ITERATIONS OF A MODIFIED SISYPHUS FUNCTION

MATTHEW E. COPPENBARGER

ABSTRACT. The Sisyphus function is defined and, after a slight modification, we determine
the smallest nonnegative integer n requiring a specified number of iterations of the function
that must be applied to n until the sequence generated by the iterations of this modified
function becomes stable or cycles.

1. INTRODUCTION

The Sisyphus function originated in [7], an article by John Schram in 1987. The function
very likely reappeared later that year in Michael Ecker’s REC newsletter' communicated to
him by Martin Gardner (listed as a contributing editor of the REC). The function appeared
again in 1993 [8] where a slightly different but equivalent definition was used. Ecker later
discussed the function in the first tribute book to Martin Gardner in 1999 [3]. In all references
it is treated as a recreational novelty. We add a little more mathematical substance with this
analysis. The function, despite its seemingly simple definition, provides a surprisingly rich
problem provided a slight modification of the definition is made.

The function is, of course, named after Sisyphus, the deceitful king from Greek mythology
who frequently killed travelers and guests [6]. After tricking a number of the Greek gods and
cheating death, Sisyphus was punished by Zeus to carry or push a large boulder to the top of
a large hill, but the boulder was cursed to always be dropped or released before reaching the
top and subsequently roll back down the hill. It is common to describe a task as Sisyphean if
it is pointless or entails performing a procedure over and over. Schram named this function
with the latter interpretation in mind.

Schram’s initial presentation of the function in [7] was descriptive. We provide a more
formal representation of his definition so it will be clear as to the modifications that must be
made.

Let ¥ ={0,1,...,9} be the alphabet consisting of the decimal digits and let ¥* be the set
of all finite strings over X. The Sisyphus function on digit strings, denoted Sgt, is the function
Sstr + X — X* that counts the number of even digits, the number of odd digits, the total
number of digits, and concatenates these numbers (from left to right) as one single string of
digits. For example, Sg,(123468) = 426 because the argument consists of four even digits,
two odd digits, and a total of six digits.

Schram’s interest was in the observation that any digit string iterated through the function
would always converge to the same digit string. For example, iterating 1335557777 through
the function gives

1335557777 — 01010 — 325 — 123 — 123 — - - - | (1.1)
indicating that 123 is a stable point of the function.

1Copies of the issues of the newsletter are difficult to find. The author has not been able to secure editions
of the newsletter before 1989. Zerger in [8] mentions the Sisyphus function and cites an REC newsletter from
1987: [1].
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Schram’s article listed some examples and challenged the readers to devise a proof that all
digit strings iterate to 123. An outline is provided in [8]. After a slight redefinition of the
function, we provide a formal proof that all nonnegative integers converge to the stable point.

2. THE MODIFIED SISYPHUS FUNCTION

One template for analyzing the iteration dynamics of discrete functions is given in Guy’s
Unsolved Problems in Number Theory [5, problem E34]. The function used by Guy takes any
positive integer and maps it to the sum of the squares of its decimal digits. Guy considers
only the subset of the domain whose elements iterate to the stable point (that is, the happy
numbers). Among the deluge of questions proposed, he asks, for a fixed nonnegative integer
k, to determine the least nonnegative integer that converges to the stable point in exactly k
iterations.? The purpose of this paper is to do the same for the Sisyphus function.

To that end, we introduce a modified function so that the domain and range are in terms
of integers rather than digit strings. This modified definition will allow us to make a technical
adjustment to avoid the use of a leading zero appearing in (1.1). Although we can certainly
use the convention to drop leading zeros, a canonical definition can be adopted by writing the
total number of digits (which must be nonzero) of the integer on the left rather than on the
right, guaranteeing no leading zeros.

Define the modified Sisyphus function on nonnegative integers Sipy : N — ZT (using N to
represent the nonnegative integers and Z* to represent the positive integers) as taking any
nonnegative integer n and writing an integer whose digits are constructed by concatenating
from left to right the total number of digits of n, the total number of even digits of n, and the
total number of odd digits of n. For example, S;,+(123 589) = 624 (we use half-spaces rather
than commas to group the digits by threes starting on the right). For brevity, we will refer to
this function simply as the Sisyphus function and use S to represent it.

