FIBONACCI-PRODUCING RATIONAL POLYNOMIALS

BRIAN HOPKINS AND ARAM TANGBOONDUANGJIT

ABSTRACT. We study a family of interpolating rational polynomials that produce Fibonacci
numbers on certain integer values. By construction, the degree m polynomial gives Fibonacci
numbers for m+ 1 arguments; we show that several additional outputs are also closely related
to Fibonacci numbers. Also, we use an alternative version of the polynomials to establish
several identities.

1. INTRODUCTION

There are many polynomials associated with the Fibonacci numbers. Our interest here is in
certain interpolating polynomials determined by points (i, F}j) for particular integers i, j where
F} refers to the Fibonacci sequence. There has been previous attention to such interpolating
polynomials [1, 2]; both use the condition ¢ = j. That is, they consider polynomials determined
by the points (0, Fy), (1, F1), etc. (actually, [1] allows a generalization of Fibonacci numbers).

We consider instead the degree n polynomial determined by points whose abscissas are
Fibonacci numbers and whose index depends on n. In particular, we use the points (0, Fj,12),
(1, Frog3), .., (n, Fonqo), that is, (¢, F;) with j = n + ¢ + 2. These particular choices allow
us to relate many additional values of these polynomials to Fibonacci numbers. In addition,
alternative forms of these polynomials (Theorem 2.1 and Proposition 2.3) allow us to establish
various identities (Corollary 3.2).

We use the standard definition of the Fibonacci numbers extended to the negative indices:

Fo=0,F =1 F,=F, 1 +F, oforn>2, and F, = (-1)""'F_, for n < 0.

We also use the falling factorial notation defined by (z)p = 1 and (), = z(x—1)--- (x —n+1)
for n > 1. Therefore, (n), = (n)n—1 = nl. By extension, () = (), /n!. This also allows us to
use binomial coefficients with negative integers, for example,

()= (2)=cormen (-0 (1)

Further, we will use the identity [4, Eq. 6] valid for all integers n and nonnegative integers k,

(Z) - (—1)k<k_z_1>. (1.1)

2. INTERPOLATING POLYNOMIALS

Our primary result gives alternative forms for a family of interpolating polynomials deter-
mined by points involving the Fibonacci numbers.

Theorem 2.1. Given a nonnegative integer n, let P,(x) be the interpolating polynomial de-
termined by the points (0, Fy12), (1, Fht3), ..., (n,Fonye). For n = 0, we let Py(x) be the
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constant polynomial F» = 1. For n > 0, using Lagrange’s formula, we have

n n .

r—7]

P () :ZFH-TH-QH vt
=0 =0

i

The polynomial P,(x) has degree n with leading coefficient 1/n! and an alternative form

Poz) = §F++ () (Z_"f) (2.1)

Further, for each integer k > n,

P, (k) = Fyynio — RZELF <k R Z) (2.2)

. n
=1

Also, for each integer k < 0,

—k—1 .
Z k+1
i=1

Table 1 shows the first few of these polynomials.

TABLE 1. P,(x) for small values of n.

P,(z)
1
T+ 2
(22 4+ 3z +6)/2
(23 + 322 + 142 + 30)/6
(z* + 22° 4 2322 + 942 + 192) /24
(2% + 3523 + 18022 + 744z + 1560)/120
(25 — 325 + 5524 + 25523 + 174422 + 7308z + 15120)/720

S U W NN = Oof3

Before proving the theorem, we collect some facts about other polynomials related to the
Fibonacci numbers. For each positive integer k, let

./Tk(l‘) = lekil + F2$k72 + -+ Fk_lx + Fk.

Lemma 2.2. The polynomial Fi(x) satisfies the following statements.
(i) The nth derivative of Fi(x) with respect to x is

k—n
k—n—i : :
n T Fi-(k—1), ifn<k-—1,
FO) = | & (=9
0 ifn>k.
(ii) (22 — 2 — 1) Fp(z) = 251 — Fppz — F.
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(iii) The derivatives with respect to x of the product in (ii) are
(2* =z = D) Fp(z) + (22 = 1) Fy(x) = (k + 1)z" — Fp,
(@2 — 2 — VF (@) + n2z — VFS V(@) +nn - )F" (@)

ik 4+ 1), if2<n<k+1,
o, ifn>k+ 2.

