CONDITIONAL (STRONG) DIVISIBILITY SEQUENCES
MURAT SAHIN AND ELIF TAN

ABSTRACT. A conditional recurrence sequence {¢n} is one in which the recurrence satisfied
by ¢ depends on the residue of n modulo some integer r > 2. If a conditional sequence {gn } is
a (strong) divisibility sequence then we define it as a conditional (strong) divisibility sequence.
In this paper, we find some families of the conditional (strong) divisibility sequences for r = 2.
These sequences are a generalization of the best known (strong) divisibility sequences in the
literature, such as the Fibonacci sequence, the Lucas sequence, the Lehmer sequence, etc.
Also, they contain some new fourth-order linear divisibility sequences which are different
from the ones in the literature. An open problem is to determine the conditional (strong)
divisibility sequences for r > 2.

1. INTRODUCTION

A sequence of rational integers {a,} is said to be a divisibility sequence (DS) if m | n
whenever a,, | a, and it is said to be a strong divisibility sequence (SDS) if ged (ap,an) =
Aged(m,n)- These sequences are of particular interest because of their remarkable factorization
properties and usage in applications, such as factorization problem, primality testing, etc. The
best known examples are the Fibonacci sequence, the Lucas sequence, the Lehmer sequence,
Vandermonde sequences, resultant sequences and their divisors, elliptic divisibility sequences,
etc.

Kimberling [5] asked which recurrent sequences {a,} are divisibility or strong divisibility
sequences. Lucas studied second order divisibility sequences of integers in [7]. Lehmer extended
it to some fourth-order linear divisibility sequences in [6]. Williams and Guy found some other
fourth-order linear divisibility sequences in [12].

Let {a; ;} be rational numbers for 0 <7 <r —1and 1 < j < s, and define a sequence {g,}
with given initial terms ¢;, 0 <i<s—1, and forn > s

a0,1qn—1 + @0,2qn—2 + * - + Q0 sGn—s, if n=0 (mod r);
a1,1qn—1 + a1,2Gn—2 + * - + a1, 5Gn—s, if n=1 (mod r);
r-1,19n—-1+t @r—12qn—2+ -+ Gr_1 sqn—s, ifn=r—1 (modr).

Daniel et al. called such a sequence a “general conditional recurrence sequence” in [10]. In
this paper, we ask Kimberling’s question for conditional recurrence sequences, that is, we ask
which conditional sequence {g,} are (strong) divisibility sequences. We consider the case of
(r,s) = (2,2) and find some families of conditional (strong) divisibility sequences. If we take
(r,s) = (2,2) in (1.1) then we obtain the sequence { f,} with initial conditions fo =0, f1 =1
and for n > 2,

= { a1 fn_1+b1fn_e, if nis even; (1.2)

no a2 fn_1+bofn_s, if nis odd. ’

From now on, we assume that a1, ao, b1, and by are nonzero integers. We will obtain some
families of the conditional (strong) divisibility from the sequence {f,}.
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For (r,s) = (2,2), the (strong) conditional divisibility sequences obtained from {f,} can
be considered as a generalization of the second order (strong) divisibility sequences. Also,
they contain some new families of fourth order linear (strong) divisibility sequences which
are different from ones in [6] and [12]. The following are some special conditional (strong)
divisibility examples obtained from the sequence {f,}.

(1) If a3 = by = ag = be = 1, we obtain the Fibonacci sequence [A117567] which is SDS.

(2) If ay = ag = k and by = by = 1, we obtain the k-generalized Fibonacci sequence which
is SDS.

(3) If a; = a2 = 1 and by = by = 2, we obtain the Jacobsthal sequence which is SDS.

(4) If a3 = ag = 2 and by = by = 1, we obtain the Pell sequence which is SDS.

(5) If by = by = 1 and aq,as are non-zero numbers, we obtain a SDS sequence which is
studied in [4].

In addition, Lehmer numbers are the fourth order strong divisibility sequence and they
are also a special case of conditional strong divisibility sequences obtained from {f,}. In
the following table we give some more SDS examples, which appear in Sloane’s On-Line
Encyclopedia of Integer Sequences, for (r,s) = (2,2).

