NEW IDENTITIES FOR SOME SYMMETRIC POLYNOMIALS, AND A
HIGHER ORDER ANALOGUE OF THE FIBONACCI AND LUCAS
NUMBERS

GENKI SHIBUKAWA

ABSTRACT. We give new identities for some symmetric polynomials. As applications of these
identities, we obtain some formulas for a higher order analogue of Fibonacci and Lucas num-
bers.

1. INTRODUCTION

Throughout the paper, we denote the set of non-negative integers by Zxq, the field of
real numbers by R, the field of complex numbers by C and C* := C\ {0}. Let z1,...,2,
be r independent variables and z := (z1,...,2,). For each non-negative integer n, the nth

(r) (r)

elementary symmetric polynomial e;’, complete homogeneous symmetric polynomials h;,
and power symmetric polynomial pgf) are defined by

Zl§j1<---<jngr Zj oz, (1<n<r),

e = e (z) = { 1 (n=0), (L.1)
0 n>r),
TSP SR s 12
mi+--+mr=n
ml,...,mTEZZO
) = p)(z) = Zz}@, (1.3)
respectively. For z = (21,...,2,) € (CX , We put
(z+z V) i=(z1 420+ 2 ) el
(2,27 ") i= (21, ., 20,20 2 ) € cx*,

Our main results are new identities for these three types of symmetric polynomials f = e, h, p,
which are relationships between fy(f) (z+z ') and f7(12r) (z,z~1). More precisely, we determine
the following expansion coefficients o ,)c and bnf ,1,

F 242 Zanksz” z,2)), (1.4)
F2 (2,271 = Zbg,lf,g”(z +zh), (1.5)
k=0

In this article we call (1.4) (resp. (1.5)) the first kind formulas (resp. the second kind formulas).
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NEW IDENTITIES FOR SOME SYMMETRIC POLYNOMIALS

Theorem 1.1 (The first kind formulas). For any non-negative integer m, we have the following
identities:

(1)
L%J (2r) —1 67(”1;)(Z+Z71> (m = 0717"-7T)7
Z Crn—r—1,k€py o1 (2,2 ") = ) (1.6)
~ 0 (otherwise),
k:max( I_?J —7‘,0)
where

e ()20 (- g
wET \k k—1) \k) 7 1 (k = 0),

and |x| is the greatest integer not exceeding x € R.

(2)
5]
WDz +2) =Y enpro1ihlyy(2,27Y) (1.7)
k=0
(3)
s =5 > () ) afna ) (18)
k=0
Theorem 1.2 (The second kind formulas). (1) Forn =0,1,...,2r, we have
L] r—mn-+2k
e (z,271) = Z ( i )efg%(z +zh). (1.9)

([ 257 ] 0}

(2) For any non-negative integer n,

- _ n—k+r—1\ ¢ _
h2r)(z,27 1) = ( . )h;jzk(zﬂ b, (1.10)
k=0
(3) For any positive integer n,
[ 24 ] %]
_ 2k —n —1\ (r _ 2k —n\ (r _
PP (2,271 =2 Z < ) >pfl_)2k(z+z b — ( i >p£ll%(z+z b, a1
k=0 k=0

The proofs of (1.6) and (1.7) are more difficult than (1.9) and (1.10). In particular we

need a hypergeometric identity (2.20) to derive the explicit formulas of aif}g or aff,l. The
second kind formulas and (1.8) which are proved immediately by the binomial formula and
generating functions may be well known. However we have not found appropriate references
about these formulas and their interesting applications which are to propose some new formulas
of Fibonacci and Lucas numbers etc. In particular, we apply Theorem 1.1 and Theorem 1.2

to some special values of hg) and pgﬂ);

(") () (e ey — () 2mr B o
E =hy) (—¢ ¢ =hy < 2008(2r+1>,..., 2005<2r+1 , (1.12)

27tr 2m
() o (1) (et ) = () [ — _
L) = p\) (¢ ¢ =pl < 2 cos <2r+1>"”’ 2 cos (21"—1—1))’ (1.13)
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where

¢t = ( izggT,..., 12;{:)
Since the case of r = 1 gives the trivial sequences
F)y =L =1, (n>0)

and the case of r = 2 is the classical Fibonacci numbers {F,, 41}, and Lucas numbers {L,},

n+1 n+1
(2) 1 14++5 - 1—+5 - )
Fn+1 = % 2 - 9 = L'n+1,

n+1 n+1
L = (12\/5) + <1 _2\/5> =: L,

the sequences {F, +1}n and {L }n are regarded as a higher order analogues of the classical
Fibonacci and Lucas numbers. From Theorem 1.1, Theorem 1.2 and some fundamental results

for symmetric functions, we propose the following fundamental formulas for Fél)l and Lg).

Theorem 1.3 (Explicit formulas of F{" and Lg)).
LanlJ 1 n—1-2k n—2k—3
F7(LT) - Z - ((_1)LWJ — (_1)L Py J) Crtr—2.k

2
k=0

= Z (_1)kcn+r_2 Ln 1— (2r+1)kJ7 (1.14)

. e n2r+1 n
L7(1) =(-1) +lon—1 4 (—-1) 5 (k:) 02r 4 1|n—2k
k=0

]

1
L2r+1

22m 1 4 27‘-}—1 Z\_2r+

2m
B | (@) (n=2m), (1.15)
4m — 2r+1 Zb?ﬂ_k[i?f-lj (m—(QQTrn—:_ll)k—r) (n =2m+ 1)7

where

5 o @r+1tn—2k),
=2 TN (20 41| n— 2K).

