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ABSTRACT. Recently, we investigated the Fibonacci polynomial recurrences an4+1 = an(A2 a+
3), where an = an(x), ag = fe, e is an even positive integer, A = v/z2 + 4, and n > 0; and
Unt2 = ant1(A%a2 +2), where a; = for; k is an odd positive integer; and n > 1 [10]. We
also studied their Lucas counterparts: an,4+1 = an(ai —3), where ag = l¢; e is an even positive
integer; and n > 0; and ani2 = ant1(a — 2) — 2, where a1 = log; a2 = lux; k is an odd
positive integer; and n > 1 [10]. This article focuses on the Jacobsthal, Vieta, and Chebyshev
extensions of these charming recurrences and their implications.

1. INTRODUCTION

As in [11], our discourse hinges on the links among the gibonacci subfamilies of Fibonacci,
Jacobsthal, Jacobsthal-Lucas, Vieta, Vieta-Lucas, and Chebyshev polynomials [5, 9, 13]; see
Table 1.

Jn(z) = x(n_l)mfn(l/\/%) Jn(x) = $n/2ln(1/\/5)
Vi(x) = i" L f(—iz) vp(z) = i"l,(—iz)

Vi(x) = Up—1(x/2) vp(z) = 2T, (2/2)

an(az2 +2) = fon a:vn(a:Q +2) =lo,

Jon(x) = 271V, (23;;_ 1> Jon(x) = 2"y, (23;;_ 1> .

Table 1: Links Among the Gibonacci Subfamilies
These powerful tools pave the way for our explorations.

In the interest of brevity and clarity, again we omit the argument in the functional notation
when there is no ambiguity; so g, for example, will mean g, (x). Also, we omit a lot of basic,
but messy algebra.

We begin our pursuit with recurrence A from [10].

2. PoLyNOMIAL EXTENSIONS OF RECURRENCE A

Consider the first-order recurrence
ani1 = an(A%a2 +3), (2.1)

where ag = f,, e is an even positive integer, and n > 0 [10]. Its solution is a,, = fe.3n.
It follows by the relationships in Table 1 that recurrence (2.1) has Jacobsthal, Vieta, and
Chebyshev implications.
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2.1. Jacobsthal Extensions. Let b, = b,(z) = 2(¢3"~1/2q,(1/,/x). Replacing z with 1/,/z
in (2.1), and then multiplying the resulting equation by gle3™ =1/ 2 we get the recurrence

bus1 = by [(42 + 1)b2 + 32¢%"] (2.2)
where by = z(¢=1/2qy(1/y/x) = 2(¢~V/2f,(1/\/z) = J.(z) and n > 0. Its solution is given
by b, = 23" =D/2q,, (1//x) = 23" ~V/2f, 30(1//Z) = Jo3n ().
Letting b,(2) = By, equation (2.2) yields the recurrence
Bn+1 =B, (9B2 +3-2¢%"), (2.3)
where By = J.. Clearly, B,, = Je.3n, where n > 0.
Suppose we let e = 4. Then
Bny1 =B, (9B2 +3-16%"),
where By = J; = 5. Then By = 5(9-5% +3-16) = 1,365 = Jy.3, and hence, By = 1365(9 -
13652 + 3 - 163) = 22,906, 492,245 = J.52.
2.2. Vieta Extensions. Let b, = b,(z) = i®%" ~la,(—ir). Replacing x with —iz in (2.1),

and then multiplying the resulting equation by z'e'?’nﬂ_l, we get the recurrence

bns1 = by [(2* — 1)b2 + 3], (2.4)
ce—1

where by = i lag(—iz) = i* ' fo(—iz) = Vo(z) and n > 0. Its solution is given by b, =

3" a,(1//x) = i¢3" 7 fon(—iz) = Vesn ().
It follows from Table 1 that recurrence (2.4) has Fibonacci, Jacobsthal, and Chebyshev
consequences.