(a1,b1,a9,bs) Sequence | Name

(1,1,2,1) [A002530] | Lehmer numbers with parameters R = 2 and @ = —1
8" —1
Even indices of (1,2,3,4) | [A023001] (see Example 2.8)

(2,1,0,1) [A124625] | Even numbers sandwiched between 1’s

(2,-1,0,—1) [A009531] | Expansion of the e.g.f. sin (z)(1 + )
(2,3.1.3) [A174988]
(1,3,2,3) [A002536] | (see Example 2.15)

In Section 2, we study the sequence {f,} and determine when {f,} is a divisibility or
strong divisibility sequence so that we get some families of divisibility sequences and strong
divisibility sequences from the sequence {f,}. In Section 3, we define the sequence {l,,} by
changing the initial terms in {f,} and we similarly obtain some other families of divisibility
and strong divisibility sequences from the conditional sequence {l,,}.

2. THE FIBONACCI-LIKE CONDITIONAL SEQUENCE {f,}

We can get the following results for the sequence {f,} by taking » = 2 in Theorems 5, 6,
and 9 in [9].
For n > 4,
fn = Afn—2 - Bfn—4 (2.1)
where A := ajas + by + by and B := b1 bsy.
The generating function of the sequence {f,} is

z+ajz? — ba?

F = . 2.2
() 1 — Az? + Bat (22)
By using (2.2), the Binet’s formulas for the sequence {f,} are given:
fom = ‘”%’ (2.3)
f = ( +b)u_(bb)w (2.4)
2m+1 = (0102 +b2) =275 1b2 a_p :
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VA2 — —VA2—
where o = AFVA 4B g 1B and p = A=v4A*-4B ‘3 1B

p(z) =22 — Az + B.

We will get some divisibility properties of the conditional sequences {f,} and we find some
conditional (strong) divisiblity sequences by using these properties. We will study two cases
for the sequences {f,}. In the first case, we only consider the even indices of the sequences
{fn} and in the second case, we take by = by in {f,}.

that is, @ and (8 are the roots of the polynomial

2.1. The case of even indices of {f,}. Along this subsection, we consider even number
indices of {f,} unless otherwise stated.

Corollary 2.1. If m is a positive even integer, then ay # 0 always divides fp,.
Proof. Since fy, and a; # 0 are integers, we can clearly get the result by using (2.3). O
Lemma 2.2. The terms of the sequence {f,} satisfy

a1fm+n = fmfnt2 — b1b2 fn fim—2
for any positive even integers m and n.

Proof. Since m and n are even integers, we have m = 2k and n = 2s for some integer k and
s. By using the Binet-like formula for even indices of the sequence {f,} and the identity
aff = bibse, we get

) (ak _ 519) (as-i-l _ 554—1) 2(as _ 55) (ak—l _ Bk_l)

fmfn—i—l - b1b2fnfm—1 = a3 (Oé _ 5)2 - blb2a1 (Oé _ 5)2

_ a2 ak—l—s—l—l _ as—l—l/@k _ as/@s+1 4 /Bk+s+1

1 (a—B)°

B a2 045 (ak+s—1 _ ak—lﬂs _ asﬂk—l 4 Bk—l—s—l)
1 (a—B)°

_ a2 ak-i—s-i—l _ aﬂk—i—s _ ak-ﬁ-sﬁ + 5k+s+1

' (a—B)’

ak—l—s o Bk—l—s

= G%W = a1 fm+n-

Theorem 2.3. If m and n are even positive integers, then we have
m|n= fml| fn

Proof. If m and n is even then m = 2a and n = 2b for an integer a,b. If m divides n then
we can write 2b = 2ak for some positive integer k. We shall use induction on k to prove the
theorem. First we need to show that the statement of the theorem holds for k =1. If k =1
then, 2b = 2a so that f,, | fn. Assume that it holds for positive integer k, that is we have f,,
| frk- By Lemma 2.2, we get

Jo(ak—1)

— b1b2 faq PR

J2(at1
foa(ka1) = foak+2a = f2ak (;1 )
Here h(‘;i’i*” and h%’—l“) are integers due to Corollary 2.1. So, we get the desired result

Fm | Fnks)
by using fp, | fn and fy, | fiuk in the above equation. O
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By Theorem 2.3, the even indices of a conditional sequence {f,} is a divisibility sequence

(DS).
Theorem 2.4. If m is even, then
ng (fm+2y fm) | al/\w

for some non-negative integer w, where X = ged (A, B).

