DIFFERENCES OF GIBONACCI POLYNOMIAL PRODUCTS OF ORDERS
2, 3, AND 4

THOMAS KOSHY

ABSTRACT. We present the extended gibonacci polynomial family; and then investigate the
differences of some special gibonacci products of orders 2, 3, and 4, and their polynomial
and numeric implications to the Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas, Vieta, Vieta-
Lucas, and Chebyshev subfamilies.

1. INTRODUCTION

Extended gibonacci polynomials z,(x) are defined by the recurrence z,12(x) = a(z)zp41(x)+
b(x)z,(x), where x is an arbitrary complex variable; a(x),b(z), z0(z), and z1(x) are arbitrary
complex polynomials; and n > 0 [5, 6].

Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal, and Jacobsthal-Lucas polynomials, denoted
by fu(x),ln(x), pn(z), gn(z), Jn(z), and j,(x), belong to the gibonacci family {z,(z)}; their
numeric counterparts are denoted by Fj,, L., Py, Qn, Jn, and j,, respectively. Vieta and Vieta-
Lucas polynomials V,, and v,,, and Chebyshev polynomials T}, (x) and U, (z) also belong to the
same family [5, 6].

1.1. Relationships Among the Subfamilies. By virtue of the relationships in Table 1,
every ginonacci result has a Jacobsthal, Jacobsthal-Lucas, Vieta, Vieta-Lucas, and Chebyshev
counterpart, where i = /—1 [5, 6].

Jn(z) = 2=V, (1//x) jn(x) = 221, (1/V/7)
V() = "1, (—ix) vp(x) = ", (—ix)
Vo(z) = Up—1(z/2) vn(x) = 2T, (2/2).
Table 1: Links Among the Gibonacci Subfamilies
In the interest of brevity, clarity, and convenience, we omit the argument in the functional
notation, when there is no ambiguity; so g, will mean g,(z). Again, for brevity, we let
gn = fn O lp; by = pp O qn; ¢ = Ju(x) or ju(z); dy =V, or v,; and e, = T), or Up; and
correspondingly, we let G,, = F,, or L,; B, = P, or Q,; and C,, = J,, or j,. We also omit a
lot of basic algebra.
Again for brevity and convenience, we let

L tGa=F, (1 i B=R,[1 i Ci= 1,
P72, G, =L 13, i B,=0n 5, if Cy = and A = Va2 £ 4.

We can develop an explicit Binet-like formula for g,. To this end, we need the following
result; its proof is straightforward, so we omit it.

Lemma 1.1. Let g, denote the nth gibonacci polynomial. Then g, = afn_o + bfn_1, where
n > 0. O
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The next theorem gives the promised explicit formula. Its proof follows by the lemma, so
we omit that also.

Theorem 1.2 (Binet-like formula). Let ¢ = ¢(z) = a+(ax—b)S and d = d(z) = a+(ax—b)a,
where a = a(x) and B = B(x) are the solutions of the equation t> — xt —1 = 0. Then,

_ca —dp"
gn_ia—ﬂ : O

2. DIFFERENCES OF GIBONACCI PRODUCTS OF ORDER 2

A gibonacci product of order m is a product of gibonacci polynomials g,; of the form

H gffﬂ-, where )" s; = m. We now briefly study differences of gibonacci products of order
i>0 s;2>1
2.

Using Theorem 1.2, we can establish the following differences of gibonacci products of order
2:

Int+hIn+k — InGnthtk = (—=1)" fr fr;
Im+k9n—k — 9mGn = (_1)n_k+lﬂfkfm—n+k§
InkGn—k — 9o = (=1)" T fR, (2.1)

where p = p(z) = a® + abx — b%; pu equals 1 when g, = f,,; and — (22 + 4) when g, = [,,.
In particular, we have

Fn—i—th-‘rk - FnFn+h+k = (_1)thFk; (22)
FynFog — Fy = (=1)" ™R (2.3)
FoFoi1 — F1 Fp = (—1)" Fyp. (2.4)

A. Tagiuri discovered the beautiful formula (2.2) in 1901 [1]. About 60 years later, D. Everman
et al. re-discovered it [2, 8]. E. C. Catalan developed identity (2.3) in 1879 [4]. G. D. Cassini
found identity (2.3) in 1680 with £ = 1; R. Simson discovered it independently in 1753 [4].
P. M. d’Ocagne found identity (2.4) [4].