2.2.1. Fibonacci Byproducts. Let z, = zn(x) = xb,(2% 4+ 2). Then recurrence (2.4) implies
that
Zng1 = zn[(2? +4)22 + 3], (2.5)
where zg = xby (2% + 2) = 2V, (22 +2) = fae. Then z, = b, (2% +2) = 2Vo30(22 +2) = foe3n.
When z,(1) = Z,, equation (2.5) gives the recurrence
Znt1 = 2n(522 +3),
where Zy = Fy.. Clearly, Z,, = Foe.3n, where n > 0.
In particular, let e = 6. Then Zy = Fy = 144, and hence, Z1 = Zy(5Z2+3) = 14,930,352 =
Fia.3. Consequently, Zo = 14930352(5 - 149303522 + 3) = 16, 641,027, 750, 620, 563, 662, 096 =
Fio32.

r+1

2 n
2.2.2. Jacobsthal Byproducts. Letting t = and z, = z,(z) = 23" ~1b,(t). Then equa-

tion (2.4) yields

Zn41 = 2n [(4T + 1)22 + 3$2e'3n] , (2.6)
where zg = 27 'bo(t) = 271V, (t) = Jae(x). Then z, = 23" 71b,(t) = 23" " Wo3n(t) =
Joe.3n (), where n > 0.

Suppose we let z,(2) = Z,,. Then equation (2.6) yields the Jacobsthal recurrence
Zn1 = Zn (927 +3-4%")
where Zy = Jo.. Clearly, Z,, = Joe.3n, where n > 0.
In particular, let e = 4. Then Zy = Jg = 85 and Z; = 85(9-852 +3-4%) = 5,592,405 = Jg 3.
Consequently, Zy = 5592405(9 - 55924052 4 3 - 412) = 1,574,122, 160, 956, 548, 404, 565 = Jg.52.
Next we pursue Chebyshev byproducts.
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2.2.3. Chebyshev Byproducts. When z,, = z,(x) = b,(2x), it follows from equation (2.4) that
Znil = Zn [4(x2 — 1)z,2L + 3] , (2.7)

where zp = by(2z) = Ve(22) = Ue—1(x). Then z, = b,(2x) = Ve3n(22) = Ue.gn_1(x), where
n > 0.

Next we investigate the polynomial extensions of recurrence B in [10]. The steps and
technique involved are quite similar; so we will highlight the key steps only.

3. POLYNOMIAL EXTENSIONS OF RECURRENCE B
Consider the second-order recurrence

an+2 = an+1(A2a% +2), (3.1)
where a,, = a,(x); a1 = for; as = far; k is an odd positive integer; and n > 1 [10]. The
solution of this recurrence is a,, = f.on.

3.1. Jacobsthal Extensions. Letting b, = b,(z) = z*2"~Y/2q,(1/\/z), it follows from
equation (3.1) that
boso = bsi [(4:5 F1)B2 4 20K ] (3.2)
where by = 2k =1/20,(1//x) = 2R D2 £, (1//Z) = Jop(x); by = 2HD/20y(1//x) =
g Wk=D/2 £ (1//x) = Jae(z), where n > 1. Clearly, b, = *2"~1/2q, (1/\/z) =
x(k'2n_1)/2fk.2n = Jk.gn (f]}')
Suppose we let b,(2) = B,,. Then equation (3.2) implies
Buya = By (982 +2- 2", (3.3)
where By = Jo, and By = Jy,. We then have B,, = Jy.on, where n > 1.
In particular, let £k = 7. Then
Bnio = By (9B7 +2-128%")
where By = Ji4 = 5461 and By = Jog = 89,478, 485. Consequently,
B3 = 89478485 (9 - 5461% + 2 - 128?) = 24,019, 198,012, 642,645 = Jy.93.