A few more definitions are presented before proceeding. For n € N, the iteration sequence
of n (the orbit) is the sequence of the iterates of S generated by n (the seed). For example,
the iteration sequence of 123 589 through § is

123 589 — 624 — 330 — 312 = 312 — - - -, (2.1)

indicating that 312 is a stable point for the new function (we will see later that 312 is the
only fixed point and that there are no nontrivial cycles). Moreover, the height of the iteration
sequence generated by n, denoted S¥(n), is the number of iterations of S that must be
applied to n until the iteration sequence reaches either a fixed point or a cycle. That is,
S§#(n) = min {j € N: SU(n) = 312}. For example, S#(123 589) = 3 since 123 589 requires
three iterations of S until reaching the fixed point.

Using S, we can naturally partition N by defining, for each k € N, the kth iterated set of S,
denoted I}, as

I :={neN:8%(@n)=k}

to be the set of nonnegative integers whose elements reach the fixed point in exactly k itera-
tions. For example, 123 589 € I3. We let

T := min(1ly) (2.2)

denote the minimum value that maps to the fixed point in exactly k iterations. From our
previous example, we see that an upper bound for 73 is 123 589 (the actual number is given in
Proposition 3.1). We call (9, 71, T2, . . .) the minimal height sequence associated to S.

2 Answers to Guy’s questions for problem E34 are supplied in [4].
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Taking inspiration from Guy, we determine the values of 7 through S for as many values
of k that are possible, but a few more preliminary definitions are needed first.

For n € N, we denote by d,, the number of decimal digits in n. More explicitly, §o = 1
and, for n > 0, 0, = 1+ |log;yn], where [-| is the floor function. Given two integers
m,n € N, the integer concatenation of m and n, denoted using the bracketed vector (m,n), is
(m,n) = m10% 4+ n. For the concatenation of many integers ni, ns, . .. ,n; € N, the bracketed
vector notation for the (left-to-right) integer concatenation is defined recursively as (n;) = n;
and (ni,...,n;) = ((n1,...n;_1),n;) for 1 < i < j. In many cases, the bracket vector notation
is not necessary, but we use it for convenience to help distinguish the digital components of
the image of S.

For n € N, define €, and w,, as the number of, respectively, even and odd decimal digits of
n (so 0p, = &, + wy). Thus the Sisyphus function can be written as S(n) = (0p, en,wy). For
example, S(123 589) = (6,2,4) = 624.

The following lemma describes the iteration structure of S, if n is limited to five or fewer
digits and is cited in the proof of all four theorems in this paper.

Lemma 2.1. Letn € N be a seed consisting of five or fewer digits. Then the iteration sequence
of n converges to 312 in three or fewer iterations of S. More specifically,
(I) if n consists of one or five digits, then S*(n) = 2,

(IT) if n consists of two or four digits, then S*(n) is 2 or 3, and

(II1) if n consists of three digits, then S¥(n) < 2.

Proof. If n consists of five digits, then S(n) = (5, &,,wy,) where €, + w,, = 5. Then the parity
of €, and w, must be different. So n — (5,e,,w,) — 312 implying S#(n) = 2. Similar
arguments for n consisting of a single digit or three digits will give the respective result that
S#(n) =2 or S¥(n) < 2.

If n consists of four digits, then S(n) = (4, ey, wy), where €, + w, = 4. Then the parity of
en and wy, are the same. If both are odd, then n — (4,¢e,,wy,) — 312. If both are even, then
n — (4,&,,wn) — 330 — 312. Thus, S#(n) is 2 or 3. A similar argument for n consisting of
two digits will give the identical result that S#(n) is 2 or 3. O

To answer Schram’s challenge for our function, we have the following.
Theorem 2.2. All iteration sequences through S converge to 312.

In the proof, we demonstrate a lower bound for which § is decreasing for all values larger
than the lower bound.