It follows from the Catalan-like identity (2.1) that (gnikgn—r — 92)> = p?f}; consequently,

4gn+kgggn—k + /’[/2f;€l = (gn-l-kgn—k + 9721)2 (25)

Thus, 49n+£929n—k + K2 f4 is a square.
It follows from identity (2.5) that

4Gy kG2 G + V* G} = (Gpyi G + G?)?;
4Bk B2B_ i ++° B = (BnyxBa i + B2)%

3. DIFFERENCES OF GIBONACCI PrRoDUCTS OF ORDER 3

With these tools, we now investigate differences of gibonacci products of order 3. The next
theorem gives one such formula.

Theorem 3.1. Letn > 0. Then,
In+19n+29n+6 — 924-3 = M(—l)n(l‘3gn+2 - gn—l—l)' (3'1)
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Proof. By the gibonacci recurrence, we have
gnte = (@* 4327 + V)gni2 + (2% + 22) g y1;
Int19nt29nt6 = (z* + 32° + 1)93+29n+1 + (=® + 2$)9n+293+1%
Gois = TG o+ 35°G0 ognt1 + 3Tgni20n i1 + G-
Then, by identity (2.1) and some basic algebra, we have
LHS = gn+19n+29n+6 — 43
= (' + Dgpagni1 + (2° — 2)gnyagiis — 20010 — Goia
= %G 12(TGnt1 = Gnr2) + Inr29nt1(gnt2 — Tgnt1) + 2gnragii — Goia
= —2°g7 Logn + Gn29nt19n + TG0 11 (TGns1 + gn) — Goia
= —2gnio [QZH + N(—l)nH] + gn41 [93+1 + M(_l)nH]
= u(=1)" (@ gnr2 — gnt1),
as desired. 0
It follows by Theorem 3.1 that

3 2 3
+ TGn+209n11 — Gn+1

3 _ (—1)"($39n+2 = Gn+1), if gn = fn,
In+19n+29n4+6 — Gn43 = {(—1)"+1A2(:L"3gn+2 . gn+1), if On = an (3-2)
b b b L, = (_1)n(8$3bn+2 - bn+1)a if by, = pn,
n+1Yn+2n4-6 n+3 (_1)n+1 4(3;2 + 1)(8$3bn+2 _ bn+1)a if bn = gn.
Consequently,
(—1)"G,  if Gy = F,
Grs1Gnt2Gnie — G2 5 = {( H5G, i Gy = Ly (3.3)
( 1)”(8Bn+2 Bn+1), lf Bn = ns
)

(—=1)"*"12(8B, 12 — Bpy1), if By = Qn.
Melham discovered the formula (3.3) with G,, = F,, [7].
Theorem 3.1 has a byproduct that follows from identity (3.3) that Gy, +1Gn+2Gni6— Gf’L 43 =
(=1)"u(1)Gy, 50 (Gpy1Gny2Gnys — Goy3)? = v2G2. This implies
4Gn+1Gn+2Gf’L+3Gn+6 + V2Gi = (Gn1Gny2Gnye + Gf’z+3)2.
Similarly, we have
4B 41BntoB2  3Bny6 + 4(8Bny2 — But1)? = (Bny1Bni2Bnte + Bois)?;
AC141Crn42C  3Cn46 + K A" (Crpa — 4C41)° = (Cy1Cns2Cris + Cpy)*.

Next, we pursue the implications of Theorem 3.1 to the Jacobsthal family.

Bpni11Bni2Bnie — B?H—?» {

3.1. Jacobsthal Implications. By virtue of the relationships J, (z) = =Y/ f,(1/\/z) and
gn(x) = 2™?1,(1/\/z), Theorem 3.1 has Jacobsthal consequences. To see them, first replace
x with w = 1/y/z in identity (3.1). We then get

1
In+19n+29n+6 — 92+3 =(=1)"u <mgn+2 - 9n+1> ) (3.4)
where g, = gn(u) and p = p(u).
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Suppose g, = fn. Then, (3.4) yields

fn+1fn+2fn+6 - f73L+3 = (_1)n/‘ <fn+2 - fn—i—l) s
where f, = f,,(u). Multiplying this equation with z3"+6)/2 results in the Jacobsthal identity
Tt (@) Tn2(2) T (@) — T (@) = (=172 [aya(e) — 22 (2)]
Similarly, when g,, = [,,, we get
1 (8)gnr2(2) jnse(€) = Jnis(@) = (1) 4z + 12" [fora(2) — 2%jpp(2)]
Combining the two cases, we have
3 —(=2)" (cpyo — 2%cpt1) if ¢, = Jy(x),
Cn+1Cn4-2Cn4-6 Cn+3 {(43) + 1)(_x)n+l (Cn+2 _ $2Cn+1) ) if Cp = ]n(l‘)

Consequently,

_(_2)n+1 (Cn+2 - 4071—!—1)7 if Cn = Jn;

Cri1Cni9Cni6 — C3 5 =
+1 +2 +6 n+3 {9(_2)n+1 (Cn+2 _ 4Cn+1) ’ if Cn _ ]n

The next theorem gives a companion formula for a difference of gibonacci products of order
3.

