GCD OF SUMS OF k CONSECUTIVE SQUARES OF GENERALIZED
FIBONACCI NUMBERS
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ABSTRACT. In 2021, Guyer and Mbirika gave two equivalent formulas that computed the
greatest common divisor (GCD) of all sums of k consecutive terms in the generalized Fibonacci
sequence (Gn)n>0 given by the recurrence G,, = G,,—1+G,—_2 for all n > 2 with integral initial
conditions Go and G;. In this current paper, we extend their results to the GCD of all sums of
k consecutive squares of these numbers. Denoting these GCD values by the symbol gémgl(kL
we prove géo,Gl(k) = ged (GrGrer — GoGh, Gi, -G} Gi,— G%) Moreover, we provide
very tantalizing closed forms in the specific settings of the Fibonacci, Lucas, and generalized
Fibonacci numbers. We close with a number of open questions for further research.

1. INTRODUCTION AND MOTIVATION

Appearing in the literature as early as 1901 by Tagiuri [9], the generalized Fibonacci numbers
(or so-called Gibonacci numbers') are defined by the recurrence

Gn,=Gn_1+Gp_o foralln>2

with initial conditions Gg, Gy € Z. In 1963, a problem was proposed by I. D. Ruggles in the
inaugural issue of the Fibonacci Quarterly on a closed form for the sum of any twenty consec-
utive Fibonacci numbers [7]. Since then, there has been numerous papers exploring the sums
of consecutive Fibonacci or Lucas numbers [5, 10, 11, 3, 2, 8]. This current paper continues
this line of research, extending it to the greatest common divisor (GCD) of sums of certain
powers of Gibonacci numbers. This current work extends earlier work of Guyer and Mbirika
who explored the GCD of the sums of k£ consecutive Gibonacci numbers, and consequently k
consecutive Fibonacci and Lucas numbers [4]. More precisely, given k € N they found the ex-
act value of the GCD of an infinite number of finite sums Zle G, Zfigl G, Zfigz Gi,...
thereby computing the GCD of the terms in the sequence (Zle Gn+i)n>0. For brevity, they
used the symbols F(k), L(k), and Ga, q,(k), respectively, to denote the three values

k k k
ged <Z F+> , ged (Z Lnﬂ) , and ged <Z Gnﬂ-) :
=1 n>0 i=1 n =1 n>0

>0

where (F),)n>0, (Ln)n>0, and (Gp)n>0 denote the Fibonacci, Lucas, and Gibonacci sequences.
A main result of Guyer and Mbirika was the formula Gg, ¢,(k) = ged(Gr11—G1, Grr2—G2) [4,
Theorem 15], or an equivalent formula using generalized Pisano periods [4, Theorem 25]. Using
either formula yields the values of F(k), L(k), and Gg, c,(k) in Table 1.

I Thomas Koshy attributes Art Benjamin and Jennifer Quinn for coining this term “Gibonacci” in their 2003
book Proofs that Really Count: The Art of Combinatorial Proof [1].
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| k | F(k) | L(k) | Geoci(k) |
k=0,4,8 (mod 12) | Fnja | 5Fk | By or 5E,
k= 2,6, 10 (mod 12) Lk 2 Lk 2 Lk 2
k=3,9 (mod 12) 2 2 2¢
k=1,5,7,11 (mod 12) | 1 1 1°

TABLE 1. Closed forms for the values F(k), £(k), and Gg, q,(k)

@ This value holds if and only if ged(Go + G2, G1 + G3) = 1.
b This value holds if and only if gcd(Go + G2, G1 + G3) # 1.
¢ These values hold if G2 — GoG1 — G2 = +1.
In this current paper, we explore the GCD of sums of squares of k£ consecutive generalized
Fibonacci numbers (and in particular, the Fibonacci and Lucas numbers). For brevity, we use
the symbols F2(k), £2(k), and QéO7G1(k), respectively, to denote the three values

k k k
ged (Z F,%ﬂ) , ged (Z L%H) , and ged (Z Giﬂ-)
i=1 n>0 i=1 =1

This current paper arose when second author Spilker offered a proof of a conjecture, stating
F2(k) = Fj, when k is even, given in the paper of Guyer and Mbirika [4, Question 54], who
wrote “We feel this is simply too beautiful a result to not be true.” Spilker’s proof of this
conjecture is a motivation for this current paper, wherein we extend the latter Fibonacci
result to the more general setting of Qéogl(k‘) for all k values. In this paper, we prove the

n>0 n>0

following main results given in Table 2. Note that the value p (given in Definition 2.3) equals
Gf — GoG1 — G§, and the value gj, equals ged (G2, — G1, Gi,, — G3).