Proof. Given n, let k = k(n) = d,, be the number of decimal digits in n. Since the largest that
both ¢, and w, can be is d,,, then

S(n) = <5n7 En, wn) < <5n7 5717 5n> = <"€7 R, "i>
- (100‘”w 105 + 1) _ (1001+Uog10 k| 4 qottlogion] | 1)
<k [100 - 1008105 4 10 . 109810~ | 1] — 1003 + 1062 + .

It is a straightforward induction to show that 100x3 + 10x? + x < 107! for every integer
Kk > 6. Hence, we have
S(n) < 10571 = 10%~1 = 10los0n) < qplogon — 5y,

Thus, § is decreasing if n consists of 6 or more digits.
This, along with the results of Lemma 2.1, implies the conclusion. U
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3. ZERO THROUGH FOUR ITERATIONS

Proposition 3.1. The smallest nonnegative integers of heights 0 to 3 through S are, respec-
tively, o = 312, 71 = 101, 0 =0, and 73 = 11.

Proof. For 7, we want to find the smallest integer that maps to 312. Because it must consist of
three digits, we search systematically starting at 100. Since 100 — 321 — 312 and 101 — 312,
71 = 101. For 7o, we start with the smallest element in N. Since 0 — 110 — 312, » = 0.
For 73, we note that all single digit numbers must be in I5. Since 10 — 211 — 312 and
11 — 202 — 330 — 312, 73 = 11. O

It is at this point where the problem becomes interesting. The previous strategy does not
obviously extend to find 74. And because the numbers in the minimal height sequence will be
getting very large, we introduce some notation to simplify the representation of these numbers.

The exponential digit notation for a positive integer n is di'd5’dh? - - - d?j where d; € Nyg \
{0}, ds,...,dj € Nyg,p1 € Z*, and po,...,p; € N, where Nyg := {0,1,...,9} is the set of the
first ten nonnegative integers®. The notation d}'dh?d%?® - - - d?j indicates that, for n, the digit
dy is repeated p; times, da is repeated po times, and so on, up to d; repeated p; times. For
convenience, we drop the exponent if it is one and drop the digit if the exponent is zero. For
example, 10292796 = 10 000 996 and, conveniently, 10> = 100.

Let L := NxN\{(0,0)} be the set of lattice points in the plane with nonnegative integer co-
ordinates excluding the origin. For (a,b) € L, we define N(a, b) to be the smallest nonnegative
integer consisting of a even digits and b odd digits. Then

0, ifa=1andb=0;
N(a,b) =420t  ifa>1andb=0;

10%15=1, otherwise.

Consequently, for any n € N, the definition implies we must have
n > N(ep,wn).
It is sometimes useful to compare two numbers when written in this format, so we have the

following lemma.
Lemma 3.2. Let (a1,by1), (az,b2) € L, then N(a1,b1) < N(ag,be) if and only if

(1) a1 + b1 < ag+be or
(I1) a1 + by = ag + bz and by > by > 0 or
(IT1) a1 + by = ag + be, by > 0 and by = 0.

For each case, the conclusions are self evident once the conditions are described.

Proof. Condition (I) implies that the number of digits in N (a1, b1) is less than the number of
digits in N (az, b2).

Condition (II) implies that both have the same number of digits (with each being 0 or 1
only), but N(az,bz) must have more 1’s than N(aj,b1). Every occurrence of the digit 1 in
N(a1,b1) must have 1 in the corresponding position in N (ag, bs) because there are more 1’s
in N(az,bs), then it must be larger than N(aq,b;).

Condition (IIT) implies that N(ag,bs) has 2 as a leading digit and N(aj,b;) has 1 as a
leading digit (and have the same number of digits). O

3We used ¥ in 81 to represent the set of decimal digits and Ny for the set of integers from 0 to 9. The main
difference is that the mathematical operations of addition and multiplication can be performed on N, but are
not formally defined on 3.
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Theorem 3.3. The smallest nonnegative integer of height 4 through S is the twenty digit
integer 74 = 10 000 000 000 111 111 111.

The outline of this proof is to verify the provided number is of the proper height and ensure
that all smaller integers have smaller height.

