WEIGHTED SUMS OF SOME SECOND-ORDER SEQUENCES

KUNLE ADEGOKE

ABSTRACT. We derive weighted summation identities involving the second-order recurrence
sequence {wn} = {wn(a,b;p,q)} defined by wo = a, wi = b; Wn = pWn—1 — qUn—2 (n > 2),
where a, b, p, and ¢ are arbitrary complex numbers, with p # 0 and ¢q # 0.

1. INTRODUCTION

Horadam [2] wrote a paper in which he established the basic arithmetical properties of his
generalized Fibonacci sequence {wy,} = {wy(a,b;p,q)} defined by

wo = a, wi = b; wy, = pwp—1 — qup—2 (n > 2), (1.1)
where a, b, p, and ¢ are arbitrary complex numbers, with p # 0 and g # 0. Some well studied
particular cases of {w,} are the sequences {un}, {vn}, {Gn}, {Pn}, and {J,} given by:

wn(1,p;p,q) = un(p,q),
wn(2apapa ) - Un(p’ )a
wp(a,b;1,—1) = Gp(a,b),
wn(0> 1a 27 _1) - Pn )

A~~~
_ = = =
T = W N
—_— — — ~—

and
wn(0,1;1,-2) = J,. (1.6)

Note that u,(1,—1) = F,,41 and v,(1,—1) = L,, where F,, = G,(0,1) and L,, = G,(2,1) are
the classic Fibonacci numbers and Lucas numbers, respectively. P,, and J,, are the Pell numbers
and Jacobsthal numbers, respectively. Note also that u, (2, —1) = P,4+1 and u, (1, —2) = Jy41.
The sequence {G,} was introduced by Horadam [1] in 1961, (under the notation {Hy}).

Extension of the definition of w,, to negative subscripts is provided by writing the recurrence
relation as w_,, = (pw—_n41 — W_p42)/q. Horadam [2] showed that:

Uy = —q¢ "y, (1.7)

Vop = q" vy, (1.8)

and
aln, — bug,—1

w
auy, + (b — pa)un—1
Our main goal in this paper is to derive weighted summation identities involving the numbers
wy,. For example, we shall derive (Theorem 5) the following weighted binomial sum:

e U J
— k — r -
(—que—1)"> <]>< qur_l) Wrn—k(r+1)+j = Wm

J=0

Wy =

(1.9)

which generalizes Horadam’s result [2, equation 3.19]:

o5 (5) (45)

252 VOLUME 56, NUMBER 3



WEIGHTED SUMS OF SOME SECOND-ORDER SEQUENCES

the latter identity being an evaluation of the former at m =2n, k=n, r = 1.
As another example, it is known (first identity of Cor. 15, [3]) that

n
S ()E = -x.
7=0
but this can be generalized to:

k
(- (i) GRsane
= i) Fl Foi1) GoFj1+ GiF,

which is itself a special case of a more general result (see Theorem 6):

k k
(—1)] (k) Wrj _ <ur_1) auy, — buy_1 o
= i) ul ur ) aug + (b —pajug_

As an example of non-binomial sums derived in this paper, we mention (see Theorem 3):

Wgr+4r—1
Upr—1 = + (ap — b)u —2,
" Z qur 2l (—qur—a)* ( Jur

of which a special case is

Gkr—i—r—l
F, = — F,_1(Gy — Gy).
Z Fg 1 Fﬁ—l

Another example in this category is (see Theorem 2):

_ Wpykr41Wp—r

"_’"eu_lz = — Wy Wp— i1
' j=0 (wn /wp—y)? (wWn /wn—r)* nenrh

giving rise to the following results for the {G,,}, {Pn}, and {J,,} sequences:

k
- Frjn Gn+kr+1Gn r
(_1)n 71(G0G(1 + G2 - G2)F7“ ! = - GnGpry1,
n r—1 7"]+1 Pn—i—kr—&—lpnfr

P = - PnPn—r )

