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ABSTRACT. In this paper, we connect two well established theories, the Fibonacci numbers
and the Jordan algebras. We give a series of matrices, from literature, used to obtain re-
currence relations of second-order and polynomial sequences. We also give some identities
known in special Jordan Algebras. The matrices play a bridge role between both theories.
The mentioned matrices connect both areas of mathematics, special Jordan algebras and re-
currence relations, to obtain new identities and classic identities in Fibonacci numbers, Lucas
numbers, Pell numbers, binomial transform, tribonacci numbers, and polynomial sequences
among others. The list of identities in this paper contains just a few examples of many that
the reader can find using this technique.

1. INTRODUCTION

Many authors have used power of matrices to study recurrence relations. In 1981 Gould
[9] wrote a historical paper about the origins of using matrices in research with the Fibonacci
sequence. Gould’s paper has a bibliography with 45 items. Since then many papers have
appeared using this technique.

The study of the Fibonacci sequence and its identities became more visible when in 1963
Hoggatt and Brousseau founded the Fibonacci Quarterly journal. By the same time researchers
in another area of mathematics were working actively finding identities in Jordan algebras —
our interest here— (see for example, [8, [10, 1T, 12, [I3]). These two areas of mathematics
may have several topics in common. Therefore, the main objective of this paper, through
examples, is to show some connections between both, the recursive sequences and the special
Jordan algebra identities. We are wondering if the experts in Jordan algebras can find a deeper
connection. There are still many things, on how this connection works, that we would like to
understand better. For example, we believe there is a direct relationship between the power
associativity in Jordan identities and the arguments of the Fibonacci recurrence.

In this paper, we use matrices to bridge recurrence relations identities with special Jor-
dan algebras identities. We take a collection of matrices associated to sequences (Fibonacci
sequences, Lucas sequences, and matrices associated to other recursive identities) from the
literature; we also take a collection of special Jordan algebras identities, from the literature, to
obtain identities in numerical sequences.

Using identities from abstract algebra we can obtain more complex, general, and sophisti-
cated numerical identities. For example, we give classic identities, new identities, and very
complex identities in Fibonacci identities, Lucas identities, Pell identities, and many others.

Williams [21] and Mc Laughlin [I7] give simple forms to construct sequences from 2 x 2
matrices. Here we use the technique given in [17] and the special Jordan algebra identities to
show a new form to construct identities for recursive relations of order two.

This work was partially supported by The Citadel foundation.
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2. SOME PREVIOUS RESULTS AND MOTIVATION

In this section, we give a series of matrices, from literature, used to obtain recurrence
relations of second-order and polynomial sequences. Most of these matrices can be found
in [1, 9, [16] 18, 22]. In Section [4] there is a more general form for powers of matrices associated
to recurrence relations of order two.

Our aim is to use matrices to connect the special Jordan algebra identities with the recurrence
relations to obtain new identities associated to numerical sequences or polynomial sequences.

2.1. Fibonacci Matrices and generalized Fibonacci matrices. From we obtain
these sequences: the matrix F7' is the matrix associated to Fibonacci sequence. The matrix
Gy gives rise to Jacobsthal numbers a, = an—1 + 2an—_2, with ap = 0,a; =1 (A001045). From
[9] we have the general case, the matrix G;* gives rise to

In =Ggn-1+b-gn_o, with go=0, ¢g1 =1, whereb € Z-. (2.1)

We now give sequences associated with some values of b. From with b = 1 we have F'
the Fibonacci sequence; the equation with b = 2 gives the Jacobsthal numbers J,, := g,
see A001045; the equation with b = 3 gives |]A006130; the equation (2.2]) with b = 4 gives
A006131; the equation with b = 5 gives A015440; and the equation with b = 6 gives
A015441. We summarize these results in .

]:13_|:1 é], 922—[} (2)]7 gb3_|:

The powers of these matrices are

n Fn+1 F, n Jop—1 Jon n In+1 bgn
Fr= .oy = g = .23
! |: Fn Fn :| G2 |: Jon Jon+1 :| PG |: gn+1 bgn—1 (23)

The powers of the matrix £ give rise to a matrix where the entries are Lucas numbers and
Fibonacci numbers [14].

’ ] . (2.2)

— L5, n _ L, 5F,
cmam 1] emam[l )
The generalized Fibonacci numbers are defined as w,, = pw,—1 — qwp—2, where wy = 0, and

wy = 1 for p and ¢ in Z>g. This recurrence relation is represented by the power of the matrix
W in (2.5) (see [II 9] [16]). Particular cases of this sequence are in A015518 and A006190.

W= [ b ] ; W' = [ Wntl T qWn ] . (2.5)

1 0 Wp, —qWnp—1

(2.4)

2.2. Pell matrices and generalized Pell matrices. The matrices in are obtained from
particular cases of (see also [5, 9]). Using and power matrices we have that: P}
gives rise to Pell numbers p, = 2p,_1 + pp—2, Where py = 0, p1 = 1; the matrix P3 gives rise
to by, = 3bp—1 + by 2, where by = 0, by = 1, and in general P}’ gives rise to ¢, = b-cp—1+cp_2,
where ¢y = 0, ¢c;1 = 1. Sequences associated with some values of b; b = 2 gives |A000129; b = 3
gives A006190; b = 4 gives A001076; b = 5 gives |A052918; and b = 6 gives A005668. We
summarize these results in (2.7)).

Pg::[?(l)}; 7’3::[:1))(1)}; Pb::[?(l)]- (2.6)
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The powers of these matrices are

n Pn+1 DPn n bn+1 by, n Cn+1 Cn
2 |: Pn Pn—1 :| 3 |: by, bn—1 :| b |: Cn Cn—1 :| ( )

2.3. Fibonacci Polynomials. The following matrices that give rise to Fibonacci polynomials
can be found in [I§].

ow=| 1 o | ew=| g B (2.8

2.4. Special Jordan Algebra background. In this section, we give the background of spe-
cial Jordan algebras and three identities needed to show the examples required for this mo-
tivation section. The identities in Lemma [2.1] are part of Lemma on page [0l Part of the
discussion here and some notation can be found in |11} 12} 13].

