SOME HIGH DEGREE GENERALIZED FIBONACCI IDENTITIES

CURTIS COOPER

ABSTRACT. The Gelin-Cesaro identity states that for integers n > 2,
FuaFouoiFugi Fags — Fyy = -1,

where {F),} is the Fibonacci sequence. Horadam generalized the Fibonacci sequence by defin-
ing the sequence {W,} where Wy = a, W1 = b, and W,, = pW,,_1 — ¢Wp,_5 for n > 2 and a,
b, p and ¢ are integers and q # 0. Using this sequence, Melham and Shannon generalized the
Gelin-Cesaro identity by proving that for integers n > 2,

W oW i Wog1 Waga — Wi = " 2 (p° + QWi + 2”7 %p?,

where ¢ = pab — ga® — b?>. We will discover and prove some similar high degree generalized
Fibonacci identities.

1. INTRODUCTION

Let {F,} and {L,} be the Fibonacci and Lucas sequences, respectively. Many authors have
studied Fibonacci identities and generalized Fibonacci identities. For example, Gelin stated
and Cesaro proved [2, p. 401] that for integers n > 2,

FooFp 1Fy1Foo — Fy = —1. (1)
To generalize (1), we need the following definition due to Horadam [3, p. 161].

Definition 1. Let {W,} be defined by Wy = a, Wy = b, and Wy, = pWy,_1 —qW,,_2 forn > 2,
where a, b, p, and q are integers and q¢ # 0. Let ¢ = pab — qa® — b*.

Melham and Shannon [5] generalized (1) by proving that for integers n > 2,
W oW i Woi a1 Wiao — Wi = g™ 2(p* + ) W2 + 2> 3p% (2)
In this paper, we will generalize and prove some similar high degree generalized Fibonacci

identities.

2. GENERALIZATION OF THE MELHAM AND SHANNON IDENTITY

To generalize (2), we need the following definition.
Definition 2. Let {U,} be defined by Uy =0, Uy = 1, and U,, = pUp—1 — qUy—o forn > 2,
where p and q are integers and q # 0.

The sequence {U,} is the fundamental sequence of Lucas [4]. With this definition, we can
state a generalization of the Melham and Shannon identity.

Theorem 1. Let r and s be positive integers and n > r + s be an integer. Then
Wn—r—sWn—rWn+rWn+r+s = Wé + an_r_s(quf + U3+3)W73 + C2q2n_2T_SU7~2U1?+s- (3)

We note that when r = 1 and s = 1, (3) becomes (2).

The proof of (2) can be found in Melham and Shannon [5]. The proof of Theorem 1 is similar
to the proof of (2), but with a few modifications. Before we begin the proof of Theorem 1, we
require more definitions and a lemma from Melham and Shannon [5, pp. 82-83].
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Definition 3. Let {Y,} be defined by Yo = a1, Y1 = b1, and Y,, = pYy—1 — qYp—2 forn > 2,
where a1, by, p, and q are integers and q # 0.

Definition 4. Let s be a nonnegative integer. Let
U(s) = (pa1b — qaa; — bby)Us + (aby — a1b)Us41.
Lemma 1. Let n be a nonnegative integer and r and s be positive integers. Then
WoYnirts — WhirYogs = VU(s)q"U,. (4)
Now we can begin the proof of Theorem 1.

Proof. In (4), replacing n by n —r and s by r gives

Wi Yiugr — WYy = U(r)g" " U,. (5)
Replacing r by 7 + s in (5), we have
Wh—r—sYnirqs — WY =V (r + 8)¢" " *Upgs. (6)
Adding (5) and (6) gives
Wi Ynir + Wi sYnprps = 2Wo Yy + U(r)q" "Up + ¥ (r + 5)¢" " " Upps. (7)

Subtracting (6) from (5) gives
Wh—Ynir = Wi sYnirys = \II(T)qniTUr - ‘IJ(T + S)qniris r+s- (8)

Square both sides of (7), and similarly for (8). Then subtract the latter of the equations
resulting from this from the former to obtain

4WTL—7‘—SW7L—’I’YTL+T’Y?’L+T+S
= AW2Y2 + 44" "3 (@O (r) U, + U(r + 8)Upy )WYy + 4U (1)U (r 4+ 8)¢*" 2 U, Upys. (9)

Divide both sides of the equation by 4. Now, if (a1,b1) = (a,b), then {W,,} = {Y,,}, ¥(r) =
cUy, and ¥(r 4+ s) = cU,4s. Substituting these quantities in (9), we see that (9) becomes (3).
This is what we wanted to prove. O

Note that if » = 1 and s = 1, then (3) becomes (2). Also, note that if a =0,b=1,p =1,
and ¢ = —1, then {W,,} = {F,,}. Thus from (3), we have the following identity for Fibonacci
numbers.