Proof. Differentiation with respect to x yields (i) and (iii). The product in (ii) telescopes. O
Proof of Theorem 2.1. Algebraic manipulation gives (2.1). For n > 0,

n n .
.
Po(a) = Y Frensa [[ 5=
i=0 j=0 J

i
n
= Z Fiynio H % H(UC )
i=0 ik U T G

S 0 (Je-a(*15)
-2 men(() (0 0)

where the last step uses identity (1.1). This formula holds for n = 0 as well, since by definition
(IE)O =1.

We prove the remaining assertions by induction on n. For n = 0, the polynomial Py(x) is
defined to be the constant polynomial 1, which has degree 0 and leading coefficient 1 = 1/0!
as claimed. We want to show that, for all positive integers k,

k
Pyo(k) =1= Fppo — ZFz
=1

and, for all negative integers k,

—k
Py(k) =1= Fpy2+ ZF—i-
i=1
This is immediate from substituting x = 1 and z = —1, respectively, into the formula of

Lemma 2.2(ii).

For n = 1, the polynomial P;(x) satisfies P;(0) = F3 = 2 and P;(1) = Fy = 3, so Pi(z) =
x + 2, which has degree 1 and has leading coefficient 1 = 1/1!, as claimed. Now, we want to
show that, for all positive integers k > 1,

k—1
Pi(k)=k+2=Fys—» Fi-(k—1i) (2.4)
i=1
and, for all negative integers k,
—k—1
Pi(k)=k+2=Fps+ > F-(k+i). (2.5)
i=1
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For (2.4), assume k > 1. Substituting x = 1 into the equations of Lemma 2.2 gives
k-1
Fo(1)=> Fi-(k—i), Fip(1) = Fo(D) + Feyr — (k+1), Fi(l) = Fepa+Fr— 1= Frp— 1,
i=1

Hence,
k—1
Y Fi-(k—i)=F4(1) = (Fya = 1) + Frpq — (k+1) = Fryz — (k +2)
i=1
which, rearranged, establishes (2.4).
For (2.5), assume k < 0. Write K = —m, where m > 0. Recall that Fj, = (—1)""1F,,.
Substituting £ = —1 into the equations of Lemma 2.2 gives

m—1
Fu(=0) = (D)"Y (D'F - (m—d),  Fpu(=1) = 3Fu(=1) = Fpyr + (=1)"(m + 1),
i=1

Fm(=1)=Fpi — Fp 4 (-1)™ = F, + (-1)™L

m—1
Y P (k+i)= (=)™ (=)™ F - (m )
=1 =1
= ()" FL (1)
= (=)™ B(Fn1 + (1)) = Fnp1 + (=1)™(m + 1))
= (-1 B3Fp_1 — Fpy1) —m+2=(-1)""E,_3—m+2

which establishes (2.5), after putting the expression back in terms of k.

We have now established the base case of the induction. Let n > 1 and assume the theorem
holds for all positive integers not greater than n. We want to prove that it also holds for n+1,
i.e., P,y1(x) has degree n+ 1 with leading coefficient 1/(n+1)! and, for each integer k > n+1,

k—n—1 .
k—1
Poii(k) = Fyyipnysg — F; 2.
+1(k) = Fitnys ;1 <n+1> (2.6)
and, for each integer k£ < 0,
—k—1 .
k41
P, = Fu, F . 9.
) = Frmsat 3 P (£17) .1

i=1
We begin by proving (2.6). Let k > n + 1. Then, k+ 1 > n+ 1 and, by Lemma 2.2(iii),
@ -z — DF" (@) + (n+ 1)z — DF (@) + nln+ DF" (@) = 25k + Dpss.
Substituting z = 1 yields
—FA) + (n+ DFE 1) + nn+ DF 1) = (k+ D (2.8)
By the induction hypothesis, polynomials P, (x) and P,_1(z) are of degrees n and n — 1, and
have leading coefficients 1/n! and 1/(n — 1)!, respectively, so that
1

(n—1)!
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By Lemma 2.2(i) (with = 1) and (2.8), we have
k—n—1
- Z Fi-(k—1)ps1 + (n+ D[ Frppio — nlP, (k)]

