 + Ly for every k > 0 remains the same. Hence,
Lo=3,L3=4,L4=7,Ls =11, L =18, L7 =29, Lg = 47, L9 = 76, etc.

The Fibonacci and Lucas numbers are special cases of the following sequences of numbers.

_ _ p+A
Let sA,t, p and ¢ be complex numbers such that A # 0, where A = \/p? 4+ 4¢. Let a = 5=,
_ p=

/B_Tu aOZt—Sﬁa 50:75—5&;
o o — Bo "
A J
Tn = $n(8, ; p, q) = Qo a + BO Bna
Yn = wn(0, 15 p, q) and 2, = (0, 1; p, q).
The numbers w,, are known as Horadam numbers (see [4]) and the numbers z,, as the asso-
ciated (general) Lucas numbers. It is obvious that w,(0, 1; 1, 1) = F,, and z,(0, 1; 1, 1) = L,
for every integer n. Let 6 = —ag Bg = s> —t> + pst.

Wp = ’LUn(S,t;p, Q) =

3. CANDIDO IDENTITIES FOR HORADAM AND LUCAS NUMBERS

Let m and n be integers. Let = —q, u=q¢™, v=q¢", n' =n+m and n” =n+2m. Let

a = Wy, b= 2y Wy, ¢ = wWyn. (5)
a= WUy, b= 2y Ty, = Tpr. (6)
a= Wy, b=1YmTp, ¢ = wyn. (7)
a=pxn, b= Ay, wy, ¢ =T, (8)
Lemma 1. (i) If either (5) or (6) is true, then a +c =b.
(i) If either (7) or (8) is true, then a + b= c.
Proof. Let (5) holds. Then
a+c=(—q)m*x an;ﬁo CAR an+2m;ﬂ°ﬂn+2m = 202 ((—g)™ + a?™) —
B (g +82m) = 4= ((a )™ +a”™) = B ((a )™ + 577) =
™™ (gm g qmy BB (qm g gmy = 5, 00T BB g,
The other parts of this lemma have similar proofs. O

For an integer k, let Ny = a¥ 4+ b + ¥ My = (be)* + (ca)* + (ab)*, o =Ny =a + b+,
T=M =bc+ca+aband 7 = abc. Using this notation, the identities (1) and (2) are much
shorter

(1) Nf-2N;=Q, (2)  4Mp—-NF=Q.

Hence, Lemma 1 implies the following versions of Candido identity for Horadam and (ge-

neral) Lucas numbers.
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Theorem 3.1. If either (5), (6), (7) or (8) hold, then N3 =2 Ny = 4 Ms.

Let the middle terms of the above four identities be denoted by @i,..., Q4. The fol-
lowing four identities show that %,. . % are also complete squares. Let A = z2, — p and
B =22 —-3u.

(Awl + 0y pv)’ = (Awnwar +533,,v)" = 9. (9)
(Axi,—(SAQy?nuu)Q: (Axnxnu—(SAQy%my)Q:%. (10)
(ngl—l—?)dy?nul/)Q: (Bwnwn/r+5y§my)2:%. (11)
(Bxi,—S(SAnynuZ/)2: (anxnn—dAQy%mz/f:f. (12)

For an integer j, let x; be 22, + j p. For the numbers y, and z, the above four identities
have the following simpler form.

2 (k1 yon + ke ) = ity + 2 Y+ Yo (13)
2 (k1 2o + kg pv)® = pt 2t + 22 24 + 24 (14)
2 (k1 2o + Rioapiv)’ = A (U Yo + Y 2+ Yr) - (15)
(k1 zom —hoapv)? =pt 2t £ Ayt gt 424, (16)
The following are also corollaries of Lemma 1.
Corollary 1. (i) If either (5) or (6) holds, then
o? —dab=2(Ny—2ad?).
(i) If either (7) or (8) holds, then
o2 —4ab=2Ns.
Proof. This follows from Lemma 1 and the algebraic identities
02—4ab—2(N2 —2&2) =@Ba+b—c)la—b+c)
and
4ab+2Ny—0?=(a+b—c)
U
Corollary 2. If either (5), (6), (7) or (8) holds, then
N} =4 N3+ 127.
Proof. This follows from Lemma 1 and the algebraic identity
N} —4N;— 127 = 39,
o
O

Since N — 16 Ng + 240 72 — 32 M3 contains % as a factor, we can add the identity
NP +2407% = 16 (Ng + 2 M})
to Corollary 2.
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4. CANDIDO LIKE IDENTITY FOR PRODUCTS wy, Ty,

The following is the version of Candido identity for the products r, = wy, x, of Horadam
and (general) Lucas numbers. Let A = 2842, ¢".