Proof. Let m be an even integer such that m = 2n. We have fy =0, fo = a1 and

fotmt1) = Afon — Bfogm-1) (2.5)
for positive integer n by (2.1). Assume that p is a prime and a common divisor of fy(, 1) and

fan such that ged (p, A\) = 1. We prove the result by breaking the proof into two cases.

Case 1. ged (p, B) = 1. We have p| fo(,41) and p| fan, so we get p|B fo(,—1y by (2.5). Also, since
p and B are relatively prime, we get p| Jo(n—1)- We have

fon = Afam-1) — Bfam—2) (2.6)

by (2.1). Since p|fon and p|fo—1) We get p|B fo—2) by (2.6). Similarly, we get p[fy(,—2) by
ged (p, B) = 1. If we continue in this way then we ultimately get p|fo = a1. Also we have
a1|fan for a non-negative integer n by Corollary 2.1. As a result ged (fi+2, fm) = a1\ for
some non-negative integer w.

Case 2. ged (p, B) # 1. In this case, we have p|B, so p|B fy(,_9). Since p|fan, and p|B fo(,—2)
we get p|Afom—1) by (2.6). Since ged (p,A) = 1 and ged (p, B) # 1 we obtain ged (p, A) = 1.
Now we have p|Afyp,—1) and ged (p, A) = 1, so we get p| fy—1). Similarly, we have

Jo(n—1) = Afo(n—1) — Bfagm-3)

by (2.1). We have p|f,—1) and p|B fo(,—3) (since p|B) so p|Afy—g)- Since ged (p, A) = 1 we
get plfan—2). If we continue in this way, we get p|fo = a1. As a result, we get the desired
result. O

Corollary 2.5. Ifa; =1 and ged (A, B) =1, then
ged (fmy fm+2) =1
for positive even integer m.
Proof. The desired result is obtained by taking a; = 1 and ged (A, B) = 1 in Theorem 2.4 [

The following theorem is trivial by (2.3), it follows from the paper of Carmichael in [3]. But
we will provide a proof of it.

Theorem 2.6. If a; =1 and ged (A, B) =1 then
ged (fma fn) = fgcd(m,n)

for positive even integers m and n.

Proof. Let di = ged (m,n) and do = ged (fp, frn) for positive even integers m and n. Since
dilm and di|n, we get fa,|fm and fq,|fn by the fact that {f,} is a divisibility sequence for
even indices. So, we get

fa,lda (2.7)

by the definition of greatest common divisor. Since dy = ged (m,n), there exists integers a
and b such that d; = am + bn. Since dy, m, and n are positive integers, we must have either
a < 0orb<0. Assume without loss of generality a < 0. There exists a k£ > 0 such that
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a = —k. So we can rearrange the above equality as bn = d; + km. Now if we use Lemma 2.2
by taking bn = d; + km and a; = 1, we get
fav+km = fay fem+2 — b1b2 fem fa, —2. (2.8)

Since do = ged (fm, fn), we have da|fy, and da|f,. Also, since even indices of {f,} are a
divisibility sequence, we have fp,|fmr and fp|fon. Thus, we obtain

do|fm and @ fo| fom = da| fim
and

da|frn s and : ful fon = da| fon-
Now, we have da|frm, dz2|fon and ged (A, B) = 1, so we get

da| fa, (2.9)
by using Corollary 2.5 and equation 2.8. By using (2.7) and (2.9), we get the desired result
d2 = fq, = ged (fms fn) = fgcd(m,n)-
O

Recall that the generalized Fibonacci sequence {U,} = {U, (P, @)} is defined by parameters
P,Q € Z with initial conditions Uy = 0, U; = 1, and for n > 2

Un=U, (P, Q) =PUp 1 — QUn—2-

Note that as is well-known, if ged (P,Q) = 1, then the sequence {U,} is strong divisibility
sequences [7]. Indeed,
fon = a1U, (A,B) )

so {U,} is a special case of the sequence fp.

