ON THE RELATION BETWEEN FIBONACCI AND LUCAS NUMBERS

SPIROS D. DAFNIS

ABSTRACT. In the present work we explore the relation between Fibonacci and Lucas num-
bers. We, also, extend our result it in the case of Tribonacci numbers and Lucas numbers of
order 3.

1. INTRODUCTION
Let F,, (n > 0) and L,, (n > 0) be the Fibonacci and Lucas numbers defined as

Fp =0, Fi=1, F,=F, 1+F, 2, n>2 (11)
Ly =2, Ih=1, L,=L, 1+ Ly o, n>2. (12)

Among the various properties of the sequences, a class of special interest has to do with the
demonstration of identities which present the relation between the Fibonacci and the Lucas
numbers. Benjamin and Quinn [I] employed colored tiling to prove the following identity

n
> 2L =2""F. (1.3)

Two different proofs of (1.3]) were published recently by Sury [11] and Kwong [6].
Marques [7] proved the identity

23 i+ Fio1) = 3" E, (1.4)

and a different proof of (|1.4)) was published by Martinlak [§].
Edgar [4], encompassing both (1.3)and (1.4), proved, for any m > 2, the following more
general identity (see, also, [3] and [9])

> i (L + (m— 2)Fi) = m™ Fp (15)

We shall, presently, prove a different identity involving Fibonacci and Lucas numbers, analo-
gous to (|1.5)). That we do in Section 2. In Section 3, we explore the relation between Tribonacci
and Lucas numbers of order 3, by extending the aforementioned relation.

2. AN IDENTITY INVOLVING FIBONACCI AND LUCAS NUMBERS

We presently state and prove the following theorem.

We thank the participants of the 19" International Fibonacci Conference for useful comments on an earlier
version.

DECEMBER 2020 111



THE FIBONACCI QUARTERLY

Theorem 2.1. Let F,, be the Fibonacci numbers and Ly, be the Lucas numbers. Then, for any
m > 2,

n

> (=1)'m" (Lig1 + (m—2) F) = (—=1)"Fpa1. (2.1)
=0

Proof. By and
Lp=Fy 1+ Fpp1, n2>1,
or
Lyy1=Fy+ Fhio=2F, + Fyy1, n>0.

Therefore,

Z (=1)" m"" (Ligy1 + (m —2) )
= mEF — m”_l(mFl + F2) + mn_Q(mFg + F3) — -t (_1)n(an + Fn+1)
= (=1D)"Fag,

which was to be shown.

O

In the following section, we shall extend Theorem [2.1] in the case of Tribonacci and Lucas
numbers of order 3.

3. AN EXTENSION

Let T, (n > 0) be the Tribonacci numbers (see, for example, [5] and [10]) and V,, (n > 0)
be the Lucas numbers of order 3 (see, for example, [2]) defined as

To =0, Tv=1,1Ty=1,T,=T, 1+T, o+1T, -3, n>3 (31)
% =3, Vi :17 ‘/2:37 Vn:anl“‘anQ‘i’an?;’ n > 3. (32)

We shall first prove the following lemma.

Lemma 3.1. Let T,, (n > 0) be the Tribonacci numbers and V,, (n > 0) be the Lucas numbers
of order 3, respectively. Set T_1 = 0. Then, forn > 1,

Vi, =T + 2T—1 + 3T —o. (3.3)

Proof. We shall prove (3.3) by strong induction. We first consider the base case. When
n = 1, the LHS of (3.3) is V1 = 1, and the RHS is T} + 275 + 371 = 1 (since T—1 = 0
by assumption), so (3.3) holds. When n = 2, the LHS of is Vo = 3, and the RHS is
To+ 211+ 31 =1+2 =3, so holds. When n = 3, the LHS of is V3 = 7, and the
RHS is T5 + 2T, + 371 =2+2+43 =7, so holds.

We proceed to the induction step. Let k € N with k > 3 be given and suppose is true
forn=1,2,...,k. Then, we have to prove that holds true for n = k + 1, i.e.

Vir1r = Tpq1 + 2Tx + 3Tk—1. (3.4)

In fact,
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Vitr = Vit Vi1 + Viea, by (8.2),
= Tk + 271 +3Tk—2+Tk—1 +2Tj—2+ 3Th—3 + T2 + 2Tj—3 + 3T)—4,
by the induction hypothesis or by form=kk—1k—2,
= Tp+Tp 1 +Tho+2(Th1 +Tp2+Ti3) +3(Th—2+Th—3+ Th4)
= Ty + 2T + 3Tk—1, by ,

which was to be proved.
By the strong induction principle, it follows that (3.3)) is true for all n > 1. O

Having proved Lemma [3.1] we shall state and prove the following theorem.

Theorem 3.2. Let (T,)n>0 be the sequence of Tribonacci numbers and (Vy,)n>0 be the sequence
of Lucas numbers of order 3. Set T_1 = 0. Then, for any m > 2,

(—1)im" (Vi1 + (m = 2) Ty = 8Ty ) = (=1)" T (3.5)

M-

@
Il
=)

Proof. We shall prove (3.5 by induction on n. When n = 0, the LHS of (3.5)) is V3 =1 (since
T_1 = 0 by assumption), and the RHS is T} = 1, so (3.5|) holds.

We proceed to the induction step. Let & € N with k£ > 0 be given and suppose ({3.5)) is true
forn =k, i.e.

k
(—=1)'m* (Vi + (m = 2) T, = 3T,y ) = (=1) Ty (3.6)
i=0
Then, we have to prove that (3.5 holds true for n =k + 1, i.e.
k+1 ‘ ‘
S (D)W (Vi 4 (m - 2) T - 3Tim ) = (- 1) Ty &
i=0
k+1 k41
A , -1 T,
PN Z (_1)zmk—z (Vz‘-i—l + (m _ 2) Tz _ 3Tz’—1 ) — ()7nk+2
i=0

Making use of (3.6)), we may rewrite the last equality as

)k _ _ )k
(1T, + EHN Va2 2) T =37k ) _ (ZD7 Tvo
m m

& m(=DF Ty + (D" (Viga + (m — 2) Thoyy — 3T ) = (=) T,
and, employing Lemma the last equality can be written in the form

m(=1) Ty + (D) (Toyg + 2Tpg1 + 375 + (m — 2) Thpy — 3T ) = (-1 ' T &

& (=1*mTip1 + ()" Topo — (1) mTps = (1) s,

which holds true. This completes the induction and the proof of the theorem. O
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