Theorem 4.1. If either a = %1y, b= 221y, c=1pr or a=p?ry, b= A2y2 1y, ¢ =1y,
then N} + A> =2 Ny and N — A% =4 M;.

Proof. Let us compute the difference 2 Ny — NZ using
Wy, = % (ao o — %) and x, = aga™ + % (17)

After simplification of a long expression collecting terms that contain powers of §, we discover
that
2Ny = N7 = 35 a0?B0’ (uv)? (@ = i)’ (o™ + fir)” = A2,
Similarly we get 2 Ny — 4 M; = 2 A? that implies le — A% =4M,. O

5. CANDIDO LIKE IDENTITIES FOR PRODUCTS Wy, Wnt5m;- - - -

In this section we shall consider analogues of Candido identity for products wy, wyt5m,
Wn+m Wn+4my- - - -

Theorem 5.1. If either
(71) a = Wp Wni5m, D= Wnim Wnidm, C= Wni2m Wni3m,
B = 84" ym yom and D = 2, + p1 22 + 12,
(”) a4 = TpTnt5m, b= Tntm Tntam, €= Tni2m Tnt3m,
B = AZ5" oy yo and D = o+ 22 42,
(”'L) a4 = Wp Wp46m; O = Wnim Wntsm, €= Wnt2m Wntdm,
B=0¢"ym and D =y, 23, + 3 (Y3 m Ysm,
or
(iv) a4 = Tn Tn+6m; b= Tn+m Tn+5m; C = Tn+2m Tnt+dm;
B=A%§q" ym and D = y2 23, + 3 1Ly3m Ysm.
then N} +2B? D = 3 Ns.

Proof. In order to prove (i), we again use (17) and compute the difference 3 Ny — NZ. This
time we get

2 \2 2
3N - Ni =24 [(a2m+cgm) —|—,u<042m+of§m)+u2}

(am - a%)zl (ozm + %)2 5212 =2B?D.
The other parts have similar proofs. These computations and all others in this paper have
been checked by a computer in Maple V (version 9.5). O

6. CANDIDO LIKE IDENTITY FOR PRODUCTS WITH TWO TERMS

For products of two and three Horadam and (general) Lucas numbers there are analogues
of Candido identity with only two terms.

Theorem 6.1. If either
(i) a = wn Wny3m, b = Wnim Wni2m and B = 64" Ym Yom,
(ii) @ = Tp Tpi3m, b = Tpim Tniom and B = A%26¢" Ym Yom,
(iii) @ = Wn Wnidm Wni5m, 0= Wnim Wnt2m Wniem and B = 64" Ym Y2m Y3m Tnt3m,
or
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; 4
(Z'U) a4 = Tn Tn+dm Tnt+5m, b= Tnt+m Tn+2m Tn+6m and B = A 6qn Ym Y2m Y3m Wn+3m,
then

(a+b)?+B*=2(a*+1%).

Proof. The proof of Theorem 4 is similar to the proof of Theorem 3. We verify that the
difference 2 (a? 4 b*) — (a + b)? is precisely the square of B. O

3
7. CANDIDO LIKE IDENTITY FOR N§ AND (Ny — 4b%)

The algebraic identities
N3 +127% —4Ng =3Q N,

(Ny — 4b?)° 46072 — 4 (Ng — 41°) = 3Q (N +41°)
imply the following identities for the cubes of Ny and Ny — 4 b2
Theorem 7.1. If either (5), (6), (7) or (8) hold, then

N3 +127% = 4 Ng
and
(Ny — 4b?)° + 6072 = 4 (Ng — 41°) .
8. CANDIDO LIKE IDENTITY FOR 1\72’g (k=4,5,6)

The algebraic identity Ny — 4 Ng — 8 My = Q(3 N4 + 2 My) implies that Ni = 4 Ng + 8 M,
hold when either (5), (6), (7) or (8) is true. We also have the following analogous result.