A Jordan algebra A is a non-associative algebra over a field not of characteristic 2 whose
multiplication satisfies that a-b = b - a (commutative law) and (a?-b) - a = a? - (b-a) (Jordan
identity). Let (A, +, X, %) be the vector space of all n x n matrices over R, where +, X, and x*
are the matrix addition, matrix product, and the scalar product, respectively. For simplicity,
we use ab instead of a x b. (In this paper n = 2.) The vector space A gives rise to the
special Jordan algebra AT = (A, +, -, %), where the Jordan product (denoted by -) is defined as
a-b=(ab+ba)/2. We use {a,b,c} to denote this ternary operation

{a,b,c} = (1/2) [(ab)c + (cb)a] . (2.9)

Lemma 2.1 (|11 13]). Let A be a special Jordan algebra with the ternary operation {-,-,-}. If
a,b,c € A, where a-b is the Jordan product, then these identities hold

(1) {a™, a™, b} = a(m+n) . pn

(2) {al’ {amv b, am}v al} = {am—I—l’ b, am—&-l}’

(3) {a™, b,a™} - c = 2{a", (a™ - b),c} — {a®,b,c},

(4) {a™,b,a™} -d' = {a™, (b-d!),a"}.

3. EXAMPLES OF APPLICABILITY OF THE JORDAN IDENTITIES IN NUMERICAL SEQUENCES

In this section, we give some a few examples on how to apply identities from special Jordan
algebras to obtain new identities of order two recurrences relations. For example, we show some
new and old identities in Fibonacci numbers, generalized Fibonacci numbers, Lucas numbers,
Pell numbers, and combinations of some of them.

3.1. Example. As a first example we show an application of Lemma Part to F1 in
(2.2). In this example, we use the Jordan identity to prove Identity VI in [2] (more general).
Thus, we prove that Fy,11 = Fgﬂ + F2. Letting a = F; and b = I (the 2-by-2 identity
matrix) in Lemma Part we obtain that

{am’ an’ b} = a(m—l—n) : ba
{(FP, Fp Ly = F eI,

This and (2.3]) imply that
Fm+1 Fm Fn+1 Fn 10 — Fm+n+1 Fm+n (3 1)
Fm Fm—l ’ Fn Fn—l 101 Fm+n Fm+n—1 ' .
Applying (2.9)) to the left side of this equality and simplifying we have the identity
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(Fan + Fan)/2 Fm—an—l + Fan
Taking m = n 4 1 and simplifying we obtain the desired identity.

Fan +Fm+1Fn+1 (Fan +Fan)/2 _ Fm+n+1 Fm+n
Fm+n Fm+n—1

3.2. Example. We now give a second example on the application of Lemma Part to
F1in (2.3) and £ in (2.4). Thus, letting a = F; and b = £ in Lemma Part we obtain
that

{an’ am, bn} — qm+n) . b,

(FLFm LYy = Fecn

This, (2.3), and (2.4) imply that

Foi1 F, Foi1 P L.j2 5F,/21 | _
F, Fo|'| Fn FEno |7| Fuj2 Loj2 -
|:Fm+n+1 Fm+n :||:Ln/2 5Fn/2:|_

Fm+n Fm+n—1 Fn/2 Ln/2

(LpnFmsn+1 +3F Fnan)/2 (2LnFrgn + 5, Linin) /4 (3.2)
(2LnFm+n + Fan+n)/4 (LnFernfl + 3FnFm+n)/4 ' '

Applying (2.9) and simplifying we have that the left side (top) of this last equation is equal
to

Ly(FnFy+ Frg1Fni1)/2 Lp(LpFy + FiLy)/4 "
L, (L Fy, + FnLy)/4 Ly(Fp1Fno1+ FinFy)/2

3Fn<Fm—1Fn + Fan+1)/2 5Fn(Fm—1Fn—1 + 2Fan + Fm+1Fn+1)/4
Fn(Fm—an—l + 2Fan + F"rn—i—lpjn—&—l)/4 3Fn(Fan—1 + Fm+1Fn)/2 '

Since the entries of the sum of these last matrices are equal to the entries of the right side
matrix (bottom) of (3.2)), after doing some simplifications, we obtain these four identities.

LyFoint1 + 3FnFosn = L (F By + Frng1Fog1) + 3F (Fr—1Fn + FinFg).
2Ly Foin + 5F Ly, = Ly (LinFry + FpLy) + 5, (Fr—1Froe1 + 2F0 Fp + Frp1 Frgq).
2L, Frin + o Lyyn, = Lp(LinFry + Fo Ly,) + Fp (Frnm1 Fe1 + 2F0 Fy + Frp1 Frg).
LnFrin-1+3F,Fpin =2Ly(F_1Fy—1+ FF),) + 6F,(FFo1 + Frp1 F).
3.3. Example. In this example, we apply special Jordan identities to Fibonacci polynomials.

In this case, we use Lemma Part with (2.8). We take a" = Q"(x), b = Q™(x) and
c= 12. SO,

{a",b,a"}-c = 2{a™, (a"-b),c} — {a®",b,c}.
{Q"(2), Q"(2), Q"(2)} I = 2{Q"(x),(Q"(z) - Q"(2)), o} — {Q™(w), Q" (x), I2}.

These give rise to the following identities. For simplicity of the identities we set f; = Fi(x) and

lt = Li(z) (Lucas polynomial) for every ¢ > 0. (For more identities in Fibonacci polynomials
see [7].)

fmflfrr% + fn+1(2fmfn + fm+1fn+1) = fmflf»r% + 2fmfnfn+l + ferl(f»/QL + 2f2+1 - f2n+1)'
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fn(fm—lfn—l + fm—l—lfn-i—l) + fm(frZL + fn—lfn-i-l) =
F(AF2 412 —190)/2+ fulfn—1fa-1 + Fmt1 fot1)-

3.4. Example. In this example, we apply special Jordan identities combining Fibonacci num-
bers and Lucas numbers with a matrix having a variable. In this case, we use Lemma Part

Withn:mandanzﬁnandb: [f (1)]

52F2 4+ 6L, Fy, + 2 L2 = 6Fy, + 2xLay,

5F2 + 52 L, F, + L2 = 52 Fy, + 2Lay,.

4. RECURSIVE RELATIONS FROM 2 X 2 MATRICES

This section is based on the results found by Mc Laughlin [I7]. We now give a summary of
the results from [I7] that we are going to use here in this paper.
Let T :=a+d and D := ad — bc be the trace and the determinant of A, where

a=[0d)

Ifa=(T+VT?—-4D)/2 and = (T —T? — 4D)/2, then for « # 3, Iy —the 2 x 2 identity

matrix— and

125+

a — /Bn n n—2m—1 2 m jon—1
= T T T? — 4D)™ 271, 4.1
i 20 g;(mn+g (1%~ 4D)"/ (4.1)
this holds
A" = 2, A — z, 1 DIy, (4.2)

Theorem 4.1 ([I7]). If

12 .
Yn = (n . Z) T *(-DY,

- 1
=0

|3

then

A" — Yn — dyn—l byn—l
CYn—1 Yn — QYn—1

We have observed that if A := {{1,1},{1,0}} and

L5)

— Oén‘i_ﬁn n —9; 2 . 1
Lp'i= —— = T (1% —4D)* /2™
v = () —anyyr,

then the Lucas sequence can be obtained by A" 'B = Z,,A—Z,,_1DI,, where B := A2+ 1, =
31
1)
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4.1. Matrices associated to k-th binomial transform of Fibonacci numbers. We now
give some examples of matrices using the technique in Theorem and . The first entries
of the matrices 7,7 ; given in (4.3 give rise to the k-th binomial transform of Fy 1 (see [20]).
For the particular case 73" gives rise to {Fa,11} and {Fby,} see [18] [19].