+ n(n + 1)[(” - 1)!Fk+n+1 - (TL - 1)!Pn—1(k)] = (k + 1)n+1-
Rearranging terms gives
(k+ 1pe1 + (n+ DIP(k) + (n+ )P, _1(k)

k—n—1
= (n+ DWFgniz + (n+ D Fhingr — Z Fi- (k= 1)n+1

k—n—1
=+ D) Ferpsz — ) Fi- (k= s,
i=1
or equivalently,

k—n—1 .
kE+1 k—1
(F70) + Pt 4 Pacalt) = Futmsa > (:)

Call the left side of this equation

z+1
Qz) = (n N 1) + Pp(z) + Po-1(2). (2.9)
Showing Q(z) = P,11(x) will establish (2.6). Notice that the polynomial @Q(x) has degree
n + 1 and leading coefficient 1/(n + 1)!. It suffices then to verify that Q(k) = Fjinis3 for
k=0,...,n+ 1. Consider three cases.

Casel. For 0 < k < n — 1, we have P,(k) = Fiint2 and P,_1(k) = Fiins1 by the

definitions of the polynomials. Also, (ﬁﬂ) = 0 in these cases. Hence,

k+1
Q(k) = (n n 1) + Fitnt2 + Frint1 = Frynts
Case 2. For k = n, we have P, (n) = Fb,t2 by definition and
n—1
Poo1(n) = Fopy1 — Fy (n B 1) = Fopy1 — 1
by the induction hypothesis. Also, (ZE) = (ij) = 1. Hence,

Q(k) = Q(n) =1+ Fongo + Fong1 — 1 = Fopys.
Case 3. For k =n + 1, by the induction hypothesis,

n
Py(n+1)=Fopiz— Fy <n> = Fopyz — 1,

n n—1
Pooi(n+1) = Fopgpo — 1 (n 1> —Fz(

>=F2n+2—n—1-
n—1

k+1\ _ (n+2\ _
Also, (n+1) = (ZH) =n + 2. Hence,
Q(/{?) :Q(TL+1) :n+2+FQn+3 — 1—|—F2n+2 —n—1 :F2n+4.

From these three cases, we conclude Q(x) = Pp41(x).
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It remains to establish (2.7). Let £k < 0 and write & = —m, where m > 0. Also, let
m’ = m + n. Then, again using the identity (1.1), we can write the sum in (2.7) as

—k—1 . m—1 .
Z F_Z- k +1 _ Z F_,L- —-m -+
; n+1 - n+1

=1 1=

e ()

_1\n+l 1 \ym'—n m’—(n+1) ,
_ ( 1) (n +(1)1') Z (_1)m np .. (m _Z)n-i-l

L (—nmEnt )
- W m+n (_ )
By Lemma 2.2(iii) (with z = —1), since n+1 < m+n+ 1, the last expression can be written

_1\ym+n+1
%(3( FDFEDL (1) = nln+ DESL) (1) + () n 4+ nt D). (210)

Now, we determine .F,E@J)rn( 1) and fr(,ﬁi)( 1). By Lemma 2.2(i), identity (1.1), and the
induction hypothesis, we have

Fal (1) = i(_l)erlF—i “(m+n =iy
=1
— (—1)m Z(—l)”F,i (‘m ;1 + Z>

(m+1)—1

— (—1)mty) ZF—Z< m+1) )

= (=)™l (Py(—m — 1) — Fyomt1) -

Similarly, F'T P (1) = (n — 1)!(=1)™*+*+ (P, _y(—m — 2) — Fy__1). Substituting these
expressions into (2.10) gives

_1\ym+n+1
((ib)Jrl)! (3(n + 1)(—1)m+n+1n! (Py(=m —1) — Fy_mt1)
—n(n+1)(=1)""" (0= DN (Pro1(—m = 2) = Fyogno1) + (1) (m+n + 1)n+1>
= =3Fy—ms1 + Fomo1 +3Pu(=m = 1) = Py (=m = 2) + (=1)"*! <m : ff 1)

-m-—1
= —Fym Po(—m — 1) — Py_y(—m — 2 .
13+ 3P, (—m ) 1(—m )+(n+1>

Define R(x) as

R(z) = (i A 1) 43P —1) = Pyr(z—2).