For—sbprFpprFoyris = Fr% + (_1)n—r—s—1((_1)sF3 + FT'2+S)FT% + (_1)SF7"2F7“2+5'

3. A GENERALIZED SIXTH DEGREE IDENTITY
Next, we wish to prove the following theorem.
Theorem 2. Let r and s be positive integers and n > r + s be an integer. Then
3Wn—T—ng—rW3+rWn+T+s + Wg—r—sWr?JrrJrs (10)
= AWE + 6¢q" " (¢°U? + U2, )Wy + 32> 225 (¢* U + 2¢°URU? , + Ul W2
+ PTG ULUR s + ULL).

Again, the proof of Theorem 2 is similar to the proof of (2), but with a few modifications.
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Proof. We start the proof of Theorem 2 as we started the proof of Theorem 1. Instead of
squaring, we cube both sides of (7), and similarly for (8). The latter of the resulting equations
is then subtracted from the former to obtain

6W’3 r n-l—r
= 8W3Y2 + 12W2Y2U (r)q" U, + 12W2Y 20 (r 4 8)q" " Uy
+ 6W, Y, U (r)2¢?" 2 U2 4+ 12W, Y, U (1) 2 50 (r + 8)Up Uy s
+ 6W, Yo, U (r + 8)2¢*" 2 202, + 665" 50 (r) U (r + 8)URU, 45

+2¢°" 3P (r + 5)? U§+s-

Wi sYnpras +2W23_ Y3 (11)

r—s*n+r+s

Divide both sides of the equation by 2. Again, if (a1,b1) = (a,b), then {W,} = {Y,},
U(r) = cU,, and ¥(r + s) = cU,4s. Substituting these quantities in (11), we see that (11)
becomes (10). This is what we wanted to prove. (]

Again,ifa=0,b=1,p=1, and ¢ = —1, then {W,,} = {F,}. Thus from (10), we have the
following identity for Fibonacci numbers.

3F,_ oF2 F2 Fnyris+F2_, F3

n—r+ n+r r—s8- n+r—+s
= 4Fg + 6(=1)" T (<1 F + B Fy + 3(F) 4+ 2(=1)° F2F

4
r—i—s F
+ (_1)n7T7571(3F1f1Fr2+s + Fvgrs)'

r+s)Fn

4. A GENERALIZED 2kTH DEGREE IDENTITY

Next, we wish to prove the following theorem which generalizes the previous theorems.

Theorem 3. Let r and s be positive integers, k > 2 be an integer, and n > r+s be an integer.
Then

k k+1-—21¢ 2i—1
2 ZZ (21 N 1> (anrWnJrr) (anrfsWn+r+s) (12)

_ Z ( ) 2W2 k—1 zqm ir— zs( 5U2 + Uf—i—s)i
k i—
+ 2ck kn—kr—ks Z <2Z - 1) q(kJrl 2z)sU2(k+1 Qz)UT_GS 1)'

Again, the proof of Theorem 3 is similar to the proof of (2), but with a few modification.

Proof. We start the proof of Theorem 3 as we started the proof of Theorem 1. But, this
time, we consider (7) and (8) and let (a1,b1) = (a,b). Then {W,} = {Y,}, ¥(r) = cU,, and
U(r+ s) = cU,+s. Substituting these quantities in (7) and (8), we obtain

anrWnJrr + anrfsWnJrrJrs = QWr% + an_TUv? + an—r—sUT2+s (13)

and

W Whgr = Whr s Whrgs = an_TUE - an_T_SUr2+5~ (14)
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Instead of squaring, we raise both sides of (13) to the kth power, and similarly for (14). The
latter of the resulting equations is then subtracted from the former to obtain

(Wn—rWn—i-r + Wn—r—sWn—f—r-‘rs)k - (Wn—TWn-‘rr - Wn—r—sWn-i-r—‘rs)k

_Z( ) 2W2 k— Z( qn—rU3+an r— SUrZ—l—s)i

+ (an TUTQ +an r— SUEJrs) (anirUg _anfrfsUEJrS)k.

Expanding the products on both sides of the equation and collecting and canceling terms gives

k o .
22 (271 _ 1> (Wn—rWn+r)k+1 2 (Wn—r—sWn+r+s)2 !