Theorem 1.4 (Inversion of the explicit formulas).

L2 n—k+r—1\ _u
Z k an2k+1
k=0
. i s 1 (n=0,1(mod4r + 2)),

:f<(—1)L ) — (—1)L"e J) ={ -1 (n=2r+1,2r +2(mod4r +2)), (1.16)

2
0  (otherwise),
|23 15]
2k—n—1 r 2k —n r
DN G TN o G e
k=0 k=0
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(=) (2r+11n),

(=1)"2r (2r+1|n). (L17)

= (=" (=14 (2r + 1)zr41n) = {

Theorem 1.5 (Initial values and recurrence formulas). Initial values of {F,(Ql}nez and

{Lg)}nez are given by

Fl(r) —1, Fo(r) _ Fﬁ’"l) - = ltwy;)+2 =0, (1.18)
_92m—1 2r+1 (2m —

CIY () (n=2m) (n=0,1,...,r —1). (1.19)
4m (n=2m+1)

The sequences {F,(Ql}nez and {LS)}%Z satisfy the following same recursion:

'r—lJ r—2

. 2 r—=1-—3\ ¢ 2 r—=1—73\

o= X o (Tl (T )il 20
=0 =0

The content of this article is as follows. In Section 2, we refer to some basic formulas for sym-
metric polynomials and the Gauss hypergeometric function from [2] and [4]. Section 3 is the
main part of this article. In this section, we prove Theorem 1.1 and Theorem 1.2, and give their

principal specializations. In Section 4, we evaluate 67(12” (—C‘H, —C_L), hﬁf” (—C‘H, —C_L) and

pﬁf” (—C+‘, —¢ _L) by the definitions and generating functions. By substituting these evalua-
tions into Theorem 1.1 and Theorem 1.2, we propose Theorem 1.3, Theorem 1.4 and Theorem
1.5. Further, we consider some specializations of our main results and derive some interesting
binomial sum formulas, including new formulas for the Fibonacci and Lucas numbers (see
Corollary 4.6 and Corollary 4.7). In the Appendix, we mention some congruence properties

and other formulas (generating functions, determinant formulas, some relations) for Ffl:r)l and

L,(f) that are proven independently of Theorem 1.1 and Theorem 1.2.

2. PRELIMINARIES

2.1. Symmetric polynomials. We refer to Macdonald [4] for the details in this subsection.
We fix a positive integer r, and denote the partition set of length r by

AePri={v=(v,...,vn) €25 |1 > ... > v}
and the symmetric group of order r by &,.. For some special partitions, we use the notations
(n) :=(n,0,...,0) € P,
(1™ :=(,...,1,0,...,0) € Pr, (n=1,...,7).
The symmetric group &, acts on z = (z1,...,2,) € C" by
0.2 := (25(1) - - - » 20 (r))-

For any partition A\, we define the Schur polynomial sy(z) and monomial symmetry polynomial

mx(z) by
det (29777 det (21
' ij=1,.. ! i g=L,0.7

sx(z) == : = , (2.1)
det (z;"_ﬂ> H1§i<j§r(zi — 2j)
ij=1

=1,..r
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ma(z) = 3 Ak, (2.2)
vES,. A
where det is the usual determinant and
Sp N\ i={o\:= ()\0(1), R ,)\U(T)) |o €&, }.

We remark that the Schur polynomial extends to the Schur function s)(z) for A = (A1,..., A,) €
C" by (2.1).
It is well known that

(2) = s(10)(2) = m(io(2), 2.3
pglr)(z) = m(n)(z)7 (2‘4)
W) (2) = sy (2), (2.5)

(r)

which is Schur s(;») or monomial m») where one column is e5’, and monomial m,) where

one row is p,(f), and Schur s,y where one row is ) [4, ChapterI Section3 (3.9)]. From (2.5),

(r)

we extend the complete homogeneous polynomials to hy,’(z) (n € Z): namely
W) (2) == s(_n(2) (n>0). (2.6)
By this extension (2.6) and the definition of the Schur function, for any r we have
W z)=0 (n=1,2,...,r—1). (2.7)
We list some required formulas for symmetric polynomials, given in [4].

Lemma 2.1. (1) Generating functions

H (1+ zy) Z ey (2.8)
j=1

T

= h 2.9
]1_11 1—2zy 7;] (2:9)
> —— an . (2.10)
7j=1 n=0
(2) g-binomial formulas
n—l . " /n k(k—1)
[T +dy) = (k) ¢ 7 (2.11)
§=0 k=0 q
n—1 00
n+k—-1
[ =Y ( ) y", (2.12)
= A — q

where (Z)q denotes the q-binomial coefficient

(1=g")-(1g"*H)
<”> = g RO
k q 1 (k=0)
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(3) Wronski relation and Newton’s formula

min (n,r)
(~1)7 el (@)l (z) = 0, (2.13)
7=0
B i (r) (r) (r)
(_1)nijpnr—j+1(z)ejr (Z) = (TL + l)enr—i-l(z)' (214)
=0

Actually, (2.8) is [4], p. 19 (2.2), and (2.9) is [4], p. 21 (2.5) exactly. For (2.11) and (2.12),
see [4], p. 26, Examples 3. Similarly, (2.13) and (2.14) are [4], p. 21 (2.6') and p. 23 (2.11'),
respectively.