3.2. Vieta Extensions. Letting b, = b,(z) = i*2"~la, (—iz), equation (3.1) yields

bn+2 = bn—l—l [(332 - 4)b% + 2] s (34)
where by = i?*7Lay(—iz) = 27 for(—iz) = Vor();b0 = i lag(—iz) = i1 fyp(—iz) =
Vir(z), where n > 1. Since b, = i*2"~la,(—iz), it follows that b, = i*2" 71 fon(—iz) =

Vk.Qn (a:) .
We now pursue the Fibonacci, Jacobsthal, and Chebyshev consequences of recurrence (3.4).

3.2.1. Fibonacci Consequences. Suppose we let z, = z,(x) = xb,(2? + 2). Recurrence (3.4)
then yields
Zn42 = Zntl [(:172 +4)22 + 2], (3.5)
where z; = Vo (22 42) = far and 20 = 2V (22 +2) = fa. Then z, = 2Vjon (22 +2) = fop.on,
where n > 1.
When z,(1) = Z,, this recurrence implies

Zpia = Zni1 (522 +2),
where Z1 = Fy, and Zy = Fgi. It also follows that Z,, = Fop.9n, where n > 1.
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Suppose, for example, kK = 5. Then Z; = Fyy = 6765 and Zy = Fyy = 102,334, 155.
Consequently, Z3 = 102334155 (5 67652 + 2) = 23,416,728, 348,467,685 = Fg.93.

2x +1

3.2.2. Jacobsthal Consequences. Let t = and z, = z,(x) = 2¥2"71b,(t). Equation

(3.4) yields
T2 = 2t [(4:5 1122+ 2x2’f'2”} , (3.6)

where z; = 227 1by(t) = 2?2 War(t) = Jup(z) and 2o = 2% 1by(t) = 2 Wy (t) = Jei ().
Since z, = 2F2"71b,(t), it follows that z, = Jo.on (2), where n > 1.
Letting z,(2) = Z,, recurrence (3.6) implies that

Znys = Znia (92,% 42, 4k'2”> , (3.7)

where Z7 = Jy. and Zy = Jgi. The solution of this recurrence is Z,, = Jog.on, where n > 1.
Suppose, for example, we let K = 5. Then Z; = Joyy = 349,525 and Zy = Jy =

366, 503, 875,925. Recurrence (3.7), coupled with these two initial conditions, implies that

Z3 = 366503875925(9 - 3495252 + 2 - 419 = 402,975,273, 204, 876, 391, 568, 725 = .J;.93.
Finally, we present the Chebyshev ramifications.

3.2.3. Chebyshev Consequences. Letting z, = z,(z) = b,(2z), it follows from recurrence (3.4)
that

Zn4+2 = Zn+41 [4(%2 - 1)22 + 2] s (38)

where z; = Ugg_1(x) and z9 = Uyg_1(x). Clearly, z, = Ug.on_1(x), where n > 1.
Interestingly, Fibonacci recurrences (2.1) and (3.4) have delightful Lucas counterparts [10].
We now investigate their Jacobsthal-Lucas, Vieta, and Chebyshev extensions and implications.

4. LucAs EXTENSIONS OF RECURRENCE A
Consider the recurrence
2
an+1 = an(a; — 3), (4.1)

where ayg = [, e is an even positive integer, and n > 0. Its solution is a,, = le.gn [10].
We now pursue its Jacobsthal-Lucas Extensions.

4.1. Jacobsthal-Lucas Extensions. Let b, = b,(z) = 2(3")/2q,(1/\/Z). Replacing = with
1/y/x in (4.1), and then multiplying the resulting equation by a:e'?’nH, we get the recurrence

bps1 = by (b2 — 32°7") (4.2)

where by = 2¢/2a0(1/+/z) = 2¢/%1,(1/\/T) = jeo(z) and n > 0. Its solution is
b = (320, (1)) = 232130 (1//T) = jeusn (2).

Letting By, = b,(2), recurrence (4.2) yields its Jacobsthal-Lucas numeric counterpart:

Bpy1 =By (B} —3-2°7"), (4.3)

where By = j.. Clearly, B,, = je.gn, where n > 0.

When e = 4, this recurrence yields By = 17 (172 -3 24) = 4,097 = js3. Consequently,
By = 4097 (4097% — 3 - 2'2) = 68,719,476, 737 = j,.32.