; (Pn/Pp—r) (Pn/P,_,)F +1

and
3 e et

J /Jn r (Jn/Jnfr)k

We require the following 1dent1t1es, derlved in [2]:

Wintr = UpWm — QUp—1Wm—1 , (1.10)
VpWiy, = Wiptr + ¢ Win—r (1.11)

and
Wp—r Wm+tn+r = WpWm+n + qn_reurfluerrfl s (112)

where e = pab — qa® — b.
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2. WEIGHTED SUMS

Lemma 1. Let {X,,} and {Y,,} be any two sequences such that X, and Y, m € Z, are
connected by a second-order recurrence relation X, = v X _o +yY—g, where x and y are
arbitrary non-vanishing complex functions, not dependent on m, and o and B are integers.
Then,

k
Ym—ka—ﬁ—l—aj X,
Y E I - x;n - me—(k+1)a7
j=0

for k a non-negative integer.

In particular,

k
Yaj Xka+6
G=

Proof. The proof shall be by induction on k. Consider the proposition Py,

k
P | yY Amckecpred _ Xm

i ok - me—(k—i—l)oz )

=0

with respect to the relation X, = vXp,_o + yYi—g. Clearly, Py is true. Assume that P, is
true for a certain positive integer n. We want to prove that P, = P,41. Now,

X,
Pn : <f(n) = Trnj — me(n+1)a> 3
where
fn) =y Y e ie
We have
+1
f(n+ 1) o nz: Ym—na—a—,@—i—ja o Zn: Ym—na—a—6+ja+a
— Y. A 271
7=0 j=—1
n n
_ YN Ymena—grja Y Yi—na—pg+ja
o ,Zl xJ oz T¥m—na—p-a + Zo xJ
J=— J=

IR s c
=Y¥Ym-na—a—p z Yy s oI
]:

(invoking the induction hypothesis P,,)

1 /X
= mefnafaf,B + ; (m - me—na—oz)

n
X
= ngTl - (menafa - me—na—a_ﬁ) .

Since Xy—na—a — YYm—na—a—8 = TXm—na—a—a, we finally have
X
f(n + 1) = q;TTl - mef(nJrQ)a :
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Thus,
Xm
Ppi1: | f(n+1) = s TXm—(n+1+1)a |
i.e. P, = Ppy1 and the induction is complete. O

Note that the identity of Lemma 1 can also be written in the equivalent form:

k
Y Yo g jo = Xm — "M X i1y (2.2)
§=0
In particular,
k
Yy Z l‘]Y,J’a = X,B - l‘k+1Xﬁ_(k+1)a . (23)
§=0

Theorem 1. For integer m, non-negative integer k and any integer r for which w,_1 # 0,
the following identity holds:

r r
E ( > Wmtr—k+j = < ) UmWr — qUm—k—1Wr—1 -

j=0 qWr—1 qWr—1

In particular,

r—1 i Wy J Wy g r—1
q Z Wi = q Uk—pWr + Up—1Wr—1 . (24)

j=0 qWyr—1 qWr—1

Proof. Interchange m and r in identity (1.10) and write the resulting identity as

qWr—1 1
= Um—1 + —Wmr -
r r

Identify X = u, Y = w, ¢ = qu,—1/w,, y = 1/w,, a = 1, and § = —r, and use these in
Lemma 1. U

Um

The Fibonacci, Lucas, and Pell versions of Theorem 1 are, respectively,

k VAN AR F.\"*
(-1 < = ) Foverir; = (—1) ( = ) FoirFy 4 FuiFros (25)
=0 r—1 r—1
k (L j (L k
Z (_1) Lo 1 Lm—l-r—k—i-j = (_1) L1 Fm-i-lLr + Fm—kLlr—1, (2-6)
§=0 r— r—
and
k j k
P! P
> (—1y (P r1> Prir—krj = (=1)F (F)1> Ppi1 P+ Py Py (2.7)
]:0 T— T—
In particular, we have
k k
E \’ F,
S0 () B = (04 () R, (25)
=0 r—1 r—1
k k
L\’ L
S 1 (1) Lo = (0* (1) PnLs (29)
=0 r—1 r—1
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and

j R
) P =0t () A (2.10)
r—1

e

j=
Theorem 2. For non-negative integer k, integers m and r and any integer n for which w, # 0,
the following identity holds:

r 1

n m—(n+1)— kr+r] Wy Wp—r
"eu, 1 E = 7~ WnWm—(k+1)r -
wn/wn r (wn/wnfr)