2.2. The Gauss hypergeometric function. Let a,b, ¢,z be complex numbers such that ¢
is not non-negative integers, and (a),, be the rising factorial defined by

((I) e a(a+1)"'(a+m_1) (m#()),
' 1 (m =0).
We recall the Gauss hypergeometric function

2F1(2) = 211 (a’cb; Z) = Z Mzm (2] < 1),

m!(¢)m

m=0
and for any complex numbers a and x we put

Y(a;z) = kzzo k'((o‘j)j’“l)kx’f (J4z| < 1). (2.15)

Since

a a+l
) — 252 .
’(/J(Oé,il]) 2F1<a+174x>a

the function ¢ (a;x) is analytically continued to 4z € C\ {0, 1} by analytic continuation of
2F 1(2)

Lemma 2.2. (1) Another expression

Y(a;w) = cayor1pat. (2.16)
k=0
(2) Closed form
W z) = (1_ W)a. (2.17)
(3) Index law
Pla; )y (B 2) = (o + B;x). (2.18)
(4) Quadratic formula
z(z(1;2%)? — (xy(1;22)) + 2 = 0. (2.19)
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Proof. (1) By the definition of 1 (a; ) and cq k, we have

= (@)
VD) =D i "

:1+;(a+k—k)(a+k]:!_1)k—1xk
=1 +g ((a "l;!k)k _ (a ‘Ekkjll)?kA) ok
:1+g<(a+2kk—1> ) <a+l;z_z@1—1)>zk

[o.¢]
_ k
= Ca+2k—1,kT -
k=0

(2) We use the hypergeometric transformation [2, (3.1.10)]

g adtl 1—-vI—z\“ B 1-VI—z
ofy | 27 2 x| = 2———— | 21 T — | -
a—F0+1 x a—pF+114+/1—x

Thus,
o atl 1—T—4z\*
N = 27 2 . = _—_—
(o) = oF] <a—|—1 ,4IE> < 5 > .
The formulas (2.18) and (2.19) follow from (2.17) immediately. O

The following Lemma is a corollary of Lemma 2.2 and is the key step in the proof of
Theorem 1.1.

Lemma 2.3. If

1— V1 — 422
Yy = 9 )
x
then
=2
1+ 92
and for any non-negative integer N,
o
yN = 2Ny (N; x2) =N Z cN+2k,1’kx2k. (2.20)
k=0
Proof. By the quadratic formula,
1—+V1— 422 9
Y=z 5.2 :xw(l,m)
Thus, we have
N o
yV =2V (1,22)" = 2Ny (N;2?) = 2V ZCNJerfl,ka?Zk-
k=0
Here the second and third equalities follow from (2.18) and (2.16) respectively. O
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(pA\RJO[1] 2] 38 [ 4[] 5 [ 6 [ 7 [ 8 [ 9 [10]
0

1

2

3

1 2

5 5

6 9 [ 5
7 11| 14
3 20 | 28 | 14
9 27 | 48 | 42

35 | 75 90 42
44 | 110 | 165 | 132
54 | 154 | 275 | 297 132
65 | 208 | 429 | 572 429
77| 273 | 637 | 1001 | 1001 | 429
90 | 350 | 910 | 1638 | 2002 | 1430
104 | 440 | 1260 | 2548 | 3640 | 3432 | 1430
119 | 544 | 1700 | 3808 | 6188 | 7072 | 4862
135 | 663 | 2244 | 5508 | 9996 | 13260 | 11934 | 4862
152 | 798 | 2907 | 7752 | 15504 | 23256 | 25194 | 16796
170 | 950 | 3705 | 10659 | 23256 | 38760 | 48450 | 41990 | 16796
189 | 1120 | 4655 | 14364 | 33915 | 62016 | 87210 | 90440 | 58786

TABLE 1. ¢k

—
—_

—_
[\

—_
w

—_
N

—
at

_
D

—_
N |

—
oo

—
Nej

e e e I R e e
©| 00| | | T x| W | | O L P | | T | L) B =

[\
@)

—_
(e}
RN USRI Y Sy Sy [ Wiy (VY Uy U U U Sy g iy ( Sy [ Sy Uty [y Uy Uy Uy uny oy N

[\)
—_
[\
o

Remark 2.4. We mention some properties of ¢, ;. For non-negative integers n and k, we
make a table of ¢, > 0. This table is determined exactly by the initial conditions

Cn,0 = 1 (’I’L > 0)7
n
cnk =0 <n>0, ng <k),

1 2n 4+ 2
02n7n+1:n+2(n+1> (’I’LZO),
1

Conn =

2
< n> (n>0) Catalan numbers
n

n—+1
and the recursion formula
Cn,k = Cn—1,k—1 + Cn—1,k-

The sequence ¢, i, is a kind of Clebsch-Gordan coefficients for the Lie group SU(2) or the Lie
algebra sly. In fact, from the above initial conditions and recursion of ¢, 1, we have

sin @ sin 6

(Sm (29)) = (2c080)" = ) cnk sin ((n — 2k + 1)6) (2.21)
k=0
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Since W is the character of the irreducible representation of SU(2) with the highest
weight m [6, Section 6.9], the formula (2.21) means the irreducible decomposition of a tensor
product representation which is a variation of the classical Clebsch-Gordan rule for SU(2).