_Z( > 2W2 k—i zqzn ir— 15(q U2+Ur2+s)i

+ 2Ck Z <2i i 1) (qn—rUg)kz-i-l—Qi(qn r— 5U3+s)2i—1.
i>1
Simplifying some more, we obtain

k k+1-2i 2i—1
2 ; (21 . 1) (Wn—rWn—l-'r) (Wn—r—sWn+r+s)

k—1

_ Z <Z> <2W3)k—zczqm—zr—zs(qu3 + U3+8)z

=0

+ 2qukn—k'r—ks Z (2Zk_ 1) q(k—l-l 22)5U2(k+1 21)UT_$_251 1)‘

This is what we wanted to prove. O

Again, ifa=0,b=1,p=1, and ¢ = —1, then {W,,} = {F,}. Thus from (12), we have the
following identity for Fibonacci numbers.

k 9% -
2 Z ( . > (anan+r)k+1 QZ(anrstn+r+s)21 !

k—1

k —1 m—ir—is+1i 7
_ (.)@Fs)k (—1yin-iristi(_1)°F2 4 F2, )
1=0

k n—kr—ks —2i)s —24) 22(2i—
+2(_1)k2<2i_1>(_1)k kr—k (_1)(k+1 2i) FTZ(kJrl 2)FTJ(rS O}

5. A GENERALIZATION OF A FOURTH DEGREE FIBONACCI IDENTITY

Next, we give another fourth degree Fibonacci identity from [1, p. 46]. If n is a nonnegative
integer, then
FuFyyq— FoaFoie = (1) Py Lo, (15)

n

To state a generalization to (15), we need a definition due to Rabinowitz [6, p. 166].
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Definition 5. Let n be an integer. Then
Xp = Wn+1 - an—l-

The sequence {X,,} may be considered to be a companion sequence to {W,}, in the same
sense that the Lucas sequence is the companion of the Fibonacci sequence. This sequence will
be useful in stating our next theorem.

Theorem 4. Let n be a nonnegative integer. Then
W Wiy — W3 o Waie = cp*q" Wiis Xnys. (16)

Proof. Let n be a nonnegative integer. Let x = W, and y = Wy,41. Then, after some
substitutions and collecting terms, we have

W, ==z
Whi1=y
Whto =py —qx
Ways = (0* — )y — pgz
Wata = (p° = 2pQ)y + (—p°q + ¢z
Wais = (0" = 3p°q + )y + (—p°q + 2pg*)x
= (

5

Wite = (p° — 4p°q + 3pg®)y + (—p*q + 3p*¢* — ¢*)z

3

X3 = (p° = 3pq)y + (—p*q + 2¢°)z.

We need one more quantity, cg". From Horadam [3, p. 171, eq. (4.3)], we have that
"= W Waie — Wiy = x(py — qz) —y° = —qa® + pry — y°.
After substitutions and some algebraic manipulations, the left side of (16) simplifies to
(—0°¢* + 2p'q")z" + (3p¢* — 8p°¢” + 20°")ay
+(=3p%q + 9°¢° = 3p"*)a?y? + (0 — 207 — 3p°¢” + 2p°¢% )y
+ (=0 +4p°q — 3p* )y,

3

It can easily be shown that the right side of (16) also simplifies to this algebraic expression.
Therefore, the left side and right side of (16) are equal. This completes the proof of the
theorem. O

6. A GENERALIZATION OF A FIFTH DEGREE FIBONACCI IDENTITY

Finally, we present a fifth degree Fibonacci identity from [1, p. 46]. If n is a nonnegative
integer, then

Fr%Fr?L’JrB - Fn+1F2+6 - ( 1)n+1Ln+3 (17)
A generalization of (17) is presented in the following theorem.
Theorem 5. Let n be a nonnegative integer. Then

W2WS 5 — W3 W2 6 = cq" Xny3((20° — 3pg) W2 5+ (07 — 20°q + p3a?)cq™). (18)
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Proof. Let n be a nonnegative integer. Let x = W, and y = Wy1. We require all the
quantities from the proof of Theorem 4. After substitutions and some algebraic manipulations,
the left side of (18) simplifies to

(—p°¢® + 6p7q* — 12p°¢° + 8p3¢0)a®
+ (3p10 2 21qu3 + 51p5¢* — 48p*¢® + 12p?¢%)aty
+ (=3p'lq + 24p°¢" — 69p"¢* + 84p°q* — 39p°¢° + 6pg°)a’y’
+ (p12 10 +29p%¢* — 39p%¢° + 19p"¢* — 3p°¢°)a%y?
+ (20 - 14p7q2 +32p°¢° —26p°¢" + 6pg° )y’
+ (—p" + 8p%q — 220°¢% + 24p*¢® — 9p?¢*)y’.
It can easily be shown that the right side of (18) also simplifies to this algebraic expression.

Therefore, the left side and right side of (18) are equal. This completes the proof of the
theorem. O
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