Proof. Since
10000000000 111 111 111 = N(10,10) — (20,10, 10) — 642 — 330 — 312, (3.1)

N(10,10) is of height 4.
Suppose n € N is such that n < N(10,10). Since

N(en,wn) <n < N(10,10),

by Lemma 3.2, either (I) d,, = &, +w, < 10+ 10 = 20 or (II) J,, = 20 and w,, < 10. Condition
(III) does not apply. For (I), d,, < 20 implies one or both of &, and w, consists of a single
digit. Hence S(n) consists of five or fewer digits. If (II) applies, it forces w,, and &, to consist
of, respectively, one and two digits and so, S(n) consists of exactly five digits. For both (I)
and (IT), S(n) consists of five or fewer digits.

If S(n) consists of three or five digits, then Lemma 2.1 implies

S#(S(n)) <2

and hence, S#(n) < 3.

If S(n) consists of four digits, then there exists d,a,b € Njg such that S(n) = (1,d,a,b)
where a + b = 10+ d. It is not possible for all variables to be odd, nor is it possible for one to
be odd and two to be even. Thus §%(n) is 413 or 431. For both cases we have S3(n) = 312
and so, S#(n) = 3. O

The following corollary is a direct consequence of Theorem 3.3 and will be used in the proofs
of Theorems 4.1 and 5.2.

Corollary 3.4. Any nonnegative integer consisting of 19 or fewer digits must converge through
S to the stable point in less than four iterations.

That is, 6, < 19 implies S#(n) < 3.

4. F1vE ITERATIONS

The next value in the minimal height sequence associated to S is quite monstrous consisting
of over one million digits. Our answer in part comes from one of the terms in (3.1); we seek
the smallest second-order preimage of 201 010.

Theorem 4.1. The smallest nonnegative integer of height 5 through S is the 1 100 110 digit
integer 75 = N (1 000 099,100 011).

This proof parallels that of the proof of Theorem 3.3, except that the second part has more
cases to consider.

Proof. Since
N (1000 099,100 011) — (1100 110, 1 000 099,100 011) — (20, 10, 10) € I3, (4.1)

by (3.1), N(1 000 099,100 011) € Is.
Suppose n < N (1 000 099,100 011). We show that n must reach the stable point in four or
fewer iterations of S.
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If n is such that S(n) consists of less than twenty digits, then, by Corollary 3.4, S#(S(n)) < 3
and so, S#(n) < 4.

Suppose n is such that S(n) consists of exactly twenty digits. We know that because n is
bounded above by N(1 000 099,100 011), which consists of 1 100 110 digits, then d5, < 7. It
cannot be the case that s, < 6, for this would imply d5(,) < 18. So d5, = 7. Since ds(,) = 20,
one of J., or 4, is 7 and the other 6. Without loss of generality, we presume ¢., = 7 and
0w, = 6. These imply &,, > 1000000 and w, > 100000 and so, §, > 1100000. Thus, n is such
that 1100 000 < é,, < 1100 110.

For each of the three cases below, we show €g(,) > 11. This would imply that wg(,,) <9
and so, S?(n) = (20, ES(n)s WS(n)) Must consist of exactly five digits. Thus, Lemma 2.1 implies
S#(S2%(n)) = 2 and hence, S¥(n) = 4.

Case 1. Suppose 1100 000 < 6§, < 1100 100. Then, there exist dy,ds € Nqg such that 4, =
(11000, d2, d1) and, consequently, there exist ay, as, b1, ba € Nig such that &, = (10000, az, a1)
and wy, = (1000, be,b;) with (az,a1) + (b2, b1) = (d2,d1). Hence,

S(n) = <11 000, dg, dl, 10 000, as, ai, 1 000, b2, bl>

contains ten zeros without regard to the unknown digits. But one of a1, b1, and d; must be
even (they can’t all be odd), indicating that eg(,) > 11.