| k | 72(k) | £2(k) | G&,c(k) | Proof in this paper |
k even and 51 i F 5F}, Fy Theorems 5.2, 5.4, and 4.7, respectively
k even and 5 | u Fi 5F}, 5F} Theorems 5.2, 5.4, and 4.7, respectively
k=3 (mod 6) 2 2 ged(2u, gx) | Theorems 5.2, 5.4, and 3.11, respectively
k=1,5 (mod 6) 1 1 ged(2u, gx) | Theorems 5.2, 5.4, and 3.11, respectively

TABLE 2. Closed forms for the values F2(k), £2(k), and QéO’Gl(k)

Remark 1.1. Compare Tables 1 and 2 and the closed forms for the values F(k) and F2(k),
respectively, when k is even. Observe that F(k) = Fj/, when k = 0 (mod 4), whereas
F(k) = Ly, when k = 2 (mod 4). However in this new setting of the GCD of sums of
squares of k consecutive Fibonacci numbers, the values F2(k) have no dependency on the
residue class modulo 4 of k& when k is even, so in some sense F2(k) is more well behaved

than its seemingly simpler counterpart F (k). Similar phenomena happens for k£ even when we
compare L£(k) and £2(k).

The paper is broken down as follows. In Section 2, we provide the necessary definitions
used in the subsequent sections. In Section 3, we give a simple formula for the value géoﬁl(k).
In Section 4, we provide nice closed forms for the value gémGl(k‘). Moreover in Section 5, we

provide similarly nice closed forms for the values F2(k) and £2(k), respectively. Finally in
Section 6, we end with some tantalizing open questions.
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2. PRELIMINARY DEFINITIONS

Definition 2.1. The generalized Fibonacci sequence (Gr),~q 5 defined by the recurrence
relation

Gn = Gn—l + Gn—2
for n > 2 and arbitrary initial conditions Go,G1 € Z. The Fibonacci sequence (F,),~ is
recovered when Go = 0 and G1 = 1, and the Lucas sequence (Ly,), ~ is recovered when Go =2
and G1 = 1. For brevity, we use the term Gibonacci sequence to refer to any generalized
Fibonacci sequence.

Convention 2.2. For reasons explained in Theorem 3.6 and Convention 3.7, it suffices to
consider only the Gibonacci sequences with relatively prime initial conditions Gy and G7.

Definition 2.3. The characteristic of the Gibonacci sequence (Gp)n>0 is denoted pn and is
defined as p = G% — GoGy — G%.

Remark 2.4. Many authors have differing notation and/or equivalent definitions for this value
p. For instance, Guyer-Mbirika denote this value as Dg, ¢, to highlight this value’s depen-
dency on the initial conditions [4]. Moreover, Koshy maintains the symbol p, but defines it as
G? + G1G9 — G2 [6]. On the other hand, Vajda reserves no symbol for u but writes the value
as G% - GQGQ [12]

Lastly, it is well known that the Fibonacci and Lucas sequences (and more generally any Gi-
bonacci sequence) under a modulus are periodic. The lengths of the periods of these sequences
are called Pisano periods. More generally, we have the following definition of the length of the
period of a Gibonacci sequence under a modulus.

Definition 2.5. Let m > 2. The generalized Pisano period, mg, ac,(m), of the Gibonacci
sequence (Gn)nzo is the smallest positive integer r such that

Gr =Go (mod m) and G,y1 =G (mod m).
The value r is dependent on both the initial conditions Gy, G1 € Z and the modulus m. In the

Fibonacci (respectively, Lucas) setting we denote this period by mp(m) (respectively, wr,(m)).