Showing that R(z) = P,+1(x) will establish (2.7). As with Q(z) above, it suffices to establish
R(k) = Fyypnas for k=0,...,n+ 1, which again takes three cases.
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Case 1. For k = 0, we have
-1 -1 -1
R(0) = 3P,(—1) — P,_1(—2) = 3F,1— Fh_1 — F_ = F,y3.
(0) <n+1)+ (1) 1(=2) (n+1)+ +1 1 1<n_1) +3

Case 2. For k =1, we have

n—+1

Case3. For2 <k <n+1 wehavel <k—-1<nand 0 < k-2 < n—1, so that
Py(k—1) = Fy_i4ny2 = Frgnyr and Py 1(k —2) = Fr_oqpn_142 = Fppn—1. Also, (ﬁﬁ) =0
in these cases. Hence, R(k) = 3Fy1n+1 — Frtn—-1 = Fitn+3-

R(1) = < 0 ) +3P,(0) — Py1(—1) = 3Fyss — Fy = Fyrs.

We conclude R(z) = P,4+1(z), which completes the proof. O
In the proof, we showed that the polynomials P, (x) satisfy the recurrence relations
z+1
aﬂmawamng+g, (2.11)
z—1
Poii(z) =3Pz — 1)+ Ppi(x —2) = (n N 1>. (2.12)

Now, we prove that the converses are also true in the following sense.

Proposition 2.3. The polynomials P, (x) are uniquely determined by the initial conditions and
(2.11). That is, let (Qn(x)) be a sequence of polynomials defined by Qo(x) =1, Q1(x) = x+2,
and, forn > 1,

Quia(e) = Qo) + Quata) + (1 7]).
Then, Qn(x) = Py(z) for all n > 0.

Proof. We proceed by induction. For n =0 and 1, Qo(z) =1 = Py(z) and Qi(z) =z + 2 =
Py (x), respectively. For n = 2,

Q2(x) = Q1(x) + Qo(z) + (m;rl (fﬁzl)x _ +?2):c+6

Assume Qi(x) = Py(z) for all k& < n; we want to show that Qn4+1(z) = Pp41(z). By the
definition of (@, (x)) and the induction hypothesis, we see that @,+1(x) has degree n + 1.
Hence, it suffices to verify that Qn4+1(k) = Fginso for £ = 0,...,n + 1. This justification
follows the same details as the step of the proof of Theorem 2.1, where we verified that Q(z),
defined by (2.9), satisfies Q(k) = Fyynyo for k =0,...,n+1. We conclude that Q,(z) = P,(x)
for all n > 0. O

>:(x+2)—|—1+ = Py().

The analogous result for the second recurrence relation has a similar proof, which we omit.

Proposition 2.4. The polynomials P, (x) are uniquely determined by the initial conditions and
(2.12). That is, let (Ry(x)) be a sequence of polynomials defined by Ro(x) =1, Ri(z) = x+2,
and, forn > 1,
z—1
R, =3Rp(z—1)— Ry—1(z —2 .
e =3Rue = 1) = Ra(e -2+ (1)
Then, Ry (z) = Py(x) for alln > 0.

We will use the following result on the derivative of P, (x) in the next section.
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Lemma 2.5. Let n be a nonnegative integer. The derivative of the polynomial P, (x), defined
in Theorem 2.1 with respect to x, is given by

PA@) = Pa(o) ,no R (5) (2 25).

n—1

/ (_1)n_i n
P (n) = HyFopqa + Z; ﬁFi+n+2 E
1=

where Hy, is the harmonic number defined by Hy = 0 and H, = Z?Zl 1 forn>1.

In particular,

Proof. Differentiating with respect to z, using %(i) = ()X 01 —, gives

n

i(i)(ﬁi?%(f>(21”§>”§ni;lij+(Z:?)(”E)gxij

DCI% 2
= )2 Dy
7 n—1 = x—n—i—j Fox
_(x)(n—x) Zn: 11

1 n—1 jzox—j T —1

for each i = 0,...,n. Combining this with the definition of P,(x) gives the desired formula.
To evaluate P/ (x) when 2 = n, rewrite the expression of P/ (z) as

n—1
/ . B z\ [/n—x 1 B 1 T
Pn(l') = Pn(.f Z T —3 g z+n+2< >(n—7,) + x_nPn(x) $_nF2n+2<n>.