Theorem 3.2. Letn > 0. Then,

n+1(

Ingn+49n+5 — 924—3 = :u(_l) x3gn+4 + gn+5)'

Proof. By the gibonacci recurrence, we have g, = (2% + 1)gn14 — (2% + 22)gn13. Then,
Ingnragnis = (2% +1)g5  4gns — (2° 4+ 22)gnt39n+49n+5-
We also have
sy = (Gnis — 2gn1a)’
= Gni5 — 3TGn+agnss + 30700 a0nts — 2001
= (Gnt5 — TGn+a)(Gn+s — 28Gn14)gnts + TG0 aGnss — TG0 14
= gnt3(In+s — 20Gn14)9nts + TG0 1 a9nts — TG 44
Consequently,
InIn+49n+5 — Jots = Gnrants — T Gnt30n+49n+5 — In+30mss + TG 14
= (Gnra — 9n+39n+5) (T Gnya + gnis)
= ()" (@ gnta + gnts),
as claimed. O

It follows by Theorem 3.2 that

1 n+1(x3gn+4 + gn+5)7 lf gn = fnu
1 n+1:u(3339n+4 + gn+5)a if gn = ln;

)
)
)
)

Indn+49n+5 — 924-3 = {E

1 n+1(81’3bn+4 + bn+5), if bn = Pn,
D)"4(z? + 1) (823byya + bpys), if by = qu;

bnbn+4bn+5 - bi-;-g = {E:
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Consequently, we have

1 n—i—lG

1

) n+6> if GTL = L'n,
)"5Gny6, if Gy = Ly;
1)n+1(83n+4 + Bn+5), if B, = ns
1)”2(8Bn+4 + Bn+5), lf Bn - Qn

S. Fairgrieve and H. W. Gould discovered the delightful identity (3.5) when G,, = F,, [3].
Next, we study the consequences of Theorem 3.2 to the Jacobsthal subfamily.

GnGn+4Gn+5 - G§L+3 = {E: (3.5)
g )=
By, Bp+4Bnys Bn+3 o (_

3.2. Jacobsthal Consequences. Replacing x with u = 1/y/x in (3.2), we get

1
3 1
Ingn+-49n+5 — Gpi3 = M(—l)n+ (mgnﬂ + 9n+5> .

Suppose gn = fn. Multiplying the resulting equation with z(37+6)/2

(@) It (2) s () = Tpya(@) = —(=2)" [Jnsa(@) + 2Tngs(2)].

Similarly, when g,, = [,,, we get

gives

(@) jnra (@) jnis(x) = dpas(@) = (—2)" (42 + D[jnya(x) + 2jnys(2)).
Thus, we have
—(—z)"(cnta + TCpys), if ¢, = Jn(x),
4z + 1)(—x)"(cppa + xengs), if cp = jn(x);

—(=2)"(Cpga +2Cy15), if Cp = Jy,
9(_2)n(0n+4 + 20n+5)7 if Cn = ]n

3
CnCn4+4Cn45 — Cpyg = {

Cn0n+40n+5 - 02-1-3 = {

3.3. Additional Consequences. Theorem 3.2 has additional consequences. It follows from

identity (3.2) that

GnGriaGnis — Gz = (1) (1) Grs; 50 (GnGriaGnis — Gi i) = VGl .
Consequently,

4GnG§z+3Gn+4Gn+5 + V2G%+6 = (GnGn+aGnys + Gi+3)2-
Likewise,
4Bnt+3Bn+4Bn+5 +7*(8Bnt4 + Bnis)? = (BnBn+aBnys + Bg+3)2§
4CnC,?;+3Cn+4Cn+5 + 4" (Crgg + 200 15)% = (CCpyaChrys + C2+3)2.
The next theorem presents another difference of gibonacci products of order 3.

Theorem 3.3. Letn > 0. Then,

n—l—l(

9nGirs — Go o = (—1)"T (2% gnia — gn) (3.6)

Proof. By the gibonacci recurrence, we have

992 t3 = Gn(TGnt2 + Gni1)?