In particular,

— Wn+kr+1Wn—r
e, = — Wy Wy 1 - 2.11
G G >
Proof. Write identity (1.12) as
w eUp—
Wm = iwm—r + qn_r#um—n—l .
Wy —r n—r

Identify = = wy, /wp—p, y = ¢" "€Ur_1/Wp—r, « =7, and f = n + 1, and use these in Lemma
1. O

Results for the {G,,} and {P,,} sequences emanating from identity (2.11) are the following:

T Gn T GTL—’I“
(=1)" 7 (GoG1 + G2 — G2)F, }: /é“ 7 = (G““/él_ G — GGyt (2.12)
and
T Pn T P —r
yrr-ip, § /]le = (P““/;_”)k — PyPoy_ry1. (2.13)

Lemma 2. Let {X,,} be any arbitmry sequence, where X,,, m € 7Z, satisfies a second order
recurrence relation X,, = v X, o+yXp,—g, where x and y are arbitrary non-vanishing complex
functions, not dependent on m, and o and B are integers. Then,

k
Xm—ka— X
Yy Z %M = ?ZL - me—(k’-l—l)oa (214)
and
k
Xm—kp— i X
CCZ SmhPot by TZL - me—(k+1)5 ) (2.15)

for k a non-negative integer.

In particular,

k
Xoi X
y> == . N (2.16)
- i X
7=0
and
k
Xg; X
py SO SEEE X (2.17)
= y
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Proof. Identity (2.14) is a direct consequence of Lemma 1 with Y, = X,,. Identity (2.15) is
obtained from the symmetry of the recurrence relation by interchanging x and y and « and

B. O
Note that the identities (2.14) and (2.15) can be written in the following equivalent forms:

k
Yy W X gaj = Xom — " X (k1100 (2.18)
§=0
and
k .
Y P Xon—aepi = Xm — v X or1)p - (2.19)
j=0
In particular,
k
yY X oy = X5 — 2" X5 (14100 (2.20)
j=0
and
2y Y X 5= Xa— 9" Xo_(ri1)s- (2.21)

Theorem 3. For non—negatz’ve integer k and any integer m, the following identities hold:

w
quFu,_ 12%: W g ey — W, TEZL, T # -1, (2.22)
J=0 Ur
k
Wm—kr— 7“+1+r] Wm
Up_1 = + QUr—2Wyy_(kt1)rs T EZL, TF1, 2.23
and
k
w UpwW
Z iania e B —r F — qUr—1Wm—k-1, T €L, r 7& 0. (224)
= (qura/ur)— (qur—/ur)

In particular,

W
qufur_l Z # = bufJrl — Whparil, (2.25)
k
Wrj Wkr4r—1
Up_1 - = + (ap — b)ur—a, 2.26
X P~ e O 226)

and
Up W —gr 1 atypy1 — buy
qur l/ur (qur 1/“7") qr aury1 + (b - pa)ur

Up— 1 Wy - (2.27)

-

Proof. To prove identities (2.22) and (2.23), write the relation (1.10) as w,, = UpwWpy,—p —
qUp—1Wm—r—1, identify X = w, x = up, y = —qu,—1, @ = r, and 8 = r + 1, and use these
in Lemma 2. Similarly, identity (2.24) is proved by writing the relation (1.10) as w,, =
(1/up)wmtr + (qQup—1/up)wp—1, identifying X = w, x = 1/uy, y = qup—1/ur, @« = —r, and
B =1 and using these in Lemma 2. O
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Explicit examples from identity (2.27) include
k