Next we explore Vieta extensions.
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4.2. Vieta Extensions. This time, we let b, = b,(z) = i¢%"a,(—ix). Replacing r with —ix
in equation (4.1), and then multiplying the resulting equation by ie'?’nﬂ, yields

bus1 = ba(B2 — 3). (4.4)

where by = i®a,(—ix) = i°l.(—ix) = ve(z). The corresponding solution is given by b, =
3" a, (—ix) = i¢3" (—ix) = ve.3n (), where n > 0.

It follows from Table 1 that recurrence (4.4) has Lucas, Jacobsthal-Lucas, and Chebyshev
implications.

4.2.1. Lucas Implications. Suppose we let z, = z,(x) = zb, (2% + 2) in equation (4.4). Then

P - é_?) 4.5
n+l = Zn 22 ) ()

where zg = xbg (22 +2) = xve (2% +2) = lge. Clearly, z, = xb, (22 +2) = 2Ve.30 (22 +2) = loe.3n,
where n > 0.
In particular, letting z,(1) = Z,, equation (4.5) yields the recurrence

Znir = Zn (Z7 = 3)

where Zy = Lo.. Then Z,, = Loc.3n, where n > 0.
For example, let e = 6. Then Zy = Lio = 322 and hence, Z; = 322(322% — 3) = 33, 385, 282.
Consequently, Z, = 33385282(333852822 — 3) = 37,210,469, 265, 847,998, 489,922 = L;5.42.
Next we pursue Jacobsthal-Lucas consequences.

2 1
4.2.2. Jacobsthal-Lucas Implications. Let t = Tt

follows from recurrence (4.4) that

and z, = z,(x) = 23" b,(t). Tt then

Znil = Zn (z,% - 3:1726'3n) , (4.6)
where zg = 2(t) = e (t) = joe(r) and n > 0. The solution of this recurrence is z, =

23" by (t) = 293 vegn (t) = Joe.an (2).
Letting z,(2) = Z,, we then have the Jacobsthal-Lucas counterpart:

Zpy1 = Zy (Z2—3-4°7"),

where Zy = jo.. Correspondingly, Z,, = joe.gn, where n > 0.
For example, let e = 4. Then Zy = js = 257 and Z; = 257(257% — 3 - 4%) = 16,777,217 =
js.3. Consequently, Zy = 16777217 (167772172 — 3 - 412) = 4,722,366, 482,869, 645, 213,697 =

Jg-32-
Next we present Chebyshev consequences of recurrence (4.4).

1
4.2.3. Chebyshev Implications. Let z, = z,(x) = §bn(2x). Then equation (4.4) yields the
recurrence

Zng1 = zn (427 = 3), (4.7)

1 1 1
where zp = §b0(2:17) = 5%(2:17) = The(z) and n > 0. Its solution is z, = §bn(2:17) =

1
§Ue~3" (21’) = Tge.gn (a;)

Next we focus on Recurrence B from [10].
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5. LucAs EXTENSIONS OF RECURRENCE B

Consider the second-order recurrence
Unto = ani1(a —2) — 2, (5.1)

where a1 = log; ag = lyg; and k is an odd positive integer [10]. Then a,, = lg.on [10].
As can be predicted, recurrence (5.1) also has Jacobsthal-Lucas, Vieta, and Chebyshev
extensions.

5.1. Jacobsthal-Lucas Extensions. Let b, = b,(z) = 2(¥2")/2q,,(1/y/z). Tt then follows
from equation (5.1) that

bos = bt (bi - 2xk'2") — 922" (5.2)
where by = 2%a1(1/v/z) = 2¥o1.(1/v/Z) = jar(2);b2 = 2¥az(1/vx) = 214 (1/V/7) = jag(2);

and n > 1. The solution of this recurrence is b, = z*2")/2q,,(1//z) = £#2")/2; 50 (1//z) =

Jkean-
Letting by, (2) = By, this yields the numeric counterpart:

Byio = Byos <B,§ Y 2’*2”> _ 9. gk2", (5.3)

where Bl = jgk,Bg = j4k, and n > 1.
When k = 5, for example, this yields the recurrence

Bnio = Bpy (B2 —2-27%") — 2. 10247,
where B; = jip = 1025 and By = jao = 1,048, 577. Consequently,

B3 = 1048577 (10252 — 2M1) — 2 1024% = 1,099, 511,627, 777 = js.95.
Next we pursue Vieta-Lucas polynomial extensions.