= 229102 1o + 279 Gnt19n+2 + Gndo i1
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But,
229ngn+19n+2 = (Gn+2 — TIn+1)(Gn+2 — gn)9gn+2 + In(Int+2 — Gn)gn+2
= gi+2 — TGn+19n+2(Gn+2 — gn) — 9721971—1-2
= gi+2 - 9529%+19n+2 - gign+2.
Therefore,
InGnss = Gnia = T0nGnia = T20ni19n+2 = Gndnt2 + Gnfni
= (gngn+2 = Gos1) (@ gn+2 — gn)
= (_1)n+1:u(3329n+2 — gn);
as desired. O

As can be predicted, this theorem also has Pell and Jacobsthal ramifications:

2 3 (_1)n+1(x2gn+2 - gn)7 if gn = fm
+3 - {(_1) A2(3329n—i-2 - gn)a it g, = ln; ( )
(_1)n+1(4x2bn+2 - bn)a if by, = pp,
b bn+3 bn+2 2 2 .
(=)™ 4(z* 4+ 1)(4x=bpy2 — by), if by = qp;
2. = —(=z)"(cnt2 — xzcn), if e = Jp(),
nonds s T2 (—2)"(4x + 1)(cpao — 2%cy), if ¢y = jn(2);
the Jacobsthal identities can be established as before.
Their numeric counterparts are:
1 ntl n+1, if n — L'n,
GnGEL—i-?) - G?H—Q { Gni1, G (3.8)

1 n+ (4Bn+2 — Bn), if Bn = In,

(=1)

(=1)"5Gn41, if G = Lyp;

(=1)

( 1)” (4Bn+2 B )7 if B, = Qm

B Bn+3 Bn+2 {

—2" it ¢, = J,
Cn02 _ 03 — ) n ns
n+3 n+2 {_27 227 if Cp = i,

where we have used J,, 10 — 4J,, = (—1)" and j,12 — 45, = 3(—=1)"*1.

Fairgrieve and Gould also found the identity (3.8) when G,, = F,, [3].
It also follows from identity (3.8) that G,,G2%, 3 — G2, = (—1)" " u(1)Gpy1. This implies

4G GS oGh 13+ VPGl = (GuGr 3+ Gy o)
Similarly,
4B, B; 5B 3+ 7 (4Bnta — Bn)? = (BuBi 3 + By o)’
4C,C3 5C2 L3+ K0 4" = (C,C2 5+ C3 )%
Fairgrieve and Gould also discovered that F2F, 3 — F° | = (=1)""'F,.5 [3]. The next

n
theorem extends this identity to the gibonacci family. Its proof is also short and neat.

Theorem 3.4. Letn > 0. Then,
Iagnt3 = Goi1 = (=1)""(gnt3 — 2°gns1), (3.9)

AUGUST 2018 217



THE FIBONACCI QUARTERLY

Proof. By the gibonacci recurrence, we have
Tndnt+s = Gps1 = (9n+2 = T9n11) Gn+3 — g1 (Gt — 2gn+2)?
= Gniont3 + TG 10018 = Gnt1Gnss — TGnt10mis
= (Gn+19n+3 — 93+2)(3329n+1 — Gn+3)

_h ):+1N(9n+3 - gn+l)
a

It follows from identity (3.

1)n+1 gn+3 - gn—i-l) if gn = fu,

2
Ingn+3 — 9 .
A e 1)n gn+3 - gn+1) if g, = lpn;

)t
{(
(—
{( 1)+ n+3—4x bns1), if by = pn,
(—
{(

bngn+3 b§L+

1)"4 22 + 1) (bnys — 42%bpp1), if by = qn;

)" cn+3 — Cnt1)s if ¢, = Jp(2),

2
CnCn+3 — . .
n+ 4o + 1) (=) Hengs — cny1), if cn = jn().

In particular, we have

DG, if G, =

GZG ( n+2; n n»y

nYn+3 — n+1 {( 1)n 5G 25 if Gn — Ln?

B B ( 1)n n+3 - 4Bn—l—l) if B, = n
e (=1)"2(Buss = 4Busr),  if By = Qus

(=™, if C, =,
C2Cn 03 ) n n»
n +3 7 Yn4+1l — {27(_ )n’ if Cn — jm

where we have used the Jacobsthal properties that J,13 — Jpr1 = 27+l and Ints — Jnal =
3. 2n+1‘

3.4. Additional Consequences. It follows from the above numeric identities that
AG2GE \Grys +1VPGE Ly = (G2Ghis + G )%
AB2B3 . Bnis + 7 (Bnis — 4Bpi1)? = (B2Byis + Bo )%
AC;Cp 1Oy + K 16™ = (CaChis + Cr ).
Next, we investigate differences of gibonacci products of order 4.
4. DIFFERENCES OF GIBONACCI PRODUCTS OF ORDER 4

The next theorem highlights an interesting difference of two gibonacci products of order 4.
It is a straightforward application of the Catalan-like identity (2.2).