, G I [

S F S R || S e T— re2Go =BGy pn

jzo( )(Fr/Fr+1)] ( )(Fr/Fr+l)k k ( )FT+QG0+FT+1(G1_GO) +1
(2.28)

k
B Pr1 Py
) (kR gy pp 2.29
jz:%( ) (Pr/Pria)? - (P./Poy1) (=1) +1 (2.29)
and

zk: : ) 22 CANCOS Y (2.30)

=0 27 J/Jr+1) -2k (Jr/JrJrl)k or T r+1 - )

Theorem 4. For non-negative integer k and all integers r and m, the following identities

hold:

k
Wm— kr+r+r] UrWm r
= — G Wi (bt 1)r 231
Jz% q /U'r (qr/v’,‘)k m—(k+1)r ( )
M w
r —rrj
ofg" S I e (2.32)
k
Wm—2kr—r+2rj _ Wm
“TZ(:) oy g T Umeers (2.33)
j=
k
Wmtr+2rj Win+2r(k+1)
§=0
and
k o\ J o\ F
Z <_q:> WmA+2r+rj = q" W + vy (_q:) Wi+ (k+1)r - (235)
§=0
In particular,
k
Z Wy . Urwkr r i aug; — bugr_1 wo (2 36)
=g /o) (@ /o) g auze + (b= pajug—y T
w
vquz e R — Wikt 2)r (2.37)
Jj=0 vr
k
Wy W(2k+1)r auy — buy_q
v - = Wy 2.38
T]Z_[:) ¢V~ (~a)F  au+ (b—payu " (2.38)
k
W2rj Work+r auy — buy—1
L = — , 2.39
U’r’jz;) q' qkr au, + (b 7pa)urilw1“ ( )
and
u v\’ augy — bug,—1 v\
T —— | wp; = — w "op | —— | Wgp—p . 2.40
q ;}( qr> rj CLUQT—&-(b—pa)UQT_l 2r + 4 r< qr> kr—r ( )
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Proof. To prove identities (2.31) and (2.32), write identity (1.11) as wy, = (1/v;)wmtr +
(q¢" /vr)wp—p. Identify X = w, x = 1/v,, y = ¢" /vy, « = —r, and § = r, and use these in
Lemma 2, identities (2.15) and (2.18). Likewise, to prove identity (2.34), write identity (1.11)
as ¢" Wy = Wytor — UpWippr. Identify X =w, 2 =1/¢", y = —v,/q¢", a = —2r, and § = —r,
and use these in Lemma 2, identity (2.18). O

Lemma 3. Let {X,,} be any arbitrary sequence. Let X,,, m € Z, satisfy a second order recur-
rence relation X, = xX;m_o + yX;m—p, where x and y are non-vanishing complex functions,
not dependent on m, and « and 8 are integers. Then,

i k 2\’ X
> i)\ Xm—km(ﬁ—a)j:?v

Jj=0
for k a non-negative integer.

In particular,
k

S -

j=0
Proof. We apply mathematical induction on k. Obviously, the lemma is true for £ = 0. We
assume that it is true for £ = n a positive integer. The induction hypothesis is

Xm
Pr : =—1;
(rm =)
where

fn) = Zn: <];> (;)J Xin—np+(8-a)j-

§=0
We want to prove that P, = Pn41. We proceed,

n+1 n 1 T j
fln+1) = Z( - ><y> Xm—nB—B+(8-a);j

)=0)+(0)

Xm nf—B+(B—a)j T

n i X
= ) = <an56+(6a)J = Xon—nf—B+ (5 >(y+1)>
= \J/) \y y
1<~ /n z\’
== (=) @Xnnpsr-a)G+1) T YXmonp—pr(5-a)j)
vz \i/) \y
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(since 2Xn ng—pr(s-a)(+1) + YXm-ns—p+(5-0)j = Xm-npt(5-a);)

1<~ /n 2\’
= - . - men —a)j
y (J) (y> pHEme)

1X
= -~ (by the induction hypothesis) .
yy"
Thus,
X
fln+1)= ynﬁ ,
so that
X
Pry1: <f(n+1) = ynfl) :
i.e. P, = Pp41 and the induction is complete. 0