5.2. Vieta-Lucas Extensions. Let b, = b,(r) = i**"a,(—izr). Replacing z with —iz in
(5.1) and multiplying the resulting equation by ik'2n+2, we get the recurrence

bpt2 = bpi1 (b2 —2) —2, (5.4)

2k 4k

where by = i%Fay(—iz) = i®*ly(—iz) = vor(x); by = i*ag(—iz) = i*ly,(—iz) = vy(x, and
n > 1. Tts solution is b, = i*?"a,(—iz) = i*2" lp.on (—iz) = vg.on (2).
Recurrence (5.4) also has Lucas, Jacobsthal-Lucas, and Chebyshev ramifications.

5.2.1. Lucas Byproducts. Let z, = z,(x) = xb,(z?+2). Replacing  with x4 2 in recurrence
(5.4) and then multiplying the resulting equation by x yields

2
z
Zni2 = Zniil (x_g — 2> — 2z, (5.5)

where z; = xby (2 +2) = zvop(2? +2) = log; 22 = wba (22 +2) = 2vgp(2? +2) = lyp; and n > 1.
The solution of recurrence (5.5) z, = b, (2% + 2) = Tvg.on (2% + 2) = lgj.0n.
Suppose we let z,(1) = Z,,. Then equation (5.5) yields its Lucas counterpart:

Znyo = Zns1 (25 —2) — 2, (5.6)

where Z1 = Loy, and Zy = Ly. Then Z, = Log.on, where n > 1.

In particular, let ¥ = 5. Then Z; = Lig = 123 and Zy = Loy = 15,127. Consequently,
Z3 = 15127(123% —2) —2 = 228,826, 127 = Ls 53 and hence, Z; = 228826127(15127% —2) —2 =
52,361,396, 397,820, 127 = Ls.9a.

Next we pursue implications to Jacobsthal-Lucas polynomials.
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2 1 n
5.2.2. A Jacobsthal-Lucas Byproducts. Let t = T and z, = z,(z) = 2"2"b,(t). It then
x
follows from equation (5.4) that
Znt2 = Znitl (z,% - 2:E4k'2n> , (5.7)

where 2z = 22°by(t) = 2% (t) = jur(x); 20 = 2%bo(t) = x4 (t) = jsr(x); and n > 1. It
now follows that z, = 252" b, (t) = 2¥2" vg.on (t) = jop.on (2).
Letting z,(2) = Z,, it follows from recurrence (5.7) that

Zn+2 = Zn+1 <Z3L -2 4k2n) -2 16k.27la

where Z1 = ja, Zo = jsi, and n > 1. Clearly, the solution of this numeric version is Z,, =
Jok-on.

In particular, let £k = 5. Since Z1 = jog = 1,048,577 and Zy = j40 = 1,099,511, 627, 777, it
follows that Z3 = 1099511627777 (1048577% — 2 - 410) — 2. 1610 =
1,208,925, 819, 614,629,174, 706,177 = j1g.93.

Finally, we study Chebyshev consequences.

1
5.2.3. Chebyshev Byproducts. Letting z, = z,(z) = §bn(2:17), equation (5.4) yields the recur-
rence

Zn+2 = Zn+1 (4257% — 2) — 2,

1 1 1 1
where z; = 561(233) = 51}%(23}) = Tor(x); 29 = §b1(2x) = §U4k(2m) = Ty(x), and n > 1.

1 1

Consequently, z, = 5
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