Further ¢, is also a typical example of Kostka numbers Ky, (see [5, Section2.11 and
Section 4.9]). We remark Young’s rule

() () Sy (2) = Y Kousa(z)  (p1 >+ > pn > 1), (2.22)
A
and
s <eﬁe efﬁa) _ TV - em a2t DV sin (O — da +1)9)
(A1,22) ’ - V10 _ o—/10 - sin 6 ‘
By puttingr =2, 1 = = = 1,21 = V10 oy = V10 iy (2.22), we have

<sin (29))” = 50, (e\/fw e—ﬁ(?)n

sin @
= Z K}\(ln)s)\ (eme, 6_\/_710)
A

¥ P (M1 = Ao +1)6) 2,29
A

sin ¢
Finally, by comparing (2.21) and (2.23), we have

Kk k), (1n) = Cnk-

3. PROOFS OF THEOREM 1.1 AND THEOREM 1.2

From (2.8), (2.9) and simple calculation

. _ N
(L2 (1 +27y) =14 (5 + 27 Yy +9° = 1+17) (1i(2j+2j1>1+y2>7

we obtain the following key lemma.

Lemma 3.1. If

Yy
1492

(z+2;1)

1259, 12 'yl <1 (j=1,...,r)

then

r

2r
> ez Yyt =T+ zy) (1 + 2 'y)
n=0

j=1
=(1 +y2)’“m0e$;;)(z+z1) <1f:yz>m (3.1)
nzo B (7,7 Dy = g = ij)(ll )
- (1+y2)"“;hﬁg)(z+z—1) <1j_/y2>m. (3.2)
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By Lemma 3.1 and the definition of the power symmetric polynomials, we prove Theorem

1.1 and Theorem 1.2.

Proof of Theorem 1.1 (1) By (3.1),

2r r
Z e (z,z Yy =2 e (z+ 27 Ha™,
n=0 m=0
where
- Y
1+ 92
Hence, from (2.20) we have
2r 2r 0o
Z 6£LQT) (Z, Zfl)ynfr _ Z 6%27") (Z, Zfl)xnfr Z Cnfr+2k71,kx2k
n=0 n=0 k=0
" Z efj?%( Z ) Cm—r—1 kT

By comparing coefficients of (3.3) and (3.4), we obtain the conclusion.
(2) Similarly, from (3.2),

Zh(Qr) n+r_x Zh(T)Z—FZ )m
m=0

and by (2.20) we have

00 00 )
2 —1 2 —1 2k
Z h% ) (Z,Z )yn+r _ Z h% ) (Z,Z )xn—f—r ch+r+2k—1,k33
n=0 n=0 k=0
o %] o
2r
=z Z hy o (Z, 277 ) Cpgr—1 1%
m=0 k=0

The formula (1.7) follows from (3.5) and (3.6).

(3.3)

(3.4)

(3.5)

(3.6)

(3) We prove this formula without generating function and other lemmas. In fact, by applying

the usual binomial formula we have
T

>3- (%)

=1 k=0

1 ¢ m<<m> 2h—m ( m >m2k>
=520 5t i

2 = k m—k
= %Z <7]:;Z> (ZZQk—m + Z;n—Qk:)

k=0 =1

1o~ (m\ (o) _

- 52 <k)p|m—2k|(z’z D)
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Proof of Theorem 1.2 (1) From (3.1) and the binomial theorem, we have

T

2r
> ez z )yt =Y ez 4z )y 14y
n=0

m=0
< B )6( z24+z )ym+2k

T rT—m
nJ
2

2r
S SR (A BRI TS

n=0 kemax{ [ 257 | 0}

m=0 k=

[e=]

(2) Similarly, we have

o0

S ol Nz 2z Yyt = b2+ Yy +yt) T
n=0

3
]
(=)

— (m+r)/€ r -1y, m
=D > gy ey
m=0 k=0
o |3)
— 2k +
:ZZ(”HT)W (ot
n=0 k=0 '
oo |3]
—k -1
k
n=0 k=0
(3) It is enough to show that the case of r =1 is

|25 L3]

2k—n—1
2"+ z 22( : )(z+z Lyn=2k _

k=0

From (3.1) and simple calculation,

> 1 1
Z(zn +Z—n)yn _ + —
= l—2z2y 1—-271y

2—(z+27Y)y
1—(z+2"Ny+y°
1 2—(2+2"1)y

1+y21—(z+z*1)1fy2

If |zy| < 1, |7 'y| < 1 and |y| < 1, then

i(z” +27 Myt = i (j _ (z+21)> (2 4 2~ ym <1 fy2>m+1

2 - (2 _ o mat (M D
(2= Gren) eraymym Py
m=0k=0 \Y ’

210 VOLUME 58, NUMBER 5
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Jr

=22 Z (21{;_,?_1)(%2 2y
SR

2k:—n> n—2k+1 n+1
- (z427YH
3l

O
Finally we consider the principal specializations of Theorem 1.1 and Theorem 1.2, which

means substituting

qiL — (qir’ o 7qil)

for z. In this special case, we evaluate e, )(q+‘ q"), B2 (g™, q ") and pglzT)(q’”,q_‘) ex-
plicitly.