Corollary 2.7. If ged (A, B) = 1, then the even indices of conditional sequence {f,} is a
strong divisibility sequence.

Proof.
ng (f2m7 f2n) - ng (CLlUm, alUn) = a1 ng (UM7 Un)
= alUng(m,n) = f2gcd(m,n) = fgcd(2m,2n)'

Example 2.8. If we take a1 =1, by =2, ag = 3, by =4 in {fn}, we get

fo = fn—1+ 2qn—2, if n is even;
" 3fn—1+4qn_2, ifn is odd.

In the following table we give the terms of the sequence for 1 <n < 10.

nllol1|2|3]4|5|6]| 7] 8] 9 | 10 |...
fu O] 1] 2] 719]55|73)|439]|585] 3511 4681 .. ..

Let the even indices of this sequence 0, 1, 9, 73, 585, 4681, ... gives [A023001]. Since

A=ajas +b1+b=3+2+4=9
and
B = biby =8,
we have ged (A, B) = ged (9,8) = 1. Also, since ap = 1, this sequence is a strong divisibility
sequence by Theorem 2.6.
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Example 2.9. If we take a1 =1, by =3, az =2, by =4 in {f,}, we obtain

o= fn—1+3fn—2, if n is even;
" 2fn-1 +4fn—2, ifnis odd.

So the terms of the sequence are

nlol1]2]3)4] 56| 7| 8] 9| 10 |..
fnlO]1]11]6]9]42]69]|506]513| 2250|3789 ....
Let the even indices of this sequence 0, 1, 6, 9, 69, 513, 3789, .... Since ged(f4, f6) = 3 #

1= f2 = fged(6,4), @ is not a strong divisibility sequence. Note that the hypothesis of Theorem
2.6 is not satisfied since A = 24+3+4 =9 and B = 12 so that ged (A, B) = ged (9,12) = 3 # 1.

2.2. The Case by = by in {f,}. In this subsection, the indices of {f,} are non-negative
integers with b; = bs.

Lemma 2.10. Assume that ay # 0. The terms of the sequences { f,} satisfy the following.
(i) If a and b are odd then

Jatv = fafor1 +01fa1fb.
(i1) If a is odd and b is even then

bia
fars = fafor1 + ;—ffa_lfb.

(iii) If a is even and b is odd then

a
fars = a—jfafbﬂ + b1 factfo-

(iv) If a and b are even then

Javo = fafor1 +01fa1fb

Proof. We only prove the identity (i). The other identities can be proven similarly.
(i) If @ and b are odd then a = 2k + 1 and b = 2s + 1 for some integer k and s, respectively.
By using identities ajas + b1 = a4+ 8 — by, a8 = biby and by = by, we get

For1 = aloﬁﬂ - 284—1’
k k
R —g 7
T =

We want to prove the identity
fa+b = fafo+1+b1fa-1/b
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for odd a and b. We denote the right-hand side of this identity by RHS.

O BT o A P
RHS—( P — - a1 o B
B aiby (Ozk — 5k) (ozerl — 55+1) B alb% (ozk — ﬁk) (a® — %)
(a— 5)2 (o — 5)2
aiby (Ozk — 5k) <(a +8)(a* = 5% af ("t - 55_1)>
+ - .
o — a—f a—f

If we expand and arrange the RH S, we get

ak-i—las-i-l + Bk-ﬁ-lﬁs—i-l _ Bak-ﬁ-las _ aﬁk—i—lﬁs
(a—pB)?
aak-ﬁ-s-ﬁ-l + 551@4—54—1 _ 5ak+s+1 _ aﬁk—i—s—i—l
(a—B)
(a . B) (ak+s+1 _ /Bk+s+1)
(a—pB)*

(ak-i-s-i-l _ Bk-ﬁ-s-ﬁ-l)

a—p3

RHS:a1

:al

:al

:al

= fa+b-

Theorem 2.11. If m,n € Z™, then we have

m|n= fml| fn

Proof. In order to show this, we break it into 4 cases.