3. THE GENERALIZED FIBONACCI SETTING

3.1. A formula for gémGI(kz). In this subsection, we derive the following formula for Q%O’Gl(k)
in Theorem 3.4:

G2, (k) = ged (GrGry1 — GoGh, G2,y — G, GE,, — G3).
Lemma 3.1. Let (an)n>0 be a sequence of integers. The following identity holds:

ged(ag, a1, ag, as, .. .) = ged(ag, a1 — ag, az — ay, az — asg,...).
Proof. Set d := ged(ag, a1, az,as,...) and e := ged(ag, a1 — ag, az —ay, az — az,...). We will
show that d = e. By assumption, d divides a; for all ¢ > 0, and hence d divides a;+1 — a; for all
1 > 0. Hence d divides e and so d < e. To prove the reverse inequality, observe that e divides
both ag and a; — ag, and hence e divides a;. Consequently since e divides a; and as — aq,

then e divides ay. Continuing inductively in this manner, we see that e must divide a; for all
1. Hence e divides d and so e < d. O
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The next two lemmas are well-known results whose proofs can be found in Vajda [12].

Lemma 3.2. For all k > 1, we have

k
Y G = GiGry1 — GoGh.
i=1
Proof. See Identity (44) of Vajda [12, p. 43]. O

Lemma 3.3. For all m,n € Z, we have
Gm+n = Gm+1Fn + Gan—l-
Proof. See Identity (8) of Vajda [12, pp. 24-25]. O

We are now ready to prove the main theorem of this subsection, namely a formula for the
value Qéoﬁl(k).

Theorem 3.4. For all k > 1, we have
G2, (k) = ged (GrGry1 — GoGh, G,y — G, GE,y — G3).

Proof. Fix k> 1 and for n > 0, set S,, := Zle G%H and H,, := S,4+1 — 5,. Hence we have
G&o.cu(k) = ged (So, S1, 82, 83, ...) = ged (So, Ho, Hy, Ha, ...)

where the second equality holds by Lemma 3.1. We will show that for all n > 2, the value
H,, is a linear combination of Sy, Hy, and H;y, and hence the last equality above coincides
with ged(Sp, Ho, H1), and the result follows. To that end, we first prove the following two
equivalent expressions for .S,, and H,, respectively:

Sn = Gn+an+k+1 - GnGn+1 (31)
Hn = Gi-ﬁ-(k-ﬁ-l) - ng—}—l (32)

Identity (3.1) holds by the sequence of equalities

k
Sn = Z G721+i
i=1

n+k n
=3 @y
=1 i=1
= (Gn+an+k+1 - G(]Gl) — (GnGn-H — G()Gl) by Lemma 3.2

= Gn+an+k+1 - GnGn—i-l-
Moreover, Identity (3.2) holds by the sequence of equalities
H, = n+l — Sn

k k
= Z G3z+1+z‘ - Z G721+i

i=1 =1
= (Gria+Grys+ -+ Goyin) = (Gr +Ghp -+ Goy)

= Gi+(k+1) - G721+1'

258 VOLUME 60, NUMBER 5



GCD OF SUMS OF CONSECUTIVE SQUARES OF GIBONACCI NUMBERS
Applying Lemma 3.3 to both G, (;41) and Gp41 in the latter equality and expanding the
squared terms, we have
H, = (GryoFn + Gri1Fu1)? — (GoF, + G1Fy1)?
= (GRpaFy + Gia Frioy + 2(Cra Gigo) (Fu1 F) )
— (G3FF + GIFY 1 + 2(G1Ga) (Fp-1 Fy))
= (G2 — G3) - Fi + (G — GY) - Fiiy
+2(Gr1Gry2 — G1G2) - (Fp1Fy)
= H\F? + HoF? | 4+ 2S1(Fu_1Fy).

where the last equality holds by Identities (3.1) and (3.2). Lastly, since Hy = S; — Sp implies
S1 = Hy + Sy, we can rewrite the last equality as
Hy, = So(2F-1F) + Ho(Fiy_y + 2F, 1 Fy) + HiFy,

and hence for n > 2, we see that H, is an integer linear combination of Sy, Hy, and Hy, as
desired. We conclude that

G&,.c,(k) = ged (So, Ho, Hy, Ha, . ..)
= ged (So, Ho, H1)
= ged (GrGry1 — GoGh, G — G, Giyo — G%) ;
where the last equality holds by Identities (3.1) and (3.2). O

Next we show that it is sufficient to explore only the Gibonacci sequences which have
relatively prime initial values

Lemma 3.5. For all n € Z, the values ged(Grni1, Gnt2) and ged(Gr, Gpi1) coincide. In
particular, ged(Go, G1) = ged(Gp, Gpy1) for alln € Z.