In general, T;", | gives rise to the sequences

n

tnadi) = (-1 () iyl 1

1=0

We summarize these results in (4.4). When k varies for small values the sequences are in
[22]. For example, when k = 2 we obtain the sequence d,, = 5d,,—1 — 5d,,—2, where the initial
conditions depend on the position in the matrix. For example, the sequence associated to the
entry (1,1) of 73" is dp 11 = 5dp—1 — 5dy,—2, where dy = 1, d; = 3; the sequence associated to
the entries (1,2) or (2,1) is dp 12 = 5dp—1 — 5dy—2, where dy = 1, d; = 5; and the sequence
associated to the entry (2,2) is dp 22 = 5dy,—1 — 5dp—2, where dp = 2, and dy = 5 (see A081567,
A030191, and [A020876).

2 1 k+1 1
75::[11]; ml::{l k] (43)

The powers of these matrices are

- F2n+1 FQn . o hn,k(l) hnfl,k(o)
7-271 N |: F2n F2n—1 :| ’ ml - |: hnfl,k(o) hn,k(_l) ' (44)

4.2. Other matrices. The following matrices can be found in [17].

12 1 n_ n+1l n
o[ 28] [ s
3 11" ontl 1 on 1
Mo -—|:_2 0:| :|:_2n+1+2 _2n+2:|' (4'6)
-2 -1 1" w | Foio Fp
Ms ::[1 ) ] = (-1) {_an? —FH] (4.7)

4.3. Example. In this example, we apply special Jordan identities to k-th binomial transform
of Fibonacci numbers. In this case, we use Lemma Part ({)). We take a = Tj11 from ([4.4),
b= I and ¢ = T4 from (4.4). So, the entries (1,1) of all matrices give

Hip k(1) = P (0)h2o(0) + h e (D2 (1) = Bz, 1(0) (2 i (1) + Py (=1).
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This is equivalent to
(iz:(l)i (T;) Fioi(k+ 1) T
S (?) Fi(k+1)"" i(—ni—l (i”) ik s )P

i=0 port
zzn;(l)i (:L> Fia(k+ 1) i(l)%’ (2272) Fioq(k+ 1)y
- (g(—l)i—l (:L) Fi(k + 1)’”)2 (g;(—l)" (7;) (2F;_1 + Fyur)(k + l)n_i> .

4.4. Fibonacci-Lucas matrix. The powers of the matrix £ give rise to a matrix where the
entries are Lucas numbers and Fibonacci numbers [14].

15 L, 5F, } (48)

ey 3 e-am|
The powers of matrix Sy give rise to the sequences {(k* 4+ 1)"} and {k(k* + 1)"}. Since

the matrix S? in (4.9) is diagonalizable, it is easy to see that the matrices S" and 5’,3"“ are
correct.

1 k7 s [ K241 2k
S’“'_[kz—l]’ Sk_[% k:2+1]'
om _ | (B*+1)" 0 . ont1 _ | (P +1)" k(K +1)"

4.5. Tribonacci identities. In this section, we give matrices associated to third-order recur-
rence relations. For example, the matrix associated to the tribonacci sequence is denoted by
70,0,1, where the sequence generated by the powers of 7o 0,1 is given by t,, = t,—1 +t,—2 +1ty_3,
where top = 0, t; = 0, and t2 = 1 |3 23]. The sequence generated by the powers of the matrix
Ti21 18 Sp = Sp—1 + 28p—2 + Sp—3, where sp = 0, s = 1, and so = 1 [23]. The sequence
generated the powers of the matrix 7, s s is up = TUp—1 + SUp—2 + tu,—3, where ug = 0, u; = 1,
and ug = r [23]. For matrices in see [18].

111 tn+2 tn + tn+1 tn—i—l
Toopi:=1|1 0 0 |; Too1:= | tat1 tn+tn1 tn . (4.10)
0 10 tn th1+tn—2 th
1 21 Spt+l 28p 4 Sn—1 Sn
7-17271 = 1 00 ; 7-17}271 = Sn, 28n-1+ Sn—2  Spn—1 . (4.11)
0 10 Spn—1 2Sp—2+Sp—3 Sp—2
r s t Up41  SUp + TUp—1 Up,
Trse:=11 0 0 [; ’777157,f = Uy SUp—1 +tUp—2 Up—1 | . (4.12)
010 Up—1 SUp—9 + tUp_3 Up—2
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00 1 F2 Fo1F, F?
Tri=|0 1 2 |; TH:= 2F, 1F F? |+ F,1F, 2F,.1F, |. (4.13)
111 F? F,F, iy F2.,

4.6. Example. In this case, we use Lemma Part . We take a = Tp,1 from (4.10) and
b= Is.

(1) tm+n+2 = tmtn—l-l + tm+1(tn + tn+1) + tm+2tn+2~
(2) 2tmint1 = tm—1tna1 + tmratnrn + tn (2t + tag1) + tpa (tno1 + o + thy2).

5. IDENTITIES IN JORDAN ALGEBRAS

In this section, we give a series of special Jordan algebra identities from classic literature
[1T), 12} 13] (a few identities of many in the literature).

5.1. Special Jordan Algebra background. In this section, we complete the identities given
in Subsection We recall that the Jordan product is defined as a - b = (ab+ ba)/2 and that

{a, b, c} denotes the ternary operation
{a,b,c} = (1/2) [(ab)c + (cb)a] . (5.1)
Lemma 5.1 (|11, [13]). Let A be a special Jordan algebra with the ternary operation {-,-,-}. If
a,b,c € A, where a-b is the Jordan product, then these identities hold
1) {a", a™ b} = almt™) . pn,
{al {a b am} l} — {am+l b am—H}
{a", b, a”} c=2{a", (a"-b), c} {a®",b,c}.
2({a™, b, ¢} - a™) = {a", {a™) b, c}, a™} + {a" ) b}
2({a",b,a"} - a") = {a",b-a", a"} + {a®",b,a"}.
{a™,b,a"} -a! = {a™, (b-d),a™}.
{a™,b,a™} -a! = {a™*,b,a™}.
8) {dl,{a™,b,a"},c} = {a™ b-a” ¢} + {a™ b a™, c} — {aHF) b ¢}
(9) {a!, {a™,b,c},a™} = {a™) b, c} - a™ + {aF) b, ¢} - al — {aHmH) b e}

Lemma 5.2 ([I3,[15]). Let A be a special Jordan algebra with the ternary operation {-,-,-}. If
a,b,c € A, where a-b is the Jordan product, then these identities hold

(1) 2{a™,b,c} -a = {a,{a"1,b,c},a} + {a"*,b,c}.