(1)
(2)

24

m and n are even.

By using Theorem 2.3, we obtain the desired result.
m is odd and n is even.

If m | n, m odd and n even then we can write n = m(2k) for some integer k. We
want to show that fy, | fik) = fa- Since

In = fn@k) = Fktmk = Fok Fmir1 + 01 fnk—1Fmi
by part () of Lemma 2.10 (if k is odd) or part (iv) of Lemma 2.10 (if & is even). So,

we have fir | fm(r) for all positive inetegers k. That is, we have

Im | foms fom | famy  f3m | foms

Thus, we obtain the desired result from f,, | f, = Jm(2k)-
m and n are odd.

If m divides n then we can write n = m(2k 4 1) for some integer k. Since m(2k) is
even and m is odd, we get

a
frn = Fm@ka1) = fmek)+m = a_ifm(%)fm-i-l + b1 fmr)y—1Sm-

Now, using ay divides f,,4+1 since m + 1 is even by Corollary 2.1, f,, | fin and fi, |
fm(2k) (we proved this in part 2) in the above equation, we get the desired result f,, |

In = Im@k+1)-
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(4) m is even and n is odd.
This case is not possible since m divides n.

O

According to Theorem 2.11, if by = by then the sequence {f,} is a conditional divisibility
sequence. So we find a family of divisibility sequences.

Theorem 2.12. If n is a positive integer, then we have

ng (fna fn—l) ’ A

for some non-negative integer w, where X = ged (ajasg, by).
Proof. By the definition of the sequence {f,} and b; = be, we have

_J arfu—1 +b1fn—2, ifniseven;
Jn = { agfp—1+b1fn—2, ifnisodd. (2.10)

Assume that p is a prime such that p | f,, and p | fr,—1 with ged (p,A) = 1. We prove the
theorem breaking it into two cases.

(i) ged(p,b1) = 1. Since p | fy, and p | fr—1, we get p | by fn—2 by (2.10). Then, we get p
| fn—2, since p and b; are relatively prime. By the definition of the sequence {f,}, we
also have

a1 fn_o+b1fn_z, ifn—11iseven;
fn—l - { agfn_g + blfn_g, if n — 1 is odd. (2'11)
Now, we have p | f,—1 and p | fn—2, so we can get p | by f,—3 by (2.11). Similarly we
get p | fn—s, since ged (p,b1) = 1. If we continue the process in this way, we get p |
f1 = 1. Thus, we obtain the desired result.

Since ged (p,A) = 1 and ged (p, by) # 1, we must have ged (p, ajag) = 1. This means
that ged (p,a1) = 1 and ged (p,a2) = 1. We have p | f,—1 and p | by fr—3 (since p | b1),
so we get p | aifn—2 or plasfn—o according to the sign of n — 1 by (2.11). Now, we
have ged (p,a1) = ged (p,az) =1, so p | fn—2 for both cases. Then, since

Frg = a1 fn—3+ b1 fn_a, ifn—2is even;
n=2 = a9 fn_g+bafn_q, ifn—21isodd;

we can similarly get p | f,—s3. If we continue in this way, we finally get p | f1 = 1. As
a result, we get the desired result.

O
Corollary 2.13. If ged (ajaz,b1) = 1, then
ged (foms fmt1) =1
for any non-negative integer m.
Proof. The desired result is obtained by taking ged (ajag,b1) =1 in Theorem 2.12. O

Theorem 2.14. If ged (aja2,b1) =1 and a1 = 1, then
ged (fm, fn) = fgcd(m,n)

for non-negative integers m and n.
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Proof. Let di = ged (m,n) and do = ged (fp, frn) for positive even integers m and n. Since
di|m and di|n, we get fq,|fm and fq,|fn by Theorem 2.11. So, we obtain

fa,|d2 (2.12)

by the definition of the greatest common divisor. Since dy = ged (m,n), there exists integers
a and b such that di = am + bn. Since dy, m, and n are positive integers, we must have either
a < 0orb<0. Assume without loss of generality a < 0. There exists a kK > 0 such that
a = —k. So, we can rearrange the above equality as bn = d; + km. Now, we break it into four
cases according to whether d; and km are either even or odd.