Proof. See Lemma 18 of Guyer-Mbirika [4]. O

Theorem 3.6. Fiz Go,G1 € Z and set d := ged(Go, G1). Consider the two Gibonacci se-
quences (Gp)n>0 and (G),)n>0, where (G,)52, is generated by the relatively prime initial con-

ditions G|, = % and Gy = % Then the following equality holds:

Geoculk) = d* - Gy (k).
Proof. Set d := gcd(Go, G1). By Lemma 3.5, we have ged(Gyy1, Grt2) = ged(Go, G1) = d for
all k € Z. By Theorem 3.4, we have g?;o’Gl(k:) =ged (GkaH — GoGh, Giﬂ - G2, Gi+2 — G%)

Moreover, since d divides Gy and G, then d divides every term in the sequence (Gn)nzo- In

GpGri1—GoG1 G —Gi d Gii2—G3
42 ) 2 o a a2

particular,
ities

are integers. Observe the sequence of equal-

G&o.cn(k) = ged (GrGrp1 — GoG1, Giyy — GT, Giyp — G3)
_ gcd <d2 GG = GoGr p Gin =Gl ) Ghin— G%)

d? ’ d? ’ d?

_ 2 ocd GrGri1 — GoG1 Giy — Gl Giyp — G}
- g d2 ) d2 9 d2 .
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— G2,,-G? G?,.,-G?2 .
However, by Theorem 3.4, the value ged (G’“G“;Q GOGI, M, 2) is the GCD of

the sum of k consecutive squares of Gibonacci numbers in the new sequence (G7,)2 , generated

by the initial values Gf, = % and G} = %. Clearly G{, and G are relatively prime. In

particular, we have géogl(k:) =d?- géa G/l(k:), as desired. O

Convention 3.7. In order to give a complete classification of the GCD of every sum
of k consecutive squares of Gibonacci numbers, as a consequence of Theorem 3.6, we
need only to consider Gibonacci sequences with relatively prime initial values.

3.2. Simplified formulas for ggg c,(k) when k is even versus odd. In this subsection,

we reveal that the formula for gg‘;o,Gl(k) given in Theorem 3.4 in the previous subsection can
be simplified further if we consider the two cases of the parity of k£ as follows:

G2 (k) = ged (G%H -G, G%+2 - G%) ; if k is even,
e ged (2, Gy — G}, G, —G3),  if ks odd,

where the characteristic p is defined as G — GoG1 — G2 (recall Definition 2.3 and Remark 2.4).
Pivotal in the proof of the formulas above is the use of the following lemma known as Cassini’s
identity for generalized Fibonacci sequences.

Lemma 3.8 (Generalized Cassini’s Identity). Let n > 1 be given. Then the following identity
holds: Gpi1Gp_1 — G2 = (—1)" - p, where p = G% — GoGq — G%.

Proof. See Identity (28) of Vajda [12, p. 32]. O
Lemma 3.9. Let D¢, @,,, denote the value G2 | — GnGry1— G%. Then the following holds:

for all n > 0, where u = Dg, G, (i-e., the characteristic G3 — GoG1 — G2 ). In particular, we
have |Dq,, G,..| = |u| for alln > 0.

Proof. See Lemma 34 of Guyer-Mbirika [4]. O
Lemma 3.10. For all k > 1, we have

(6 - 6f) (G~ ) + (cha- ) - { TR

where p = G% — GoG1 — G%.

Proof. For ease of notation, set M; := G% i GZZ. Hence it suffices to show the following;:
0, if kis even,

My — 3M; + My =
0 T {4u, if k is odd.