Proposition 3.2. For any non-negative integer n, we have the following identities:

(1)
min(r,2r+1) i (27 + 1\  kk—2r—1) ef”) (gt,q7") (n=0,1,...,2r),
> L a7 = - (3.7)
Py q 0 (otherwise).
(2)
. R o [ (27 + 1 2r+n—-1\ ,
h (@™ q7t) =q << > —< )q) (3.8)
n q n—1 q
(3)
. . 1— (2r+1)n
PP (@™ g ) =—1+q 71(1_ 0 (3.9)
Proof. (1) From the generating function of the elementary symmetric polynomials (2.8),
2r r ' ) 2r '
e @ gy = [+ y)(1+q7y) = [[a+day).
n=0 j=1 L+ Yy j=0

By the g-binomial formula (2.11), we have

2r [e’e) 2r+1
_ . 2r + 1 k(k=1)
§ :€%2r)(q+L’q L)yn _ § :(_1)zyz § : < . > g z ¢ kryk
n=0 =0 k=0 q

oo min(n,2r+1)

ek (2r + 1\ k—2r-1)
= Z (1) k( f >q >y
n=0 q

(2) Similarly, we have

o T 1
hgr) —H’ )yt = - -
;::0 @0y Hl (1=¢y) 1 —q7y)

2r 1
:(1—24)1—‘[1_7»

Ja—T
ol @y
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—(1—y) i <2T; k)qq’”yk

k=0

_ Z <<2r + n) <2r;:b1— 1> qqr) —

(3) By the definition of power sum and geometric series, we have

) r k g — q(r+1)n
png)(q—I—L’q—L) =-1+4 Z q T=—-1+4 1—n
k=—r —4
We remark that this formula holds in the limit ¢ — 1. O

Corollary 3.3. (1) For any non-negative integer m,

mln(m 2k 27“+1)

2 1 2r +1 1(1—2r—1)
Z Z l q 2 Cm—r—1,k
q

{252 | 0} 10

_ es;)(q-i-L_i_q—L) (m=0,1,...,r), (3.10)
0 (otherwise). .
Forn=20,1,...,2r,
" g(2r+1\ kk=2r-1) 2] r=n+2k\ @) gt
S (=) A i 3 L e (@™ +q7").  (3.11)
k=0 q

k=max {" JO}

(2) For any non-negative integers n and m, we have
(gt + g7

]
2r +m — 2k 2r4+m—2k—1
_ 2 : _1)m —(m—2k)r _ r _ 12
(=" m — 2k m—2k—1 qq emtr—tky - (312)

k=0
L
al

2r+mn 2r+n-—1\ , n—k+r—1 . L
( ) —( >q - ( >h() (gt g, (3.13)
n q n—1 a — k

(3) For any non-negative integer m,

B 1 /'m 1_q(2r+1)|m72k| o
P (gt + g = 2" 1+2Z(k> g (3.14)
k=0

vl3

vz Q
| E—

For any positive integer n,

—rn _ (r+1)n
IR A
1—qm
Ln+lJ I_%J
2k — r L 2k —n\ (r ) )
DN G FURTEEEED f Gl AR S S 0
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4. AppLICATIONS TO F\") axp L)

In this section we investigate more specializations of Theorem 1.1 and Theorem 1.2, and
prove Theorem 1.3, Theorem 1.4 and Theorem 1.5. To apply Theorem 1.1 and Theorem

1 2 to ") and Lﬁ), we evaluate el2”) (—¢t, —¢70), B (—¢t, —¢Y), pE (=T, —

em) (—CH = ¢,
Proposition 4.1. (1) Forn=0,1,...,2r, we have
e (—¢tt ¢ = 1.

?

p(2r)(_C+L7 _C_L) = (_1)71(_1 + (2’/“ + 1)527‘+1|n) = {

(2) For any non-negative integer n,

h(QT)(_C‘H’_ ) -1 | 251 — (- 1)£271T7121J>

n=2r+1,2r+2(mod4r + 2)),

)
(n=0,1 (mod 4r + 2)),
(
(otherwise).

(3) For any non-negative integer n,

(=) (2r+1fn),
(=1)™2r (2r+1|n).

where

5 J0 (2r+11n),
T (2 41 ).

Proof. (1) From (2.8), we have

Z e (=T =Ty = H (1 - Wﬁﬁy) (1 — e—%ﬁ#ﬁy)

(2) From (2.9), we have

h(2r o +L’_ L\, i 1 i
D hE (= =y ]1;[1 <1+62W—72ﬁy> <1+€_zﬂﬁ2:ﬁy>

n=0

14y
- 1+y2r+1

_ Z (2r+1)k + y(2r+1)k+1)

_ Z ( 2r+1 _ (_1)|_2nr?—21J> y".
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(3) By the definition of p,(ET),

P (—¢t ¢ = ( L+ Z C2r+1> = (=1)"(=1+4 2r + 1)d2r41)n)-

k=—r
]

Proof of Theorem 1.3 and Theorem 1.4 From Theorem 1.1 (2) and (3) and Proposition
4.1 (2) and (3), we derive explicit formulas of F" and LY. Similarly, Theorem 1.4 follows

from Theorem 1.1 (2) and (3) and Proposition 4.1 (2) and (3). O
By specialization of Theorem 1.3 (2) and (3), we obtain the initial values of 17(+)1 and L.
Corollary 4.2. (1) If m <r, then we have
2m+r—2 2m+1r —2
Fr) — B — - . 4.4
2m—1 2m m—1 m—2 ( )
(2) If m < 2r + 1, then we have
LY = _9 . 4.
If m < r, then we have
L9 =am, (4.6)

To prove Theorem 1.5, we need to evaluate em ( ¢ —¢7"), which can be computed from
(1.6) and (4.1).