(i) dy is odd and km is odd.
If we use Lemma 2.10 by taking bn = dy + km, we get

far+km = fai fem+1 + 01fay—1frm- (2.13)

Since ds = ged (fim, fn), we have da|fy, and da|f,. Also, we have fp,|fmr and fn|/fon
Theorem 2.11. So, we get

d2|fm and fm|fkm :>d2|fkm
and
d2|fn and fn|fbn = d2|fbn-

Now, we have da|fim and dalfp, so that da|f4, fkm+1 by equation 2.13. Also, since
ged (ajag,b1) = 1, so we must have

d2| fa, (2.14)

by using Corollory 2.13. Note that ged (fem+1, fem) = 1. By using (2.12) and (2.14),
we get the desired result as follows:

dy = fd1 = ged (fmy fn) = fgcd(m,n)'

(ii) d; is odd and km is even. If we take a; = 1 then we can prove it similar to case (i).
(iii) dy is even and km are odd. If km is odd then, k and m are both odd. If m is odd then
dy = ged(m, n) is odd, that is contradiction. So, this case is not possible.
(iv) di and km are even.
It is clear, since the even indices of the sequence {f,} is a conditional strong divisi-
bility sequence by previous subsection.

O

Now recall that the Lehmer sequence {u,} = {u, (R,Q)} satisfies the second order linear
recurrence equations with initial conditions ug = 0, u; = 1, and for n > 2

_ ] up—1 — Qup—a, if n is even,;
un = tn (R, Q) = { Ru,_1 — Qu,_o, if nis odd;

and the associated Lehmer sequence {v,} = {v, (R, Q)} satisfies the second order linear re-
currence equations with initial conditions vg = 2, v1 = 1, and for n > 2

_ | Rvp—1 — Quy—2, if nis even;
vn = on (R, Q) = { Up—1 — QUp_a, if n is odd
If we take R = a1as and (Q = —by in Lehmer numbers, we get

= ayuy, (ayag, —by), if n is even;
no un (arag,—by), if nis odd.
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It is well-known that both Lehmer and associated Lehmer sequences are linear recurrence
sequences of order at most four. If ged (R, Q) = 1, Lehmer sequence {u, (R,Q)} is a strong
divisibility sequence [6]. Using this fact, Bala showed that if ged (ajasz,b1) = 1, then {f,,} with
by = by is a strong divisibility sequence in [1]. The Lehmer sequence is a special case of {f,}.

Example 2.15. If we take a1 =1, ag = 2, by = by = 3 in {fn}, we get

2fn_1+ 3Gn_2, ifn is odd.
In the following table we give the terms of the sequence for 1 < n < 10
nlol1]2) a4 56| 7] 8] 9| 10]..
fa O] 1] 1]5]8]31]55]203)|368]1345] 2449 ....
The terms of the sequence 0, 1, 1, 5,8, 31, 55, 203, 368, 1345, ... gives [A002536]. Since we

have ged (ajaz,b1) = ged (2,3) = 1 and a; = 1, this sequence is a strong divisibility sequence
by Theorem 2.14.

fo = { fn—1+ 3qn—2, if n is even;
=

3. THE LucAs-LIKE CONDITIONAL SEQUENCE {l,}

We define the Lucas conditional sequence {l,,} with the initial conditions ly = 2, I3 = ag,
and for n > 2,
- { a1lp—1 + b1lp—o, if n is even; (3.1)
"1 aglp—1 + baly—o, if nis odd; '
by changing initial values in (1.2). We can get the following results for the sequence {l,} by
taking r = 2 in Theorems 5, 6, and 9 in [9].
For n > 4,
ln=Al, o — Bl,_4 (3.2)
where A := ajas + b1 + by and B := b1 bo.
The generating function of the sequence {l,,} is

24 agz — (arag + 2bg)x? + braga?