Since G = Giy2 — Gig+1 and Gy = G2 — G, we have the sequence of equalities
My = G} — G§
= (Grs2 — Gi41)? — (G2 — G1)?
= (G3io — 2Gk+1Grt2 + Giyq) — (G3 — 2G1Go + G3)
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= (GEya — G3) + (Gi1 — GT) — 2(Gi41Gryz — G1Go)
= Mo+ M; — 2 (Gk+1Gk+2 — G1G2) .
Thus it follows that
My — 3M7 + My = 2My — 2M7 — 2 (Gk+1Gk+2 — GlGQ) . (34)

Recalling from Lemma 3.10 that Dq,, ¢ = G?LH — GnGrni1 — G2, the right side of Equa-

tion (3.4) decomposes as
2My—2M; — 2 (Gj41Grt2 — G1G2)
=2 (G0 — G3) —2(Grq — GF) — 2(Gr1Gria — G1Go)
=2 (Giyg — Gri1Gri2 — Giyy) — 2 (G5 — G1G2 — GF)
=2DGy 11 ,Gryo — 2Dy Gy
=2 ((—1)k+1 : ,u) -2 ((—1)1 1) by Lemma 3.10

—2 ((—1)’“+1 + 1) -

_J 0, if kis even,
) 4p,  if ks odd.

n+1

Combining the latter equality with Equation (3.4), the result follows. ([
We are now ready to state and prove the main theorem of this subsection.
Theorem 3.11. For all k > 1, we have
géOGl( )= {gcd (G%_H—G%, Gz+2—G%), ifk is‘ even,
' ged (2,u, Giﬂ - G2, Gi+2 — G%) , if ks odd,
where p = G% — GoGq — G%.
Proof. For ease of notation, set M; := G3 i G?. Hence it suffices to show that if k is even

(respectively, odd), then g?;mGl(k:) = ged (M, My) (respectively, Qéojcl(k) = ged(2u, My, Ms)).
To that end, observe the sequence of equalities

GrGit1 — GoG1 = Gi(Grro — Gi) — Go(Ga2 — Go)
= GpGhio — G2 — GoGa + G2
(G + (D)) = G2~ (G3+ (~1)'u) + G} by Lemma 3.8
— (G} -G = (GE -G+ (-1 +1)
= My = Mo+ (1) +1)
So it follows that
My — My, if k is even, (3.5a)
My — Mo +2p, if k is odd. (3.5b)
By Theorem 3.4, if k is even, then we have
G2, (k) = ged (GrGrir — GoGh, Giy — GY, Giyy — G3)
= ged (GrGry1 — GoGr, My, Mo)

GrGr+1 — GoGy = {
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= ged(My — Mo, My, Mo) by Equation (3.5a)
= ged(My, My, My)

= ged(3My — Mo, My, M>) by Lemma 3.10
= ged(My, My),

as desired. On the other hand, if k£ is odd, then we have
géo,Gﬁ(k) = ng (Gka-l-l — GoGh, G%+1 - G1 Gk+2 G%)
= ged (GrGry1 — GoGr, My, M)

= ged(My — Mo + 2p, My, Mo) by Equation (3.5b)
= ged(—Mo + 2, My, My)
= ged(—3My + My — 2u, My, My) by Lemma 3.10
= ged(—2pu, My, My)
= ged(2u, My, My),
as desired. O

4. CLOSED FORMS IN THE GENERALIZED FIBONACCI SETTING

In this section, we prove the following closed forms on the GCD of the sum of k consecutive
squares of Gibonacci numbers, noting g := ged (GiJrl - G3, Gk+2 G%):

’ k H géoyGl(k) ‘ Proof in this paper ‘
k even and 51 p Fy, Theorem 4.7
k even and 5 | p 5Fy, Theorem 4.7

k=3 (mod 6) | ged(2u,gk) Theorem 3.11
k=1,5 (mod 6) | ged(2u, gk) Theorem 3.11

4.1. Closed form for QéO’Gl(k) when £ is even.
Lemma 4.1. For all i € Z, we have
G = GoFi—1 + G1F;.
Proof. This follows from Lemma 3.3, if we set m :=+¢ and n := 0. U

The following well-known identity is a generalization of Cassini’s Identity (recall Lemma 3.8)
in the Fibonacci setting and will be useful in proving Lemma 4.3.