(2) {a", {a™,b,a™},c} = 2{a™t™, (a™ - b),c} — {a"T?™ b, c}.

6. PROVING CLASSICAL FIBONACCI IDENTITIES USING JORDAN IDENTITIES

As an example, of the application of the Jordan algebras in numerical sequences, we give
different proofs of some classic identities. The proofs in this section are obtained applying just
one of Jordan identitites (Lemma E 5.1| Part (| . Note it is one of the simpler Jordan identity,
so this shows that Jordan identities are also a great tool to re-prove classical identities. For
example, Identity Part is the Lucas identity [18] 24], Identities Parts , , , , are
in [24], Identities in Parts (7)), (8) are in [4], Identity in Part () is in [6], the Identities in Parts

@D and are applications of Part .
Proposition 6.1. For n > 1, these hold.
(1) F2+FZ,, = Fopta,
(2) Fn(anl + Fn+1) = F2n;
(3) BE2 + L2 = 2Ly,
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(4) F, Ln - FQn;

(5) Fon by + Fm+1Fn+1 Fm+n+1;

(6) 5FFp + LipLn, = 2Luyn,

(7) FuLy + FonLn = 2F i,

<8> F, Fn 1 +Fm+1F - Fm+n;

<9> F Fn + 2Fm+1Fn+1 + Fm+2Fn+2 Fm+n+1 + Fm+n+37
10) 1—|—2F2+F+1—F2n 1+ Fona1.

Proof. The proofs of all parts of this proposition follow from Lemma Part (|1)). Therefore,
here we indicate the matrices used for a”, a™, and b. For the proof of Parts (1)) and , we

1 0
The proof of Parts (3) and (@), uses n =m, " = L from (4.8) with b :[(1) (1)
1 0
0

The proof of Parts @ and , uses a = L™, a™ = L™ from (4.8) with b = [

The proof of Part , uses a" = FJ', a™ = F{" from (2.3)) with b = [

O =
| I

n n m m 3 0 0
The proof of Part , uses a" = FJ', a™ = F{" from (2.3)) with b = { 0 1 }

1 1 . 01
The proof of Part @, uses a" = Fy' o™ = F'H from (2.3)) with b = { 0 0

The proof of Part , uses n =m, a" = F{ from (2.3) with b = [ (1) (1) } . [l

7. RECURSIVE RELATIONS IDENTITIES FROM JORDAN IDENTITIES

Using the mentioned matrices in Sections[2]and [4, and the identities in Section [f], we connect
both areas of mathematics, special Jordan algebras and recurrence relations. Here we give a
collection of identities of Fibonacci numbers, Lucas numbers, Pell numbers, and the binomial
transform. This list is not complete, these identities are actually a few examples of many that
the reader can find using this technique. Since the main objective of this paper is to show the
path between special Jordan algebras and the recurrences relations, the identities are simplified
but not too deep.

7.1. Fibonacci and other identities from Jordan identities. The proofs of the following
theorems are straightforward applications of the identities given in Lemmas and [5.2] and
the matrices that are given in Sections[2] The proofs are made following the technique used in
Section [3

Proposition 7.1. If F,, is a Fibonacci number and L,, is a Lucas number, then these identities

hold

m(FQnFn+1 + FnFZn-‘rl) = F2n+1 (Fm-‘rn—i-l - Fm-i—an—i-l) - FQn(Fm—an - Fm—i—n)v
Fr% = Fn+2(2Fn+3 - 3Fn—1) - Fn+1(6Fn + Fn+1);

Fn+1(2Fn+2 —Fo) = B Fys + Foo1Fyyo,

5(F? = + F2) = 4Fy, + 5Fon 41 — 4F,(Fr_1 + Fop1),

11F2, | = 13Fo, + 6F2p—1 + 11Fop 41 — 6F2_| — 17TF3 — 13F,(Foo1 + Fpt1),

3

n

F2,) = 5F3, + 2F3p1 + 3Fani1 — 2F2_| — 5F,(Fpoy + Fpuo),

n
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(7)

Fo1 (F3, — FyFonFpi1 + F3y oy — F2(Fon_1 + Fant1)) =
2F2 \FpFop + F2_ Fop 1 + Fy (F2Fo + FpFi1 Fopit — Fon(Fono1 + Font1))

<8> Fr((Fn—l - Fn+1)Fm+2 + (Fm—l - Fm+l)Fn+2) = ((2Fn +Fn+1)Fm +Fm+1Fn)(F7‘—1 -
F7’+1)7
(9)

Fm—l((?)Fn—l—l - 2Fn—1)Fr + Fn(Fr—l - Fr+1)) =
Fo1(=3F 1 Fp + 4F, 1 Fr + 2F, (Fr — Frpa)) — Fo(Fm1 = 2F 1) (Froy — Frga).

Proof. This proof is a straightforward application of Lemma m In this lemma we use Parts
. @ setting a = .7-"1, from (2.2) and (2.3), b = T2 from and and ¢ = £ from .
The Proof of Part (1)) uses Lemma- Part .
The Proofs of Parts and use Lemma [5.1] n Part (| .
The Proofs of Parts ( . @ use Lemma [5.1] E Part ( .