Theorem 8.1. (i) If either (5) or (6) hold, then

Ny + 64 (b2 — ca) 72 = 8 Ng.
(ii) If either (7) or (8) hold, then

N3 + 64 (b2 +ca) 72 = 8 Ng.
Proof. This follows from Lemma 1 and the fact that

N3 +64 (> — ca) 7 — 8 Ng (18)
and

N3 +64 (> + ca) 7 — 8 Ny (19)
contain a — b+ ¢ and a + b — ¢ as factors, respectively. O

Analogous results hold also for the fifth and the sixth powers of Ns. In this cases instead
of (18) and (19) we have

N3 +240 (b — ca)’ 7% — 16 Ny, (185)
N5 +240 (b + ca)® 7% — 16 Ny (195)
and
NS +96 (8¢5 +24mc® + 2577 + 84 b%) 7° — 32 Ny, (186)
N§+96 (8¢5 —247c® +257% — 8 b*) 7% — 32 Ny (196)

Their proofs are similar to the above proof for the fourth power of Ns.
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9. MORE CANDIDO LIKE IDENTITIES FOR PRODUCTS

Theorem 9.1. If either
(Z) A= py, B =2z +p and a = wy Wn+5m, b= Wn+m Wn+4m; C= Wn+4+2m Wn+3m;
or
(i) A= puysm, B =ym [2 2 — (5 z2 — ,u)] and a = Wy Wpt6m, b = Wptm Wnt5m,
C = Wn4+2m Wn+4m;
then

A(Ad®> -~ Bb¥ +Bc*) = (Aa—Bb+ Bc)?.

The above theorem holds also when in a, b and ¢ we replace Horadam with (general) Lucas
numbers.

Proof of (i) for the (general) Lucas numbers. We shall find expressions V = Aa— Bb+ Be
and U = A (Aa2 — Bb? + BC2) and check that U = V2.

In order to make long expressions shorter, we shall use the following notation. Let u = ag
and v = fy. For an integer k, let (k) = o*™ and [k] = o*". Let R and P denote polynomials

pt=202)° 4+ (4)p* = 2(6)p + (8),
= 2(2)p° — (4)p® + 8(10)p° + (12)p* — (16)u* — 2(18) + (20).
Using the representations (17), one can show that U is
ks ut + Eys w0 4 k2 g2 u2 0% 4 ky s w v + kya vl

where ks = (10) [4] 42, kys, = =2[2] 2 v(p + )R, ky2p2 = (—10)pu? 12 P, k3 = —2(—10)
[—2]u" v3(p 4 (2))R and kya = (—10) [-4] p'? v*. On the other hand, V is equal

(5) 2] pu® = [=5] pv(p+ (2)) Ruv + (=5) [-2] u® 2 0”,
Comparing coefficients of corresponding powers of u and v, we see that U = V2.
The other cases of Theorem 7 have similar proofs. O
10. FOUR TERMS CANDIDO LIKE IDENTITY FOR PRODUCTS
Let A = 1 Y3m Yam, B = p1ym (2ysm +41Y6m + 51> Yam),
C = Y (Y10m + 41 Ysm + 13 12 Yom + 19 183 yam + 16 gt y2,n)
and D = ypm (y10m + 6 11 Ysm + 212 Yo m + 9 18 Yam + 1t yam).

Theorem 10.1. Ifa = wy Wpt7m, b = Wnitm Wnt6m, C = Wnt2m Wnts5m and d = Wy t3m Wntdm,
then
A +BW¥+CE—Dd*>=A(a+b+c+d)>.

The above theorem holds also when in a, b, ¢ and d we replace Horadam with (general)
Lucas numbers.

Proof. As in the above proof of Theorem 7, we shall find
U=Ad>+Bb+Cc»-Dd* and V=a+b+c+d

and check that U = AV?2,
These tasks are straightforward and technically complicated so that we leave them to the
dedicated readers as a challenge. O
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11. SUMMARY AND FUTURE WORK

A brief summary of this paper is as follows. We first recalled definitions of Horadam (w,,)
and (general) Lucas numbers (z,,) together with their important special cases (y,) and (zy,).
After the proof of a simple Lemma 1, we established Candido identities for Horadam and
(general) Lucas numbers (Theorem 1) and several of their variations (identities (9)—(16)) and
two corollaries. For products w, x, the analogue of Candido identity required adding or
subtracting a certain complete square (Theorem 2). In Theorem 3 we have given four cases
of Candido like identities for three products of either two Horadam or two (general) Lucas
numbers with equal sums of indices. The next Theorem 4 considered only two such products
but both for products of two and three terms. In Theorems 5 and 6 the third and the fourth,
fifth and sixth powers of the sum of squares have given us nice looking formulas. Finally, in
Theorems 7 and 8, we returned to three and four products of two terms from either Horadam
or (general) Lucas numbers.

In the future we would like to discover and prove Candido like identities with more terms
(similar to the Melham identity in the Introduction) and for more kinds of numbers (tribonacci,
polygonal,...).
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