Case 2. Suppose 1100100 < §,, < 1100 110. Then there exists d € Nyg such that 9,, =
(110 010,d). There are two subcases to consider. The first subcase is if €, = (1 000, ¢, 0, a)
and w, = (100, ¢, 0,b), where a,b € Nyg, c € {0,1}, ¢ =1 —¢, and a+ b =d. Then

S(n) = (110010, d, 1 000, ¢, 0, a, 100, ', 0, b)

contains ten zeros without regard to the unknown digits. Since ¢ and ¢’ must be of different
parity, then £5(,) > 11. The second subcase is if

en, = (10000, ag, a1) and wy, = (1000, ba, by ),
where a1, a2, b1,by € Nip and (ag,a1> + <bz,bl> = <10,d>. Then
S(n) = <110 010, d, 10 000, a2, aq, 1 000, bo, bl>

contains ten zeros without regard to the unknown digits. A similar argument as given in Case
1 will imply g,y > 11.

Case 3. Suppose d,, = 1100 110. With the condition w, > 100 000, we have &, < 1000 110.
Because n < N(1000099,100011) and both of these integers have the same number of digits,
we must have that n contains at least 1 000 100 zero digits (that is, £, > 1 000 100). There
are two subcases to consider: when 1000 100 < &, < 1000110 and when &,, takes on either
of the bounds of the first subcase. The first subcase implies there exists a € Nyg such that
en, = (100 010, a) and w, = (10 000, a’) with a’ =10 — a so that

S(n) = (1100 110,100 010, a, 10 000, a’),

which implies £g(,,) > 11. The second subcase implies &, = (10001, ¢, 0) and w, = (1000, ¢, 0),
where ¢ € {0,1} and ¢ =1 — ¢. Then

S(n) = (1100 110,10 001, ¢, 0, 1 000, ¢, 0)

and so, £s() > 11.
Thus, all three cases imply that n ¢ I. O
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5. SIX OR MORE ITERATIONS

Theorem 5.2 gives a recursive definition of all the remaining values in the minimal height
sequence of S.

However, before presenting, we need to establish a lemma that is utilized for one case in
the proof of the theorem. The purpose of the lemma is to establish a bound on the number of
even digits in S(n) given a bound on the number of even digits of n.

Lemma 5.1. Suppose n € N is such that 6, = 10“T+2, where u,v € N. If

<au+17 . 7a1’bv+17 .. '7b1> S En S <au+17 ey @1, Cpgly - ,C]_>, (51)

where ay,ag, ..., ay4+1,01,b2,...,by,c1,c2,...,¢, € Ny, byy1 € B9 :={0,2,4,6,8} (the set of
nonnegative integers less than 10) with ay+1 > 0 and cy41 =1+ byy1, then

2u+2v+3§53(n) < 2u+ 3v+ 4.

Proof. The inequality (5.1) implies there exist di,da,...,dy, dys1,€1,€2,... 6y, 6v11 € Ny
such that

/ /
en = (Qus1,-- 501, dpg1, ... ,d1) and wy = (G yq,-- -, 07, g1, -, €1)

where, for each j € {1,...,u+1}, a; =9 —a; and

(dys1s. .. dr) + (€vqt1, o, ...,e1) = 10°FL, (5.2)
with all choices subject to the constraint
(Dyt1y--y01) <A{dyt1,dyy ., dr) < {Cyg1,y...,01). (5.3)
Thus,
S(n) = <1O“"'”"'2 Qugls -y @1, Ayt 1, ooy A1, Qs LAY, €ty .-y e1).

From (5.2), there exists ¢ € {1,...,v 4+ 1} such that d; + ¢; = 10. Then the following three
conditions are true.

(A) if i # 1, then
di=do=...=di_1=e1=e3=...=¢;_1 =0,

(B) the parity of d; and e; are the same, and

(C) if i # v+1, then, for any j such that ¢ < j < v+1, the parity of d; and e; are different.
Counting the number of even digits in S(n) for each of the three cases gives eg(,) = 2u +
20+i+2+2, if d; € Efy := {2,4,6,8} (the set of positive even integers less than 10) and
€s(n) = 2u + 2v + i + 2, otherwise. The minimum occurs when i = 1 and d; ¢ Efo. The
maximum does not occur when ¢ = v+ 1 and d; € E;FO because it would violate (5.1), but
rather when i = v and d; € Ef,. O

Theorem 5.2. For k > 6, the smallest nonnegative integer of height k through S is defined
recursively as T, = N(89“+80V, 10%20" ), where

up = 3341201 — 2 and v = 131
for k > 7T with initial conditions ug = 100 097 and vg = 266 604.