The Proof of Part (7)) uses Lemma [5.1] Part (7).
Part ()

The Proofs of Parts and @ use Lemma O

Proposition 7.2. If F,, is a Fibonacci number and L,, is a Lucas number, then these identities

hold
(1) F3+2 Fy = Fopyo,
(2) F, 2+2F2+2F2+3+8F Foyo = 8F7 , +4F,F, o+ F} i
<3> Fg 2+F2n+1+6F Fn+2+2Fn+1Fn+3 - Fn an+2+4F +2+Fn Q(SF +Fn+2)
(4) F2_ o4 2F, Ly + 2F,Fpyo +2F2 = F2 |+ F2 +2F?2 ,,
(5)

3F3 +2F2 (Fpyo+ Lyp) = Fp_oF, (2F, + 3L,) +
Fn (_3Fn+2Ln + 2F3+2 + 2F2n + F2n72 - 2F2n+2)
+ (F2 5+ 3Fsn — Lop) Ly + Fi_y (Fn + L),

(6)

5F, (2F2Fnyo — (2o — 2F20) Fovo + Frz 0 — 2F2 0 — 2F2.4,10) =
FlLy (=Fp2 o+ Fp2pio—3F(_1)n) +
2F Ly (Fp2_o —2F,2 0+ Fy 9Fp2 o+ 2F 2F2_,00)
+ LnFn o (3F2 — Fp2 o+ Fpio+ FupoFp2 90— FupoFoe 0 — 3F 1y, Foy2)
+ Ly (=3F 2 Fpyo+ FuioFpa g — FupoFpoig — Frogn o +3F + Fragpio) +
2F7 (6F,2 + 3 (F2 g — Fooyo+ FoyaFp2 ni0) — 2F g 1ynFnge) +
— F3 (Fp2y9—2F yy0+2F 1)) + FaeoFr (6F2 o + 8F ), 1y,) +
5FpFn o (2F,2 — Fp2 9+ 2F2 0+ FyoF 2y 90— 2F0F2 0 — 2F 1), Fy2)
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(7)
Fy (Fn (6F2 —2F,2 o +4F,2 0) 4+ F (2F -1y — 3Fp2_p42) — 3F 2400 — 4F,2,,) =
Ly (FnZ—n—QFr%fQ + (2Fn2—2 - 3FnF(n71)n) Foo—3FpFp2 + 2F5Fn2—n+2 + Fn2+n—2) +
FoFo_g (8F2 +6F,2 o+ Fy (2F,2_ g —4F 2,410 — 6F 1)) +
FoF? o (3F2 o +4F (1))
(8) Frn—gFon1F2+ FonFon 1Fy + FyioFoni1 (F2 5 — Fonya) = F2Fnyo (Fon—1 4 Fapt1),
(9)
FonFoioFy + (—2F3, + Fan—oFon-1 + Font1 (2F; 45 — Fanya)) Fut
E?_y (FonFoia + 28, Fopn1) + FonFryo (Fon— — Fapy1) =
Foo (FonF? + Foyo (Fon—1 + Fopg1) By + Fop (B2 g — Fono1 — Fopga) )+ (Fon—1 + Font1) Fy,

(10) Fon1F3 o5+ Fy (FuFpio — Fop) Fony1 = Fyoo (Fﬁ (Fop—1+ Fopt1) — F2n—2F2n—1);
(1 ) Fn (Fl—2 + Fl—‘r2) Fl (Fn—2 + Fn+2);

12)

Foni1 Fy o — Fon1 FRy = FP (FaFopin — Fir_gFon1) +

2F o F\Fy (FoFon—1 — FoyoFoni1) + FPy (B2 o Fong1 — Falon 1),
(13)
F2n+lﬂ+nﬂ+n+2 + FQnFﬁ_n = F}Q(FQnFr% + (Fn—2F2n—1 - Fn+2F2n+1)Fn - Fn—2F2nFn+2)+
F(Fi—2(F Font1 — F} oFon1) + Fria(Fr g Fong1 — FreFon1))+

F2nF1l+n—2F1l+n+2 + F2n71F’l+n—2F‘l+n+
Fy oFy o(Fy oFsy 1Fy — FyioFoni1 By — F2Foy + FpoFo,Fyyya),

(14)

n

20 ) o Fy (FopoFons1 — FpoFon_1) + Fop1 FRy + FP (FiFop1 — F2yFony1)

n

Fon 1 Fy o =F o (Fr gFon1 — FyFoni1) +

(15)

2F} o Fn+ (4F7 5 — 3Fo — 6Fony2) Fro + 2F3, + TFpi0Fopys =

AF3 4+ 2F3 )+ Fo (F2 +2F,0F, — 3F2 5 — AF5, + 3Fsn42) + 5F3n40,
(16)
24F2Fpio + 21F,0Fop 0 + 14F2, Fyyo + 6F3, o + 5F2_, =

EF? ) (2F, + Foyo) + (19F2 — 13F0F, — Fy + 12Fy, — 11F5, o + Fopyo) Fot
TF3 + 10F3+2 + 13F3, + FyyoFop o+ F, (4F2+2 + 30Fb, + 3Fan—2 — 3Fhn42) + 11F3, 40,
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(17)

6FonFrto + 3Fsn42 + Fo +2F2 o + FuyoFon—o = F2_o + (2F, — Fuy2) F2_ o+
(=3F2 — 5FyoF, + F2 g +4F5, +3F5, 5 — Fopio) Frot
5F3, + 4F2Fy 19+ 5Fn 9Fonio + Fy, (4Fn+2 — 6Fbp, + 3Fon—2 — 3F,12) + 2F3,_9,

(18)

8F2nFn+2 + 3Fn+2F2n72 + 2FS = Fg_g + (2Fn - 3Fn+2) F2_2+

n

(5F2n—2 - 4FnFn+2) Fn—2 + 4F3n + 2F3Fn+2 + Fn (4F7~20+2 - 3F2n + 6F2n—2) + 4F3n—2a
(19)

Fy (6Fns2Fonsa + 2F3, — 3F) 5 — 4F3 Fopo — 3Fsn40) =
Ly (FpoF? — 3F, 1o F2 4+ 3F5n Fy + 2 (F 5 — 2Fony2Fnya + Fingo)) +
Ey (A2 — 6F, 4o F3 + Fpyo (3F, + 2F,10) Fyy + (—6F 55 + 6Fby, — 2F, 9 + 4Fhy40) F)

(20)

Fn(Fn(GFQn - 2F2n—2 + 4F2n+2) - 3F3n—2) -
Fo(3F3 o+ 6F,F2 5+ (—6F2 — 4F,  oF,, + 8Fy, + 6Fy, o)Fy,_o — 2F> + 4F3, 4+ 3F*F, )+
Lo(F3 o+ (2Fsn_9 — 3F2)F,_5 — 3F,Fop, + 2F2F, 10 + F3,_5).

Proof. This proof is a straightforward application of Lemma In this lemma we use Parts

f setting a = M3 from (4.7)), b = T3 from (4.4)), and ¢ = £ from (4.8).
The Proof of Part uses Lemma [5.1] Part (L.
The Proofs of Parts f use Lemma Part .

The Proof of Part uses Lemma [5.1] Part (3).
The Proofs of Parts ((6) and use Lemma Part @.