Proposition 4.3. Form =0,1,...,r, we have
1] mal
(=T —¢) = ek = (m . 1> = (-1)l=] (T En ) J). (4.7)
k=0 L?J L?J

Remark 4.4. (1) For (4.7), we give another proof without using (1.6). Let v := z + 2!
First, we remark

3 _H<x_zcos<

k=—r
On the other hand, if |u| < |z| < |u|™!, then

i iz_Zu <1z Tt)

r=0 k=—r
_ 1 1 z
Cl—z\1l—z1uw 1-—zu

1)) Z (et e

_ 1+u

(1 =z lu)(1 = zu)

14w 1
Il e

= (14 u) Z NN (14 w?) =N
N=0
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:(1+U)Z$NZ< i >uN+2k
N=0 k=0

] 5]

M

e U

m

()
=2
r=0

Hence we obtain the conclusion (4.7).
(2) The formula (4.7) is obtained by substituting (4.1) into (1.6). Similarly, by substituting
(4.1) for (1.9), forn =0,1,...,2r we obtain

3] . N
L )

Proof of Theorem 1.5 From the Wronski relations, Newton’s formulas and (4.7), for any
non-negative integer n we have

min (n,r) ) _ i+
3 o (T LDy, o

()™ (T ;@m) 2"

f
min (n,r) L ia r— L#J )
= (_1) L 2 J ( L%J >L7(1)j+1

Then {Féﬁl}nzo and {Lg)}nzo satisfy the recursion (1.20).
The initial values of {F:jr)l}nzo are determined by the vanishing property (2.7)

F = = Ff?r_z)

and Fl(r) = hg) = 1. The initial values of {Lg)}nzo follows from Corollary 4.2 (2). O

=0

Example 4.5. r = 1:
FV =1, =1,a), = o = 1.
r = 2 (Fibonacci numbers and Lucas numbers):

2 2 2 1 2 2
FEI) =0, Fé : =1, L(())Zz? Lg):L a;—&)-Qza'Ez—i)—l—i_ag)'
F®) :1,1,2,3,5,8,13,21,34,55,89, 144, 233, 377, 610, 987, 1597, . ..
L® :2,1,3,4,7,11,18,29,47,76,123, 199, 322, 521, 843, 1364, . ..
r = 3 (OEIS A006053 and OEIS A096975):
3 3 3 3 3 3
FO =P =0, FY =1, L8 =3, 1% =1, LY = 5,

3 _ 4@ 4 9,® _ @)

Uptg = Qpig+ 20,7, — agz
F®):1,1,3,4,9,14,28,47,89, 155, 286, 507, 924, 1652, 2093, . ..
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L) :3,1,5,4,13,16,38,57, 117,193,370, 639, 1186, 2094, ...
— 4 (OEIS A188021 and OEIS A094649):
FOZ pW g o p® _q,
L =a, W =1, L =7 1M — 4,

8= 4 2l 2y ol

F7§+)1 1,1,4,5,14,20,48,75,165, 274,571, 988, 1988, 3536, 6953, . . .

LW 1 4,1,7,4,19,16, 58, 64, 187, 247, 622, 925, 2110, 3394, 7252, . . .
= 5 (OEIS A231181 and OEIS A189234):
FO = ) = pO) — g o p® _

L =519 =1, Lg>:9, L) =4, Lff) = 25,

5 5 5 5 5
aiw)r5 = a£L<|)’4 + 4a£w)r3 - 3“212 - 3a7(zJ)r1

Fr(jr)l 1,1,5,6,20,27,75,110, 275,429, 1001, 1637, 3639, 6172, . ..

L) 1 5,1,9,4,25,16,78, 64,257, 256,874, 1013, 3034, 3953, . ..

+ agf).

FO — pO _ p® _ g _ g© _ o 5 _

L =6, L' =1, LY =11, L) = 4, L():31 LY =16,

agi)ua = allls +5a,), —4ay — 60, + 3ay), +ald).

Fflj_)l 1,1,6,7,27,35,110,154, 429,637, 1638, 2548, 6188, 9995, . ..

L©) :6,1,11,4,31,16,98, 64, 327, 256, 1126, 1024, 3958, 4083, . . .

Finally, we mention some interesting examples of our results, including seemingly new for-
mulas for the Fibonacci and Lucas numbers.