L .
(@) 1— A2? + Ba* (3:3)
By using (3.3), the Binet’s formulas for the sequence {l,,} are given:
o™ — /@m am_l o /Bm—l
lZm = (alCLQ + 2b1) 047—/8 -2 (blbg) a——IB (34)
Q™ — gm am—l _ am—1
lom+1 = a2 <(ala2 + 201 + ba) P b1b2—ﬁ> (3.5)
o — a—pf

where o = 7A+V32_4B and 8 = 7A_“32_4B
p(z) =2 — Az + B.

that is, @ and (8 are the roots of the polynomial

Corollary 3.1. If n is a odd positive integer, then as # 0 always divides Iy, .
Proof. Since 1, and as # 0 are integers, we can clearly get the result by using (3.5). O

Now, we will obtain some divisibility properties of the Lucas-like sequence {l,,} and we will
show some relations between {f,} and {l,,}. In this section we take by = bs in the Lucas-like
sequence {l, }.

Lemma 3.2. Letm >n >0 and e := min {m — n,n}. The terms of the sequences {l,,} satisfy
the following:
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(i) If m and n are even then

lm = lm—nln — b5l_2p|-
(i1) If m and n are odd then

lm = lm—nln £ b5l —2n),

where + sign is used if and only if m — 2n > 0.
(iii) If m is odd and n is even then

I = lm—nlp = b§l|m—2n\7

where + sign is used if and only if m — 2n < 0.
(iv) If m is even and n is odd and ag # 0 then

Ly = ﬂlm—nln + b§l|m—2n\’
a2

Proof. Here we only prove identity (i). Other identities can be proven similarly using o+ 3 =
a1as + 2b1 and af = b%.

(i) Let m := 2k, n := 2s; for some k,s € ZT. If e := min {m —n,n} = n then m — 2n > 0
and |m — 2n| = m — 2n.

Ly =l = o +
ln :l2s :as+68
Im—n = logp_s) = 7% + g+
lm—2n — l2(k—2s) — ak—2s + 516—28
O lm—an = bTla(—as) = (aB)° <04k_28 + ﬂk_2s>
— ak—sBs + OéS/Bk_S.
Therefore,
lm = lm—nln - b?lm—2n-
If e := min{m — n,n} =m —n then m — 2n < 0 and |m — 2n| = 2n —m.
B e = U1 o,y = (aB) 7 (027 2
— ak—sBs + as/gk—s
Therefore,

lm = lm—nln - b71n_nl2n—m-

Theorem 3.3. If m > 2 and n are positive integers, then we have
m|n=lnll,
where n = (2k — 1) m.

Proof. We break the proof into two cases.

Case 1. m is even. Since n = (2k — 1) m, n is even. Now we shall use induction on k. If k = 1
then n = m so that l,, | l,,. Assume that the induction hypothesis holds for 2k — 1, that is [,,
| li2k—1)m- By part (i) of Lemma 3.2 (i), we have

Lakt1ym = lokmim = lokmlm — b7 l(2k—1)m-
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Since Iy, | lm and Ly, | liog—1)m, We get the desired result Iy, | l(op11)m Dy using the above
equation.
Case 2. m is odd. Since n = (2k — 1) m, n is odd. Similarly we use induction on k. If k =1
then n = m so that [, | l,,. Assume that it holds for odd integer 2k — 1, so we have [, |
l2k—1ym- By part (i7) of Lemma 3.2 (iii), we have

Lakr1ym = Lkmtm = lokmlm + 07" 2k —1)m-
Since Uy, | Iy and Iy, | l2p—1ym, We get the desired result ly, | {(2541)m- O
Corollary 3.4. If m > 2 and n are positive integers, then we have

ged (lma ln) = lgcd (m,n)>
where n = (2k — 1) m.
Proof. Since n = (2k — 1) m, we get ged(m,n) = m. We have lyeq(m,n) | In by Theorem 3.3

and lyed(mn) | Im since ged(m,n) = m. 8o, lged (mn) | gcd(lm,ln). Also, since we have
gcd(lns lm) | lm=ged(m,n)> We get the desired result. O

Theorem 3.5. Let m = 2°m/, n = 2°n', m/ and n’ odd, a and b > 0, and let d = ged (m,n).
If ged (aqag,b1) = 1 then

. ld, z'fa = b;
ged (I, In) = { 1or2, ifa#b.