The Proofs of Parts (8)—(10) use Lemma [5.1| Part (f).
The Proof of Part (11)) uses Lemma Part

The Proofs of Parts l.bl D use Lemma 5.1] Part (7)

The Proofs of Parts |.D use Lemma [5 - Part ({8)

The Proofs of Parts ((19)) and (20| use Lemma [5.1] - Part @ O

Proposition 7.3. If F,, is a Fibonacci number and L,, is a Lucas number, then these identities

hold
(1) 8Fn 2+ 16Fn 1+ 5Fn+2 = 5F + 13Fn+1,
(2) Fro1 +16F, + 8F, 11 = 11F, 42 + 2F, o,
(3) 4F +8Fn+1—11Fn 1+6Fn 2+3Fn+2y
(4)

Fm+1Fm+n + 7Fm+1Fm+n+1 = BF%_an + 2F +1Fn+1 + F2 (7F + 4Fn+1) +
mel (Ferl (Fn + 3Fn+1) + Fm (7Fn + 3Fn+1) - 7Fm+n - 3Fm+n+1) +
Fm (2Fm+1 (Fn + 4Fn+1) - 9Fm+n - 11Fm+n+1) + 4F2m+n + 5F2m+n+1a
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(5)
Frno1 (11 Fin—1 + 12F g + Frogng1) = Fo o (5Fu-1 + F) +
Fo_1 (Fm+1 (Fn 1+ 10F, + Fn+1) + F, (11Fn_1 + 12F, + Fn+1)) +
2F2 \Fy +10F2  Foy1 + F2 (11F,_1 + 13F, 4+ 6F,11) — Frns1 Fpn—1+
— 14F 1 Fmgn — 21F 41 Fongnt1 + 6 Fopqn—1 + 13Fopqn + 11F i+
F,, (2Fm+1 (Fn,1 + 11F, + 6Fn+1) —13F4n—1 — 34F4n — 13Fm+n+1) ,
(6)
Fm—l (4Fm+n + Fm+n+1)+Fm+1Fm+n—1+6Fm+1Fm+n+5Fm+1Fm+n+1 = thl (Fn—l + Fn) +
Fm—l (Fm+1 (Fn 1+ 2F + Fn+1) + F (3Fn—1 +4Fn +Fn+1) - 3Fm+n—1) +
2F2 \Fy +2F2 1 Foi1 + F2 (3F—1 + 5F, + 2F,41) +
Fm(2Fm+1( -1 +3F +2Fn+1) _5( m+n—1 +2Fm+n+Fm+n+1))+
2F2m+n71 + 5F2m+n + 3F2m+n+1-

Proof. This proof is a straightforward application of Lemma Set a = FJ' from (2.3)),
b="1Ty from 1.' and c = L" from 1.}

The Proofs of Parts ((1)—(3]) use Lemma [5.2| Part ([1)).

The Proofs of Parts (4)—(6]) use Lemma [5.2| Part ([2)). O
7.2. Binomial transform of Fibonacci numbers identities. In this section, we use the
sequence give in Section and the identities from Section [5]

Proposition 7.4. Ifk,n>1 and i € {—1,0,1} and

n

tnadi) = (-1 () iy 1

=0
then these identities hold
(1)
P e (1) (o e (1) P e (1) = P e (1) 12 1 (0) e ke (—1) = hy 1 (0) (R 1 (0) = 2P e (0) By 1o (1)),
(2)
Rtk (0) (R g (1) + P o (—1)) = 20 1 (0) (B, 1,(0) + hon g (1) P i (= 1))+
P (0) (2han ke (1) k(1) = P (1) 4 2R e (= 1) o i (—1) = B n (1)),
(3)
R ()R k(1) + B (= 1) (B (= D) Pk (=1) = B i (—1)) =
P g (0) (P, (0) = 2R 1(0) o o (— 1)),
(4)
Fip a1 1 (0) + hip iy (1) = B (0) (1 + (1 4+ k)?) + (1 + k)7, o (1)+
Ry b (=1) + 2(1 4 k) g (0) (P (1) + 1 e (—1)),
(5) 3 (1) = hyp(0)hon k(0) + hn,k(l)hzn,k(l) — hg 1 (0)(2R k(1) + Bk (—1)),
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(6)
2k 1(0) = hon ik (0) (P k(1) + higo(—1)) + bk (0)(—2R2 1. (1)+
hon (1) = 2hn (D) i (—1) = 2h7 1 (—1) + hap (1)),
(7)
iy (Dhzae(1) = hiy g (0) + 15, (1) = B (0) B (0) (P (1) + P o (1))
+ hip 5 (0) (3R, 4 (1) — R, (1) + 2R (D (1) + Ry 1 (=1)),
(8)
207, 1.(0)han £(0) = 4hy 1.(0) (A (1) + bk (—1)) = h2nk(0) (7 (1) + b2 1 (=1))
+ P o (0) (i, (1) + P (=1)) (205 1 (1) = P (1) + 217 1 (=1) = g k(=1)),
(1((9)3 h3 1 (1) + han k(1) + B2 1 (0)(2h 1 (1) + g (—1)) = 2(P 1 (0) hn 1(0) + B (1) g (1)),
hon e (0) (P (1) + Py (1)) = b3 1.(0) + hapo(0) + hay o (0)(h2 (1) — hopk(1)+
P ge (1) oo (—1) + B2 (—=1) = han (1)),
(11)

R k(1) (2P e (1) g g (1) = B3 1. (1) = B k(1)) = by 1 (0)+
i o (0) (P31 (0) = e o (0) (3 (1) + P o(=1))) + i 4 (0) (317 1 (1) = iz (1)
+ 2hn7k(1)hn,k(_1) + hi,k(_l) - h?n,k(_l))'

Proof. Proof of Parts f. These proofs are straightforward applications of Lemma Part
by setting a = 741, and b = Tgyq.

Proof of Part . This proof is a straightforward application of Lemma Part by
setting a = Tiy1 and b = Is.

Proof of Parts and @ These proofs are straightforward applications of Lemma Part
by setting a = Tp41, and b = Iy and ¢ = T41.

Proof of Parts and . These proofs are straightforward applications of Lemma Part
by setting @ = Tgy1, and b = Tgy1.

Proof of Parts @D and . These proofs are straightforward applications of Lemma
Part by setting a = Tgy1, and b = ¢ = Is.

Proof of Part . This proof is a straightforward application of Lemma Part @D by
setting a = Ti41, b= I, and ¢ = Ti41. O

7.3. Pell identities from Jordan identities. We recall that the Pell numbers sequence is
given by the recursive relation p,, = 2p,—1 + pn—2, where pg =0, p; = 1.