A useful property that will be utilized in the proof and is a direct consequence of the
definition of the minimal height value (2.2) is that if n € N, k € Z*, and S(n) < 7%_1, then
n % I k-
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For reference, the key identities for £ > 7, which can be easily verified, are
2(up + vg) + 4 = U112
2uy + 3vg + 5 = 66"+-180"~1, and
3(ug, + vg) + 7 = 10"-1H0k-1F2,
These identities will be used freely within the proof.

Proof. We first establish that N (89“k80%, 10“#20%) € I}, for each k > 6.
Starting with the initial case of k = 6, three applications of § gives
N (89“680%¢,10%620"6) — <10“6+”6+2, 896806, 1046 20”6>
— (3(ug +v6) + 7, 2us + 3vg + 5, ug + 2) (5.4)
= (1100 110,1 000 011, 100 099)
— (20,10, 10) € I3,

utilizing (4.1). Then, N(89%680%,10%620"¢) € I.
For all other cases of £ > 7, two applications of S give

N (89UF80%%, 10"+207) — (10U+ kT2 89gukgQ¥k, 1020 )
— (3(ug + vk) + 7, 2up + 3vg + 5, ug + 2)
= <10uk71+vk—1+2’ 66%k—18()Vk—1 , 33uk—120vk—1> .
If k # 8, then for each j such that 6 < 7 < k — 1, one application of § gives
<10“1+”1+2, 66“780%7, 33" 20”j> — <3(Uj +v;) +7,2u; + 3v; + 5,u; + 2)
= <1O“j*1+”j*1+2, 66“7-180% -1, 33“j*1200j*1> .

Repeating the previous step until j = 7 will produce the last expression in terms of ug and vg.
One more application of § gives

(10us+vst2 661680 334620V ) — (3(ug + v6) + 7, 2us + 3ug + 5, ug +2) € Iy

via (5.4). Overall, starting at N(89"*80Vk, 10“#20% ), k — 4 applications of S were applied.
Thus, S¥~4(N(89%k80V%, 10“+20%)) € I, and so,

N(89%F80",10“¥20%) € Ij.

Next, we show that for each k > 6, N(89“#80, 10“+20") is the smallest integer in Ij. Take
any n < N(89"+80",10“#20"") and show n ¢ I;. There are five cases to consider. For a given
k, we use strong induction and presume that

7; = N (89780, 10"720%) (5.5)

for all 6 < j < k (noting that 7y through 75 have already been established). For all but one of
the following cases, we establish k = 6 separately.

Case 1. Suppose n is such that 6, < 10“*T%*2 Since S(n) = (6,,&n,wn), the number of
digits in each imply ds(,) = ds,, + dc, + du,. Since neither &, nor wy, can exceed 4y,

0s(n) = 95, + 0¢, + 0w, < 305, < 3(ug + vk + 2). (5.6)
If k = 6, this previous inequality implies

Ss(m) < 3(ug +v6 +2) = 1100109 < 6.
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Thus, S(n) < 75 and so, S(n) ¢ I5 implies n ¢ Is. If & > 7, we need only use (5.5) for
j =k — 1. The inequality (5.6) implies

58(11) < 3(uk + v + 2) = QUk—1FTVk—1+2 ~ Juk—1+VE—1+2 _ 67%-1'

Thus, S(n) < 7,x_1 implies n ¢ I. An illustration of this case is given in Figure 1. The thick
line on the right in the illustration indicates the set of all integers satisfying 7,1 < 9, <
10“**vs+2 The thick line on the left is the image set of these values through S (although this
set need not be contiguous).

7I'k—1 Tk
- 1 | 1 _I_‘> N

S(n) n

Figure 1. Number line representation of mapping n through S for Case 1 in the
proof of Theorem 5.2. Not drawn to scale.