=0

By the definition of P,(x), the last two terms in the sum above can be expressed as
1 §F x\(n—x\ 1 nz_:lF z\n—x(n—xz—1
T —n = 2 G n—1 _w—nizo G =i \n—i—1

g z\ (n—z—1
:_E — L4 nt2| . . .
Lo m —1 7 n—ii—1

1=0

Substituting = n into this alternative form of P/ (x) gives the desired expression. g

3. SUMMATION IDENTITIES INVOLVING THE FIBONACCI NUMBERS

We can now motivate our definition of P, (z) by detailing how it is closely related to Fi-
bonacci numbers beyond the defining values x = 0,...,n. For instance, applying (2.3) to
k=-3,-2,—1 and (2.2) to k =n+ 1,n + 2 gives

Pp(=3) = Fo1 4+ (=1)"n, Pp(=2) = Fn + (=1)", Pu(=1) = Foy1;

Pn(n—l—l) = Fopy3 — 1,Pn(n—l—2) = Fopyq — (n+2), (31)
respectively. Let us highlight that these results depend on our particular choice of the points
(i, Ftit2) for i = 0,...,n to determine the interpolating polynomials; most choices of points

(i, F;) do not lead to comparable results. In future work, we will consider some other choices
of points that do lead to interesting polynomials.
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Our last result makes use of the following lemma, an easy extension of Theorem 1, and
Corollary 2 in [3] to arbitrary polynomials.

Lemma 3.1. Let n be a nonnegative integer and p(z) a degree k polynomial with leading
coefficient a,.

If k < n, then Zn:(—l)ip(i) (?) =0. If k =mn, then i(—l)ip(n —1) (?) = nlay,.
i=0 =0

We conclude with various identities that come from the alternative formulations of P, (k)
developed in Theorem 2.1.

Corollary 3.2. Given positive integers m,n, and nonnegative integer k,

izn;(l)iFiJrnJr? <7Zj__11> = Frt1, (3.2)

Zz:%(—l)iFHnM <7Z> = (=1)"Fy, (3.3)
Zn:(_l)iFQn-ﬂ—i (?) =1, (3.4)
i=0

Sorn(( ) )G

=1

n—1 ;

—1)" n—1 n n+1
g (=) ; <Fz+n< ) —3Fz’+n+2<.> +Fz’+n+4(. )>
= n—i 1 —1 ) 1+ 1

1 1"
- n+1 + n((n_g 1) (Fn - nFn-‘rl - nQFn+4) — Hy 1 Fop + 3HnF2n+2 — Hn+1F2n+4.
(3.6)

Proof. Identity (3.2) is essentially writing out P,,(—1) using (3.1).
We prove (3.3) by induction on k. For k = 0, Lemma 3.1 applied to the polynomial P,,_s(z)
and the specific formulas (3.1) yield

0= zn:(—1)ipn,2(¢) <7z>

1=0

n

i=0
Similarly, for £k = 1, applying Lemma 3.1 to P,,_(x) gives
- 7 n n n
>0 Finn () = (41 = (1A

- 7
=0
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The inductive step then follows from the recurrence relation of the Fibonacci numbers.

Identity (3.4) follows immediately from applying Lemma 3.1 to P,(z).

Identity (3.5) follows from evaluating the recurrence relation (2.11) at negative integers
whose values are supplied by (2.3).

To prove (3.6), differentiate the recurrence relation (2.12) with respect to x and then evaluate
at © = n + 1 to obtain

1
ne1(n+1) =3Py (n) + By y(n—1) = =
Replacing each derivative with the formula from Lemma 2.5 gives the identity. U

The identity (3.3) for k£ = 2 can also be derived by equating 1/n!, the leading coefficient of
the polynomial P,(z), to the leading coefficient of the polynomial appearing on the right side
of (2.1). Moreover, (3.2)—(3.4) can also be proved directly using Binet’s formula for the nth
Fibonacci number. For example, to prove (3.2),

n . n+1 B n ; ottnt2 _Bi—i—n-&-? n+1
Zz;(—l) Fi+n+2<i+ 1) = iz;(—l) ( 7 ><z+ 1>
_ant? - n+1 5”7*2 - n+1
- 0(_0‘) <i+1> 5 ;(_5) <i+1>
Oén—i-2 6n+2

= () (A=) 1) 7

n+l 1)

<.
I

(=A@ -p)" —1)

n+1 n+1
o B

_ = (pn+l
= ﬁw* 1)+\/5

an-i—l o Bn—i—l

V5

= I'n+1-

(«

In contrast, identities (3.5) and (3.6) do not seem to have a more direct proof of this type.
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