Proposition 7.5. If P, is a Pell number, then these identities hold
(1) PPy + Pm+1Pn+1 :Pm+n+17
(2)
Pn_1(nPy_1 —nP, + P,) 4+ Pp((n+1)Pp—1 +2nP, — (n — 1)Pyy1)+
Prii((n+1)P, +nPyy1) = n(Prign—1 + Point1) + 2Pnin,
(3) Poyo = Pp+2P44,
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( ) 2Pn+2Pn+1+P Pn+2 P3+Pn+1(2pn+5pn+l_Pn—l);

( ) +1+2Pn+2pn+1 P, Pn+2:_P3+2Pn+1pn+Pn+1(Pn—l+4Pn+1);

(6) Pony1= P2+ P24,

(7) 4Py, + 3Pon—1 + 2Psy1 = 3P2_| +5P2 +2P2 | + 4P, P, 1 4+ 4P, Poy1,

(8) TP2 = —3Py_1Py1 + 2P, Pyt — 4P2 | — 2Psy, + 2P, Pyt + 3P 1 + 4Pays1,

( ) 3P2 Pn—l(gpn—1+2pn)+2p2n_2p Pn+1+3p2n—17
(10)
2Pn(3pmn - mn+1) + 18Pn+1pmn+1 — _Pg(QPmnfn + 3Pmnfn71)+

2Pn+1(3pmnfn - Pmnfn+1)Pn + 9(Pmnfn+1P +1 + PanrnJrl)a

(11)

P, 1(4Pn + 3Pyn—1+ 2Pyn+1) + Poy1(4Pmn + 3Pmn—1 + 2Ppmnt1)
+ Poy(=2Pmn — 3Pmn—1 + 9Pni1) = P2(2Pmn—n — 3Pmn—n-1 — 4Pmn—n+1)+
P 1(Pat1(4Pmn—n + 3Pmn—n—1+ 2Pnn—n+1) — Po(2Ppn—n + 3Pnn—n—1))+
9P 1Prn—nt1Pn +3Pmnsn—1 + 4Pmnin + 2Pmnint1,
(12)

Py 1(2Pmn — 3Ppn-1 — 4Puni1) + Pos1(2Pmn — 3Pn—1 — 4Pmny1)+
P (=2Pmn — 3Ppn-1+ 9Puns1) = P2(4Pyn—n + 3Pmn—n-1+ 2Pmn—ni1)+
9P, 1Prn—ni1Pn — Po1(Po(2Pmn—n + 3Pmn—n_1)+
Proi1(=2Pmn—n + 3Pmn—n-1+4Pmn-—n+1)) — 3Pmnin-1 + 2Pmnin — 4Pmnint1,

(13)

2P71(3Pmn - Panrl) - 2Pn71(2pmn + 3Pmn71) + P3_1(2Pmnfn + 3Pmnfn71) =
2PnPn71(3Pmnfn - Pmn7n+1) + 9P7%Pmn7n+1 - 3Pmn+nfl - 2Pmn+na
(14) (n — 1)Pn_1PT% = 2Pn+1P7% + (n — 1)P2nPn + (n + 1)Pn+1 (PT%Jrl — P2n+1),
(15)
Pn—l (npg - 2Pn+1Pn - (TL - 1)P2n +n (P2n+1 - Pn+1)) + Pn—i—l(( 1)P2n + nPQn—l) =
2P2 —nP, 1 P2+ (2(n+ 1) P2, + 2nPoy + nPoy—1 — Poy—1 — nPopi1 — Popg1) Pot
P2 [(nPuy1 —2(n—1)Py),

(16)

Py 1(nP2 4 2Py 1P, + (n — 1) Poy + n(Papi1 — P2,1)) + 2P2 + nP, P2 =
(_2( )P2+1 +2nPoy —nPoy_1+ Pop_q1 + nP2n+1 + P2n+1)Pn+
Py _1(2(n = 1)Py +nPui1) + Paga((n + 1) Pan — nPay 1),
(17) (n—=1)P3_; = (2P2 + (n = 1)Pan—1) Po—1 + (n+ 1) Py(PyPrg1 — Pon),
(18) (P—1 — Pi1)(Prms1 P + P Pot1) = P(Pr—1Pug1 + Pt (Pa—1 — 2Pn41)),
(19) 2(3—1 - })H—l)PmPn = Pl(Pn(mel - Perl) + Pm(Pnfl - Pn+1)):
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(20)
(1 - n)PZQ—i-m + PlQ—&-m—i-l + nPlz—l—m—i-l = f)l2 ((n + 1)P'r?7, - (1’L - 1)P7721—1) +
2P 1 PP ((n + 1) Prg1 — (0 = 1) P1) + Py (0 + D) Po iy — (n = 1)Py)
(21)
Prim-1(nPrymy1 — (0= 1) Pim) — Pym(nPrim — (0 + 1) Piymyr) =
Plfl]DlJrl(Pm—l(_an + an—l—l =+ Pm) + Pm((n + 1>Pm+1 - an))+
PPy ((n+1)Pp oy — (n = )P + PA(Prn(nPo + (n+ 1) Pngr)+
PP ((n+1)P2 — (n—1)P%_) + Pu_1(—nPy — nPri1 + Pn)),
(22)
Primia((n 4+ 1) Py = nPiim-1) = Paym((n = 1) Py — nPyy) =
Pl2mel(_an + an+1 + Pm) + PlQPm((n + 1)Pm+1 - an)"'
PP ((n+ )P — (n—=1)P2) + Py1 P Pu(nPr + (n 4 1) Py )+
PPy ((n+ 1P, —(n=1)P3_1) + Py1Po1Pn1(—=nPm — nPoy1 + Pr),
(23)
Pl%rmfl + P12+m = Plel ((TL + UP??% - (TL - 1)PT271—1) +
2P P 1 Pn((n+ 1) Pg1 — (0 = 1) Pno) + 0Py — nPh+
Pl2 ((n + 1)P7?1+1 —(n— 1)P7?1) )

(24) P?