For Cases 2 through 5, we assume n consists of the same number of digits as
N (89"k 80k, 104k 20"k ).

Case 2. Suppose n is such that §,, = &, = 10“T%+2 Then, w, = 0 and so, n = 204 v+,
This contradicts the assumption that n < N(89“¥80",10“#20), since both have the same
number of digits and the leading digit of N(89"*80",10“¥20%) is 1. Thus, no such n can
exist.

Case 3. Suppose n is such that §,, = 10%T%*2 and

90“*00% < &, < 100“*00*.
Then, 0 < w, < 10“00%. Hence, J, = ux + v + 2 and 6, < ug + vy + 2. Then,
0s(n) = 05, + 0z, + 00, < 3(up +vg) + 7. (5.7)
If £ = 6, this previous inequality implies
dsm) < 3(ue +vg) +7=1100110 = 6.
Thus, S(n) < 75 and so, n ¢ Is. If K > 7, we use (5.5) for j =k — 1 and apply (5.7) to get
Os(ny < 3(up +vp) + 7= 10" 1+0h1t2 =5

Thus, S(n) < 7,1 implies n ¢ Ij. Figure 1 also represents this case.
Case 4. Suppose n is such that §, = 10%T%+2 and e, = 90“00%. Then, w, = 10%00%.
Apply S twice to n to get

n — (10w o2 gouetortl qoustoetly 30y, o) 47, 3(up + vg) + 4, 3). (5.8)
If k = 6, the previous calculation implies
S%(n) = (3(ug + ve) + T, 3(ug -+ v6) + 4,3) = (1100 110,1 100 107, 3) — (15,6,9) € I,
and so, n € I5. If k> 7, we use (5.5) for j = k— 2 and map n twice through S via (5.8) to get
S%(n) = (3(up + vg) + 7, 3(ug + vy) + 4,3) = (10%-1TVe-1+2 gue—1Fvp—1F17 3y
Hence, g2(n) = 2(ug—1 + vg—1) +6 < 3(up—1 +vg—1) + 7= 0r,_,. Thus, S?(n) < Tp_o implies

n ¢ I. An illustration of this case is given in Figure 2.
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As in Figure 1, the initial set and the image sets are represented by the thicker lines on N
(but they need to be contiguous).

Figure 2. Number line representation of mapping n through S twice for Case 4 in
the proof of Theorem 5.2.
Case 5. Suppose n is such that §,, = 104+ +2 and
89"80% < &, < 90“*00"*. (5.9)

Then, 10%00% < w, < 10%x20%.
If K =6, apply Lemma 5.1 to (5.9) to get

733405 = 2ug + 2v6 + 3 < £5(n) < 2up + 3ve + 4 = 1000 010. (5.10)

If 733 405 < eg(,) < 1000 000, then the number of digits in S*(n) is 19 (because dg(,) =
1100110 and 6., = 6 = 6). By Corollary 3.4, S#(S%(n)) < 3 and so, S#(n) < 5. If

E€S(n) WS (n)

1000 000 < eg(,) < 1000010, then ds2(,) = 20 and eg2(,) > 11. Hence, S3(n) consists of

exactly 5 digits. By Lemma 2.1, S#(S3(n)) = 2 implies that S#(n) = 5. For both subcases,
we have n ¢ Ig.
If K > 7, apply Lemma 5.1 to (5.9) to get

k-1t T1s = Dy + 2up + 3 < egny < 2uy + 3up + 4 = 66"-179V1 (5.11)

For each j such that 6 < j < k, apply Lemma 5.1 to (5.11) to get

6Ui—1 U1t — 9y 4 205 + 3 < Esk—it1(n) < 2uj + 3vj +4 = 66"7179% 1 (5.12)
Continuing to apply Lemma 5.1 to (5.12) until j = 7, when we have

6“5 = 2uz + 207 + 3 < Egro(y) < 2u7 + 3v7 + 4 = 6679,
One final application of Lemma 5.1 gives
2ug + 2vg + 3 < ESk=T(n) < 2ug + 3vg + 4,
which is the same bounds given in (5.10). A similar analysis will yield S#(S*=%(n)) < 5,
which simplifies to S#(n) <k — 3 and so, n € I_;.
An illustration of this case is given in Figure 3.