Proof. To prove the theorem, we need a result due to McDaniel [8]. As noted in [8, page 28],
the formula remains valid for associated Lehmer sequences. Indeed, the associated Lehmer se-
quences {v, (R, Q)} with parameters R = ajas and ) = —b; is a special case of the conditional
sequence {l, }for the case of by = be, that is

L vp (a1a9,—by),  if n is even;
" agu, (arag, —by), if nis odd.

There are two cases when a = b.
Case 1. m and n are odd. We have

ged (I, Iy) = ged (agvp, azvpy,)
= ag ged (vy, Up)
= (2Vgcd(n,m)
= lged(n,m) since ged (n,m) is odd.

Case 2. m and n are even. We have

ged (I, Iy) = ged (vp, vin)
= Uged(n,m)
= lged(n,m) since ged (n,m) is even.

When a # b, the proof depends on the parities of n and m. Let us show that
ged (i, ly) = 1or 2

in the case when m is odd and n is even. The remaining cases are similar.
First we prove
ged (vap, ag) = 1 or 2, for all positive integers n

for the sequence {v,, (aias,b1)}, where ay is prime to v, when n is even.
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The proof is by induction. This is clearly true when n = 1 since vy = ajas + 2b;. Assume
that
ged (vap, az) = 1 or 2 for some n.

Using the recurrence relation of {v,}, we find
ged (Vant2, a2) = ged (a1a2v2,41 + b1van, az)
= ged (byvan, az)
= ged (vep, az) since by assumption asis relatively prime to by
=1or2

and the induction goes through.
By the choices of ajas and by, we get

ged (I, Ly,) = ged (vp, agvp,)
= ged (v, Vi), since ged (vy,a2) =1 or 2 for n is even
=1or?2.
U

3.1. Some more divisibility properties. The following lemma is a generalization of a
famous identity.

Lemma 3.6. If n is even, then fo, = ful,, otherwise fo, = Z—;fnln.
Proof. If n is even then n = 2m for an integer m. We have
by — by ar (@™ = ™) (A(a™ = ™) = 2B (! = ™))
Jom Jom +lom | = 2
@ (a—p)

by using (2.3) and (3.4) where A := ajas + by + b and B := b1by. If we substitute a + 5 =
ajas + by + by and aff = b1by in the above equation, we get

(@ —B)
(0™ — B (0~ B) (0™ + A7)
(a = B)”
o (a2m — 52’”)
(a—p)
= fam.
Since b; = by we obtain the desired result
f2n = fnln-

Now assume that n is odd, so n = 2m + 1 for some integer m. If we use (2.3), (2.4), and (3.5)
and identities a + 8 = aq1ag + b1 + ba, af = b1by, and by = by we obtain the desired result as

follows:
a2m+2 _ a2m+15 _ a52m+1 + B2m+2

(o — B)?

al
— fom+ilom+1 = a1
as
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O

Theorem 3.7. If m is even then
min =l | fo

else

a
min =, | fa <—1 is z'nteger)
a2

where n = 2km and k > 1.

Proof. Since m is even, we have fo,, = finly by Lemma 3.6. So, I, | fom. Now, we have
n = 2mk for k > 1. We shall use induction on k. If k£ = 1 then n = 2m and [, | fo,, that
is, it holds for k£ = 1. Assume that it holds for positive integer k, that is we have ;| fouk. By

Lemma 2.2, we have
fam+1) Jomk—1)

a

f2m(k+1) = f2mk+2m = fomk — b1ba fom

Here, fz(aLlﬂ) and Fami—1) are integers by Corollary 2.1. Also, we have L, | fom and 1, | fomk,
so we get the desired result Ly, | fom(kt1)- O
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