Comi1 = PP Py 4+ 2PPriy Py1 Py + P2 Py
(25)

Pl = Piam—1Piyms1 + 2PymPrymir — 2P PP, —
P?(P% + 2Py 1Py — P 1Ppi1) — P_1 (2P P2+
Pri1(—=P2 + 2P 1Py + Prm1 Pri)),
(26)
PoPrim + PrPrin + 3PnPrint1 + Pont1Piiny1 = PPy P + P—1 Prynt
+ P Pp(6P, + Pyt1) + (Pt — 3Py — Puy1)Pyms1 + P1 (2P Py — Pry—1 P+
3Pn P11+ Pm+1(_Pn—1 +3P, + 2Pn+1))a
(27)

Pa1Promt 4+ Pac1Primst + 2Pii1 PPy + 20Pu Prom + 2P Pt + 2Py Prm1 -+
Poi1Prym—1 +21P 1 Pvmir + P—1Plon—1 + 2P Pryn—1 + Prv1 Piyn—1 + 208, Piyn+
P 1Piini1 + 2Py Pryni1 +21P 1 Pryni + 16 P = Py Pry1 Po—1 + 10P, 1 Py +
2P 1 Py Py + Py P P + 2P Py Py + 2004 P 1 Pop1r + 6P (1 P+
Py (Pps1(Pr—1 +2P,) + Pp—1Pyy1 + 2P, (9P, + Pot1))+
PU—10Ps_1 Pyt + 4P (6P + 5Po 1) + Pyt (458 + Poy1) — 10P, 1))+

10Py—1Pyin + 6Prmst Pron + 2Prsmin—1 + 22Promsnsts
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(28)

6Pn+1P4m + 3P Pryn—1+ PnBion + 6Pni1 Pryn + 2P min—1 + PoPrym = PPy Pot
Pl—1(4PmPn - Pm+1(Pn71 - 3Pn) - meIPn+1 + 3PmPn+1) + melpl-i—n—l"'
Pm+1Pl+n—1 + PlePn+1 + 6P1Pm+1Pn+1 + (Pnfl - 3Pn + Pn+1)Pl+m—1 + 6Pl+m+m

(29)

Po(Pry1(Prn = 3Pm+1) — Prym + 3Pimt1) =
H(_meflpn + 6PmPn - PmPnJrl + 3Pm+1pn+1 + Pm+n - 3Pm+n+1)a

(30)

Po1Piym—1 + 111 Pyiny1 + 16P 4 myn + Pop1Pipm—1 + P—1Pmgn—1 =
AP Prym—1 — 12Py Py + Py P—1Pay1 — 8P 1 P P+
11P 1 Pp1Poy1 + 8Pot1 P — 11P 1 Piyy1 + 8P 1 P+
9P(—6Py Pyt — 4Py Py — Pri1 P+ P 1 (2Pt + Pp) — 2Ppin_1 -+ 6Ppin)+
Prt(Po1 Pat — 8PPt + 11Pms1 Pact — Povent + 8Pmin — 11Ppinsr)+
8Pn—1Pym — 1P 1 Py — 401 P P + 128 1 P P + 2P 1 + 22P 1inpnt1s

(31)

6P 1P 1m + 3P0 Prymi1 + 2P man—1 = 2P0 1 Pym—1 + 6P pman + PaPrym+
F’l—l(_2pm—lpn—1 + 6PmP'rL—1 - PmPn + 3Pm+lpn + 2Pm+n—1 - 6Pm+n)+
]Dl(_PmPn—l + 3Pm+1Pn—1 + Pm+n - 3Pm+n+1)-

Proof. This proof is a straightforward application of Lemma [5.1} In this lemma we use Parts
f setting a = Py from , b= M;j from , ¢ = My from , d = & from ,
and to use Parts and @D of the lemma we set ¢ = L from .

The Proofs of Parts (1)) and use Lemma Part .

The Proofs of Parts (3)—(5) use Lemma Part ([2)).

(13) use Lemma [5.1| Part (4)).
The Proofs of Parts (14)—(17) use Lemma Part (5]

The Proofs of Parts ((18)) and use Lemma Part @
The Proofs of Parts 1' use Lemma Part .

The Proofs of Parts and use Lemma Part .
The Proofs of Parts (26)—(28) use Lemma Part ().

The Proofs of Parts (29)—(31) use Lemma Part (9). O

8. APPENDIX. MATHEMATICA PROGRAMING

In this section, we share our programs that we made in Mathematica. Where Mc[A ,n_]
is A" given in Theorem 4.1}
Input. An integer n and a matrix

a b
A_cd

Output. Matrix with sequences associated to A.
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8.1. Construction of Mc Laughlin Matrix from Theorem Here Y[A ,n_]is y,
and McC[A ,n_]is A" as given in Theorem

FLOOR[Z]

Y[A_,n_]:=>,_, 2 BINOMIAL[n —i,i]TR[A]"%(—DET[A])%

MC[A_n_]:= {{Y[A,n] - A[2)[2)] * Y[A.n — 1], AL)[2)] * Y[, 0 - 1]},
{ARIL) * YIA,n — 1], Y[A,n] — AU * Y[A, 0 — 1}};

8.2. Construction of Mc Laughlin Matrix using and . Here Z[A ,n_]is as
in and MCIDEN[A ,n_|]is as in (4.2).

alA_]=(1/2)(TR[A] + /TR[A]2 — 4DET[A]);

BIA_] = (1/2)(TRIA] — /TRIAP — 4DT[A]);

Z[A_,n_]:= SIMPLIFY [%} 3

MCIDEN[A_,n_] := {{Z[A,n] * A[A]][[1]] — Z[A,n — 1] » DET[A], Z[A,n] * A[[1]][[2]]},
{Z[A,n] « A[20][[1]], Z[A, ] = A[[2]][[2]] = Z[A,n = 1] x DET[A]} };

8.3. Using Jordan Identities. In this section, we give functions to evaluate the Jordan
product and the ternary Jordan product and one of the identities from Section [5| (we give only
one identity, in a similar way the other identities can be defined). Here JORDANP[A |, B ] is
the Jordan product and TERNARYP[A ,B ,C | is the ternary product.

Input. An integer n and 2 x 2 matrices A, B, C.

Output. An identity of matrices.

JORDANP[A B |:=(1/2)(A.B+ B.A);

TERNARYP[A B ,C ]:=(1/2)((A.B).C 4+ (C.B).A);

IDENTITY1[An _,Am_,Bn_,AmSn_] := PRINT[MATRIXFORM[T ernaryP[An, Am, Bn]],
“="_ MATRIXFORM[JORDANP[AmSn, Bn]||;

This function can be used with any matrices associated to a recurrence relation. For
example, if A = {{1,1},{1,0}}, we can take An = MCIDEN[A,n|, Am = MCIDEN[A, m],
Bn = {{1,0},{0,1}}, and AmSn = MCIDEN[A, m + n] into IDENTITY1[An, Am, Bn, AmSn]
to obtain fibonacci numerical values n and m. (If we want a symbolic identity it is possible to
do some manipulation on BINOMIAL[n — 4, ] such that it provides symbolic results).

Note 1. The coding in Mathematica for the identities and some matrices will be available
on the webpage http://macs.citadel.edu/florez/research.html|.

Note 2. Again, there are still many things, on how this connection works, that we would
like to understand better. For example, we are wondering under what conditions the identities
given by Glennie [§] can be used to obtain new identities —under the context of this paper. We
only know that some identities associated to powers have good behavior.
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