O
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S S S
st = {7l

Figure 3. Number line representation of iterating n through S for Case 5 in the
proof of Theorem 5.2.

k Tk # of digits
0 312 3

1 N(1,2) =101 3

2 N(1,0) =0 1

3 N(0,2) =11 2

4 N(10,10) = 10 000 000000 111 111 111 20

5 N(1 000 099,100 011) 1100110
6 N (894680v,10%620% ), ug = 100 097, vg = 266 604 10366703
7 N(894780v7, 10%720°7), uy = 3u6~120% — 2, v = 136 103%™
k| N(89u80UF, 10U 20%% ), uyj, = 3uk-17120Uk—1 — 2,y = 1301 | 1031 !

Table 1. Minimal height sequence associated to S.

6. SUMMARY, MODIFICATIONS, AND FURTHER RESEARCH

A summary of the results are given in Table 1.

A natural extension of the Sisyphus function would be to count more than just even and
odd digits. See [2] for the first discussion of this. For j > 2, define the jth order Sisyphus
function, S; : N — ZT, to be the number obtained by writing the integer constructed from
left to right of the total number of digits of a nonnegative integer n followed by the number of
digits of n congruent to 0(mod j), the number of digits of n congruent to 1(mod j), and so on
up to the total number of digits of n congruent to j — 1 (mod 7). For example, S5(123 589) =
(6,2,1,3) = 6213 and Sy is the same function defined in §2. For each j = 3,4, ...,9, determine
the stable points, nontrivial cycles and the minimal height sequence of S;. (S3 has one cycle
and no stable points.)

We can also use other bases to represent the domain of S instead of base 10. How would bi-
nary and/or hexadecimal representation change the conclusions? Determine the stable points,
nontrivial cycles and the minimal height sequence of S. For example, in binary, there is one
cycle (of length 2) and no stable points.

Another extension is the Sisyphean digital sum, Ss. : ZT — Z which takes any nonnegative
integer n and writing an integer whose digits are constructed by concatenating from left to
right the sum of all the digits of n, the sum of the even digits of n, and the sum of the odd
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digits of n. For example, Sx(123 589) = (28,10, 18) = 281 018. Determine the stable points,
nontrivial cycles and the minimal height sequence of Sy..

REFERENCES

[1] M. Ecker, Mathemagical black holes (Part 9), The REC (Recreational Educational Computing) Newsletter,
2.6 (1987), 6.

[2] M. Ecker, Mathemagical black holes (Part 16), The REC (Recreational Educational Computing) Newslet-
ter, 5.3-4 (1990), 25-27.

[3] M. Ecker, Number Play, calculators, and card tricks: Mathemagical black holes, The Mathemagician and
Pied Puzzler: A Collection in Tribute to Martin Gardner, edited by E. Berlekamp and T. Rodgers, A. K. Pe-
ters, Natick, MA, pp. 41-52, 1999.

[4] H. Grundman and E. Teeple, Heights of happy numbers and cubic happy numbers, The Fibonacci Quarterly,
41.4 (2003), 301-306.

[5] R. Guy, Unsolved Problems in Number Theory, Second Edition, Springer-Verlag, New York, NY, 1994.

[6] M. Morford and R. Lenardon, Classical Mythology, Second Edition, David McKay Co., Inc., NY, 1974.

[7] J. Schram, The Sisyphus string, Journal of Recreational Mathematics, 19.1 (1987), 43—44.

[8] M. Zerger, Fatal attraction, Mathematics and Computer Education, 27.2 (1993), 116-123.

MSC2010: 00A08, 11A63

SCHOOL OF MATHEMATICAL SCIENCES, ROCHESTER INSTITUTE OF TECHNOLOGY, ROCHESTER, NY 14623-
5603

FE-mail address: mecsma@rit.edu

MAY 2018 141