Corollary 4.6. For any non-negative integers m and n, we have

5] 5]
Z % ((71) =5 - (-1) L%J) Cmk = Z (*1)kcn_1{n71{3kJ =1, (4.9)
k=0 k=0
CI - 5]
2 ((_1) [ - (_1>\' 5 J) Cm41,k = Z (_l)kcn7Ln—12—5kJ =Fn1 (4.10)
k=0 k=0
and
[5] 1 (n=0,1(mod6)),
(—1)k<n N k) ={-1 (n=3 (mod6)) (4.11)
k=0 0 (0therw1se)
L5 1 (n=0,1(mod10)),
(—=1)F (” B : + 1) Fnori1 =3 —1 (n=5,6(mod10)), (4.12)
k=0 0  (otherwise).
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(r\nJ1]2]3]4]5 ] 6] 7 | 8] 9 1] 11 [ 12 |
I iJiJiJ1[1 1] 1 1 1 1 1 1
2 [J1]1]2[3 ] 5 [ 8 | 13 |21 | 34 |55 [ 8 [ 144
3 [[1]1][3[4] 9 [14] 28 | 47 [ 89 [ 155 | 286 | 507
4 1)1 4[5 ]14]20 | 48 | 75 [ 165 | 274 | 571 [ 988
5 J1]1]5[6]20 |27 75 | 110 | 275 | 429 | 1001 | 1637
6 [[1[1[6 |7 ]27[35] 110 | 154 | 429 | 637 | 1638 | 2548
7 [T 7[8]35] 44 154 | 208 | 637 | 910 | 2548 | 3808
8 [[1]1][8 ]9 ] 44 [54] 208|273 | 910 [1260 [ 3808 | 5508
9 [[1]1]9]10] 54 [ 65| 273 | 350 [ 1260 [ 1700 | 5508 | 7752
10 [[1]1]10[11] 65 [ 77 | 350 | 440 [ 1700 | 2244 | 7752 | 10659
11 [[1]1]11[12] 77 | 90 | 440 | 544 | 2244 [ 2907 [ 10659 | 14364
12 [[1[1]12[13] 90 | 104 [ 544 | 663 | 2907 | 3705 [ 14364 | 19019
13 [[1[1]13[14]104|119] 663 | 798 | 3705 | 4655 | 19019 | 24794
14 [[1[1]14[15|119|135] 798 | 950 | 4655 | 5775 | 24794 | 31878
15 [[1]1]15[16|135[152| 950 | 1120 [ 5775 | 7084 | 31878 | 40480
16 [[1[1]16[17 152170 [ 1120 | 1309 | 7084 | 8602 | 40480 | 50830
TABLE 2. F\"
r\nJJOJ1[2]3]4]5]6 [7] 8 [ 9] 10 | 11 [ 12 | 13 |
1 [rfiJrJafrJr]1 1] 11 1 1
2 213 |47 [11] 18 [29] 47 |76 | 123 | 199 | 322 | 521
3 [[3]1][5 |4]13]16] 38 |57 [ 117 [ 193] 370 | 639 | 1186 [ 2094
4 4 ]1[7]4]19]16] 58 [64]| 187 [ 247 | 622 | 925 | 2110 | 3394
5 [[5]1]9]4]25]16] 78 |64 ] 257 [ 256 | 874 [ 1013 | 3034 | 3953
6 [[6[1][11]4]31[16] 98 |64 ] 327 [ 256 | 1126 | 1024 | 3958 | 4083
7 [[7[1[13]4]37]16[118 |64 [ 397 | 256 | 1378 | 1024 | 4882 | 4096
8 [[8[1[15]4]43]16[138 64| 467 | 256 | 1630 | 1024 | 5806 | 4096
9 [[9[1][17]4]49]16[158 |64 [ 537 | 256 | 1882|1024 | 6730 | 4096
10 [[10[1]19[4[55[16 178 |64 [ 607 | 256 | 2134 | 1024 | 7654 | 4096
11 [[11]1]21[4[61[16 19864 [ 677 [ 256 [ 2386 | 1024 | 8578 [ 4096
12 [[12]1]23[4|67[16 218 |64 [ 747 | 256 | 2638 | 1024 | 9502 | 4096
13 [[13]1]25[4|73[16]238 |64 817 |256 | 2890 | 1024 | 10426 | 4096
14 [[14]1]27[4|79[16 | 258 | 64| 887 | 256 | 3142 | 1024 | 11350 | 4096
15 [[15]1]29|4|85[16|278 |64 [ 957 | 256 | 3394 | 1024 | 11274 | 4096
16 [[16 |1 ]31[4[91[16]298]64 [ 1027 [ 256 | 3646 | 1024 | 13198 | 4096

The formula (4.10) was given by Andrews [1].

TasLe 3. L7

Corollary 4.7. For any non-negative integer m, we have

2m 2m—1
= 2" 1
<m—3k:> b

3]
3
: 2
t=-[%]
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3 2m+1 2m+1
2 Z (m—3k—1> s (m—Sk—l) ’ (4.14)
k:_I\méFQJ k=0
.
_ _9o2m—1
Lom = —2 +o 0> <m - 5k>, (4.15)
o=-[%]
[52]

m 0 2m +1

Loy =4 — 3 (m CEp 2>. (4.16)
-2

For any positive integer n, we have

o 12]

e () () {0 G e

|3 15 _
2k —n—1 2k —n 1)t (5¢n),
2 ) Lok — Y Ly_on = 4.18
i ( k ) 2 H( k ) VD (5 ). (418)

APPENDIX A. SOME CONGRUENCE RELATIONS FOR F\" anp L

All of the results so far have been obtained as specializations of Theorem 1.1 and Theorem

1.2, but in this section, we mention some properties for Fy) and Lg) that can be obtained
independently of Theorem 1.1 and Theorem 1.2.