Note that the identity of Lemma 3 can also be written as
k .
k\ fy\J Xm
Z (]) <;> Xm—ka-i—(oz—,é’)j - Fa (2‘42)

J=0

with the particular case

k .
> <];> (2) Xiamsi = )i’ff‘ : (2.43)

§=0
Theorem 5. For non-negative integer k and any integer m, the following identities hold:
k

k Uy J
Car Y (5) (5o ) kg = wme rEZ r20, (240
=0 "

k k
Z<>w7" ’“*”—(“”‘1) W, TEZL, 1#]1, (2.45)

=0 qur 2 qUuyr—2
and
k w u k
Z ( ) mj;”ﬂ = <qu7"—1> W, TEZL, 1#-1. (2.46)
j= T "
In particular,
k J
—qur—1 kZ( ) ( " > Wi = Wi(rt1) s (2.47)
j=0 qUr—1
K k w U K
rJ r—1
= 2.48
-Z <]> (qur—2)7 (qur—2> o ( )
7=0
and
k k
S 1y (k) Wrj <U'r—1> aug — bug—1 " (2.49)
= R Uy auy, + (b — pa)ur—
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Proof. To prove identity (2.44), use, in Lemma 3, the z, y, a, and  found in the proof of
identities (2.22) and (2.23) of Theorem 3. To prove identity (2.45), use in Lemma 3, the z,
y, «, and S found in the proof of identity (2.24) of Theorem 3. To prove identity (2.46),
write the relation (1.10) as wy, = —(1/(qur—1))Wm+r+1 + (ur/(qur—1))Wm+1. Identify X = w,
x=—(1/(qur-1)), y = (ur/(qur—1)), « = =1 —r, and § = —1, and use these in Lemma 3. 0

We have the following specific examples from identity (2.48):

jko (=17 <§)Ec’i]1 = (=" <FF1>ka (2.50)

jzi;)(_l)j @)15_]1 = (1) (;il)kpka (2.51)
and

go(;)j <];> J?_jl N (—21)’“ <in1>k‘]’ﬂ' (2.52)

Note that identity (2.44) is a generalization of identity (48) of Vajda [4], the latter being the
evaluation of the former at r =1 and ¢ = —1.

Theorem 6. For non-negative integer k and all integers m and r, the following identities

hold:
k k\ w kr—+2rj (¥ k
() (7
=\i) a7 q
k .
k (o J Wm
. —— | Wm—2kr4rj = ) 2.54
;(y)( q’“) AT (—gr) (2:54)
and
k B\ Wk . quw
Z(—QJ(_)W:(_l)k . (2.55)
j=0 J 'Ug“ Ur

In particular,

£0)5-(2) o

PRV q
& .
k> ( 'Ur>] W2
' —IY) wp = (2.57)
jz; <J q N CTOL
and
k kN Wy k aug, — bug,_1 Wi,
—1)7 o= (—1 L - - 2.
Z( ) <]> ’U7J~ ( ) (aukr+(b_pa)ukr—1> Uyl? ( 58)

Proof. To prove identity (2.53), use, in Lemma 3, the x, y, a, and  found in the proof of
identities (2.31) and (2.32) of Theorem 4. To prove identity (2.54), write identity (1.11) as

Wiy, = VpWin—y — ¢ Wn—or. Identify X = w, x =v,, y = —¢", a = r, and g = 2r, and use these
in Lemma 3. To prove identity (2.55), use, in Lemma 3, the x, y, «, and § found in the proof
of identity (2.34) of Theorem 4. O
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Setting p = 1 = —q in identity (2.53), we have

k
(k
(_1)r] <]) Gmferrer = (_1)rkL5me . (259)
7=0

Identity (2.58) at p =1 = —q gives

v Frre1Go — Fi,Gh1 - Gy

b k\ G
—1)/ " (—1 ) 2.
JZ;( ) (J) L (=1) Fir11Go + Fip (G1 — Go) L (2.60)
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