COUNTING ON EULER AND BERNOULLI NUMBER IDENTITIES
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ABSTRACT. While there are many identities involving the Euler and Bernoulli numbers, they
are usually proved analytically or inductively. We prove two identities involving Euler and
Bernoulli numbers with combinatorial reasoning via up-down permutations.

1. INTRODUCTION

Euler and Bernoulli numbers are numbers with interesting combinatorial properties, yet
the combinatorial interpretation of the Bernoulli numbers has been little discussed so far, in
part since they are not integers. In this paper, we discuss a combinatorial interpretation of
identities that involve the Euler and Bernoulli numbers. As these numbers are sometimes
indexed in different ways, we define then as follows:

Definition 1.1. Let E,, be the nth FEuler number and B,, be the nth Bernoulli number; they
are the unique sequence of numbers that satisfy
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In this paper, we show that the Euler numbers also satisfy

Theorem 1.2. Forn > 1,
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These numbers are also related to each other. We have the following identity that was
previously proven analytically, as stated in [Ent],

Theorem 1.3. Forn > 1,
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Theorem has been proven combinatorially before, as seen in [Men| and [GS|, however
our proof of Theorem [I.2] will set the stage for an original combinatorial proof of Theorem [T.3]
To prove these combinatorially, we need a combinatorial object to study. Following [Ent], we
will make use of up-down permutation, defined as follows:

Definition 1.4. For n > 0, an up-down permutation of length n is a sequence of distinct
numbers aias - - - ay, that satisfies a1 < ag > ag < aqg > .... Let U, denote the number of
up-down permutations that use all the numbers from 1 through n. We allow the empty sequence
to be counted so that Uy = 1.

We thank Ira Gessel for helpful feedback.
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For example, Uy = 5 counts the sequences 1324, 1423, 2314, 2413, and 3412. In [Ent], it was
shown that U, is closely related to the Euler and Bernoulli numbers. Specifically,

ZCT D iy, (13)

Armed with these combinatorial objects, we prove Theorems and [L.3]

Ugn = (—1)nE2n and Ugn_l =

2. COMBINATORIAL PROOFS
Combinatorial Proof of Theorem[I.3. With equation (L.3]), Theorem can be rewritten as
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We prove this using the DIE method, as described in [BQ).

Description: In this step, we describe the unsigned objects. For 0 < j < n, let X denote
an up-down permutation consisting of 2j distinct elements from {1,2,...,2n}. Then X can
be created in (22?) Us; ways. Hence, the unsigned sum counts all up-down permutations of even
length not exceeding 2n.

Involution: Next we pair up the objects described above in such a way that paired objects
have opposite sign in the sum. In other words, if object X with length 2j is paired with X*
of length 2j*, then j and j* have opposite parity. Let X = ajazaszas --- azj be an up-down
permutation and let S = {s € {1,2,...,2n} | s ¢ X} be the complementary subset. For
example, if 2n = 8, and X = 6827, then S = {1,3,4,5}. For now, let’s assume that S and X
are nonempty. Let y, z be the two largest elements of S, where y < z. We now consider two
cases.

Case 1: Suppose z < aj. Then delete the first two elements of X. That is, let X* =
azasq ... az; and S* = S U {a1,az}. In our last example, z =5 < a; = 6, so X* =27 and
S* ={1,3,4,5,6,8}. Notice that X™* is still an up-down permutation, and since z < a; < ag,
a1 and as are the largest elements of S*. Notice that if we apply the involution to X*, then
Case 1 would not apply since ay > a3 (in our example, 8 > 2), so the largest element of S* is
greater than the first element of X*. This leads us to the second case.

Case 2: Suppose z > a1. Then append y and z to the beginning of X. That is, X* =
yzaiazazay ... agj, and S* =S — {y, z}. For example, if X = 27, then y = 6 and z = 8,
resulting in X* = 6827, as before. In general, since y < z > a1, X* is guaranteed to be an
up-down permutation, and if we apply the involution again, we will be in Case 1.

Now we consider two edge cases that we previously ignored. If S is empty, then we apply
Case 1, so that S* = {aj,a2}. If X is empty, then S = {1,2,...,2n}, and we apply Case 2 so
that S* ={1,2,...,2n — 2} and X* = (2n — 1) 2n.

In summary, if X is an up-down permutation of length 2j, then our involution will either
delete the first two elements of X, resulting in an up-down permutation of size 25 — 2 (and the
deleted elements become the two largest missing elements) or it will append the two largest
missing elements to the beginning of the X resulting in an up-down permutation of size 2j + 2.
Thus for every up-down permutation X, (X*)* = X. Moreover, (—1)X"1/2 = (=1)7%1 50 our
involution is sign-reversing.

Exception: Since our involution is well-defined for every up-down permutation, including
the empty permutation and those using all 2n elements, there are no exceptions to this rule.
Every up-down permutation holds hands with an opposite-signed up-down permutation, and
the proof is complete. O
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Combinatorial Proof of Theorem[I.3 With equation ([1.3), Theorem can be rewritten as

n—1
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Once again, we prove this using the DIE method.

Description: As before, our unsigned summands count up-down permutations of even
length. The only difference is that now the elements come from the odd-sized set {1,2,...,2n—
1}.

Involution: We use essentially the same involution as given in the previous proof. Let
X = ajaz...az;, and let y and z denote the two largest unused elements, where y < z. If
z < a1, then we remove a; and as from X. If z > a1, we append yz to the beginning of X.
Note that S will never be empty, as it will be of size 2n — 1 minus an even number, from the
size of the permutation. If X is empty, then S = {1,2,...,2n — 1}, and we apply Case 2 so
that S* ={1,2,...,2n — 3} and X* = (2n —2) (2n — 1).

Exception: A potential problem arises when j = n — 1. Here, X = ajas...as,—2, so that
S = {s} consists of a single element. If s < a;, then the involution works fine, since we can
remove a1 and ag from X and these elements become the largest missing elements in the set
S* = {s,a1,az}. But when s > aj, then there is only one element of S, so we cannot apply
two elements to X. For instance, if n = 3 and X = 1534, then S = {2} contains a single
element. Since 2 > 1, our previous rule might suggest creating the permutation 21534, but
this sequence is not an up-down permutation, nor does it have even length. On the other
hand, it is a down-up permutation consisting of all the elements from the set {1,2,3,4,5}. In
general, since s > a1, the sequence sajas . ..as,—2 is a down-up permutation, consisting of all
the numbers from {1,2,...,2n — 1}. But this allows us to count the exceptions in a nice way,
since {1,2,...,2n — 1} has as many down-up permutations as up-down permutations. This
can be seen through the bijection f(ajaz...a2,—1) = (2n—a1)(2n—a2)...(2n —ag,—1) which
transforms a down-up permutation to an up-down permutation, and vice versa.

Thus the number of positions where the involution is undefined is Us,_1. All of these occur
when j = n — 1, so they each have sign (—1)""! in the summand, producing the right hand
side of the identity. O
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