Theorem A.l. Let p := 2r + 1 be a prime number. If q is an odd prime number such that
g = %1 (modp), then

EY, = F" (modg), (A1)
LS:_i)_q_l = L") (mod q). (A.2)
In particular, for any non-negative integer k we have

Fyq-1y =0 (modgq), (A.3)

Frg-1)+1 = Frg-1r2 =1 (modg), (A.4)

—1

Lytg1) = "5~ (modg), (A.5)

Lig-1)+1 =1 (modg), (A.6)

Liyg—1)42=p —2 (mod q). (A.7)

Proof. Let Fy be a finite field of order ¢ and (, be a primitive p-th root of unity. Since the
both sides of (A.1) and (A.2) are integers, it is enough to show that the equalities hold in
Fq[¢p]. For any integer ¢ a simple calculation shows that

(G+G) =G+ =6 +¢" (inFlG).
Hence by the definition of L] we obtain

L), =Y (= - G- - ¢ )

i=1
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=D G -G)"M=G -6
j=1
=Ln  (in Fy[Gp)).
To prove (A.1), we need the discriminant of —(, — Cp_l [3, Theorem 3.8]

T

,)=1,

From this evaluation, we have

. . -3 r—1
det (( p _ Cp—(T—Z))T—J) ot — ppT =pz. (A.8)

We point out even if r is even then p = IF,, by the first supplement to quadratic reciprocity.
Thus we have

p%Féﬁq
( Cp )n—i—q 14+r—1 ( p C (r— 2))n+q 14+r—-1 . (_Cp _ Cp—l)n—l—q—l—l—r—l
(g - Dy (G2 (-G
= det : : :
-G =6") G2=6") 66
1 1 1
( Cp )nJrr 1 (_ ;;72 _ Cp_(r—2))n+r71 .. (_{p _ Cpfl)nJrrfl
e cp Uy (=g - c;“”’)r—? e (G =G
= det : :
(- cp“’ V) (- cp“ S IS GV o)
1

TR (I Fg).

Here the first equality follows from (2.5). Finally, since p does not divide ¢, we obtain (A.1).
The formulas (A.3) - (A.7) follow from (A.1), (A.2) and Corollary 4.2 immediately. O

(r)

APPENDIX B. OTHER FORMULAS FOR Fj, (r)

AND Ly’ FROM SYMMETRIC POLYNOMIALS

(r)

Since the sequences {F }n and {L }n are special values of hg)(z) and py,’(z) respec-

(r)

tively, various formulas for F,(f) and L, are derived immediately from specializations of some
formulas for symmetric polynomials [4]. In this section, we list some typical formulas obtained
from symmetric polynomials.

Generating functions.

N L , (B.1)
S YT Yoo TR e
L%OIJ ( 1) (2m + 1)(r 1- m)u2m o Zlnao(_l)QO(r;m)uZm—l'

Z Ln—l—lu - Z

By (B.2)
S e -2 lzd come e

[N
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Generating functions (B.1) and (B.2) are obtained by substituting (4.7) into [4, (2.5) and

(2.10)].

Determinant formulas. For convenience, put

and

07(17“) . 67({)(—47-“ _ C—L) _ {( L 3

From (2.5), (A.8) and the determinant formulas on [4, p28], we obtain the following determi-

(r)

nant formulas for FV(LT) and Ly’ .

az—ll—r—l a;ﬁ—%—r—l . OC?,:KII 0417};”’71
1 T S R
FTEQ].: 1 det . . .
(2r+1)=
O 1 Q2 T Oy r—1 Ay
1 | PP | 1
_ (r)
= det (Cl_’ﬂ) 1<ij<n
-1 o 0 0
JARNN ACR 0 0
I AN 7 PR A 0 o |
n! : :
TN TR (e
IS S SR G A
cl 1 0 0 0
20" c 0 0
Lo _a| e o
<n—1>(c;£?1 c, Oii L
TlC Cn—l Cn—? C2 Cl
Y F” 0 - 00
oF”" B FD . 0 0
(r) () -
S| 0
m-vE BB, o B
O O N (R
(r) — ()
C, det (FQ_H]) i

(B.3)

(B.4)

(B.5)

(B.7)

(B.8)

220 VOLUME 58, NUMBER 5



NEW IDENTITIES FOR SOME SYMMETRIC POLYNOMIALS

10 0 0
) " 2 .. 0 o0
1 (r) (r) (r) .
g | s 2T I 00 (B.9)
n! : : : " . :
ngr—)l Lg—)z ngr—)3 L({) n—1
R A O T
Some relations. For any partition A let z) denote the product
zZy = Him"mi!
i>1
where m; = m;(\) is the number of parts of A equal to ¢. Then we have
LS 100 50)
F:—?l = n Z LET Fﬁlu (B.10)
i=1
L(T) e L(T
=)y A (B.11)
[A|=n A
(r) — A A
cl = (-1 o (B.12)
[Al=n
where A = (A1, ..., A\;) runs over partitions and |\| denotes the sum of the parts

A= Ao A
These formulas follow from [4, (2.11) and (2.14")].
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