Theorem 4.1. Letn > 0. Then,

In+29n+19n-19n—2 — g = pl(1 — 2°)(=1)"g7 — pa?]. (4.1)
Proof. We have

LHS = (gn+29n—2)(n+19n-1) — g
= g7 — p(=1)"2?)[g} + p(-1)"] - g,,
= [u(=1)" = p(=1)"a?]g;, — p*a?
= p(l —2*)(=1)"gy — pa.
218 VOLUME 56, NUMBER 3
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It follows Theorem 4.1 that
4 (_1)n(1 - x2)g% - LE2, if gn = fna

n n n—19n—2 — gp = . 42

ro2gnitfn=1n=2 =9 {A2 [(—1)"(2? = Dgp — A?2?], i g = ln; -

—1)"(1 — 42?)b2 — 422 if b, =p

bit2bns1bn_1bp_o — b = ( n ’ nTE (4.3

+20n =10 =2 7 {4(902 + D[(—1)"(4a? — 1)b2 — 1622 (2® + 1)], if b, = gp. “3)

Next, we pursue the Jacobsthal implications of Theorem 4.1.

4.1. Jacobsthal Implications. Letting u = 1/y/x, equation (4.1) becomes

7!
In+29n+19n—19n—2 — gi = = [(95 - 1)(—1)"93 - M] )

where g, = gn(u) and p = p(u).
Suppose g, = fn, where f, = fn(u). Multiplying the resulting equation with 22772, we get

Tn+2(2) 1 (€) Jpo1 () Jn—a(2) = Ty (x) = 2" 2 [(=1)" (2 = 1) Jp (2) — 2" ']
On the other hand, suppose g,, = [,,. This time, multiply the corresponding equation with

22" this yields
2 (@)1 (@)no1 (2)jna (@) — () = 2" 2(dz +1) [(~1)"(1 - 2)j2(x) — (42 + 12" |

Combining the two cases, we have
n 1] if ¢, = Jp(2),

i _ P @ = D —am
2 — (4 + 1)z, if ¢ = jn(2).

Cn4+2Cn+1Cn—1Cpn—2 — C,, = xn_2(4$ + 1) [(_1)n(1 - x)
n

4.2. Additional Byproducts. It follows from the polynomial identities (4.2), (4.3), and

that
Gni2Gni1Gn1Gpo — G = —1/%, (4.5)
3(-1)"*B2 — 4 if B, = P,,

Bpi2Bps1Bp_1Bpn_o — BY =
+2 +1 1 2 {2[3(—1)”33 o 8], if Bn _ Qn;

22 [(-1)"Ch — 2] ifC, =
Cpi2Cn+1Ch_1Ch_o — Cg = n > n ns
+2Ln41 1 2 {9 . 2n—2 [(_1)n+1CgL —9. 2n—1] , if Cn _ jm

respectively.
Identity (4.5) with G,, = F,, is the Gelin-Cesaro identity, stated by E. Gelin, but proved by

E. Cesaro (1859-1906) [1, 3].
It follows from identity (4.5) that (Gni2Gni1Gn_1Gn_2 — G3)? = 1. Consequently,

4Gn+2Gn+1GﬁGn—lGn—2 + V4 = (Gn+2Gn+lGn—lGn—2 + Gi)2

Similarly, we have
4B 19Bni1BiBy_1Bn_o + 4+ 3(-1)"B%?, if B, = P,,

Bny2Bni1Bn_1Bn_o+ BY)? =
(Bn+2Bn41Bn-1Bn-2 + Br) {4Bn+23n+1Ban_1Bn_2 +4[8 = 3(=1)"B22, if B, = Qu;
4C,, QCn+1C4Cn_1Cn_2 + A ifC,=J,
Cri2Cn1Cn_1Cn o+ CH2 = * n ’ ’
(G2 ConaCuoa G ) {4cn+zcn+1cscn_1cn_2 +B, if Co = ju,
where A = 4"72[(-1)"C2 — 2""1]2 and B = 81 - 4" 2[(—1)"C? + 9. 2712,
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5. VIETA AND CHEBYSHEV IMPLICATIONS

Finally, it follows by the relationships in Table 1 that Theorems 3.1 through 4.1 have
implications to the Vieta and Chebyshev subfamilies also. In the interest of brevity, we leave
the work for interested gibonacci enthusiasts.
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