Lemma 4.2 (Catalan’s Identity). For n,r € Z with n > r, we have
F?_F,  Fpip = (—1)""F2
Proof. See Theorem 5.11 of Koshy [6, p. 106]. O

The next lemma reveals the interesting fact that if k is even, then F}, divides the difference
of the squares of any two Fibonacci numbers that are k terms apart. We use this fact to prove
the subsequent result, Lemma 4.6, which states that if k is even, then F} also divides the
difference of the squares of any two Gibonacci numbers that are k terms apart.

Lemma 4.3. For k > 0 with k even and { € Z, we have
Fk2+£ - F£2 = FiFly20.
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Proof. By Catalan’s Identity of Lemma 4.2, if we set r := £ and n := k+/, then it follows that
F2ro = Froy—eForoyre = (1) O~ FR,

Noting that k is even, the latter equality reduces to F,? o — Felblyor = Fg, and the result
follows. O

Corollary 4.4. For k > 0 with k even and £ € Z, we have
Fyoy—FPy = FiFrao .
Proof. This follows immediately from Lemma 4.3 if we replace ¢ with ¢ — 1. U
Lemma 4.5. For k,{ > 0 with k even, we have
Frpo-1Fre — Foo1Fo = FFiqo0-1.
Proof. By Identity (20a) of Vajda [12, p. 28], for all a,b,c¢ > 0, we have the following identity:
FoypFoye — (—1)"FyFe = FoFyqpye
Setting a :=k, b:=¥¢ — 1, and ¢ := ¢, and noting that k is even, the result follows. O
Lemma 4.6. For k,{ > 0 with k even, we have
Grio— G} = Fy - (G§Fyqa0—2 + 2GoG1Fjy20—1 + G Fji20) -
Proof. For ease of notation, set vy ¢ := G%Fkﬂg,g +2GoG1Fyyo01 + G%Fk+gg. Observe that
Gire— G}
= (GoFte—1 + G1Fyi0)’ — (GoFro1 + G Fy)? by Lemma 4.1
= (G3F} o1 +2G0G1 Frop -1 Frqr + GIFL )
— (GRF} | +2GoG1Fy_1Fy + G5 FY)
= Gt (Firo1 — Fiq) + GT (Fitry — F?) +2GoG1 (Fio-1 Fio — Fi1 Fy)

= Go(FiFrya0-2) + G (FiFiya0) + 2GoG1 (Fyp—1Frope — Fro1Fy) by Lemma 4.3
= G§(FiFri20-2) + GT (FiFry20) + 2GoG1 (Fy Fioy20-1) by Lemma 4.5
= Fy, - (G Fys00—2 + 2GoG1Fyi20—1 + G1Fyi20)
= Fk - V.05

and the result follows. O

We are now ready to state and prove the main theorem of this subsection.

Theorem 4.7. For all k > 1 with k even, we have

Fy, if 5 does not divide p,
Geo.cn(k) = {

5Fy, if 5 divides p,
where p = G2 — GoG1 — G3.

Proof. Suppose that k > 1is even. Recalling that v ¢ := G%FHQ@,Q—FQGOGleHg,l+G%Fk+2€
from Lemma 4.6, we have the sequence of equalities

gémGl(k) = ged (Giﬂ - G%a GerQ - G%) by Theorem 3.11
= ged(Fy - ks Fr- e2) by Lemma 4.6
= Fj - ng(’Yk,lv %,2)-
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It suffices to show that ged(vk,1, Yk2) = ged(u, 5). Setting 5, := G%Fn+2GQG1Fn+1+G%Fn+2,
we see that v, 1 = By and ;2 = Br42. Moreover, the sequence (ﬂn)nZO is itself a generalized
Fibonacci sequence since the recursion f,4+2 = B, + Bn+1 holds for all n > 0 as follows:

Bri2 = GaFpio +2GoG1Fy i3 + GiFpia
= G2(Fy + Fot1) + 2GoG1(Fngr + Fuyo) + G(Fpso + Fuis)
= (G3Fy +2GoG1Fpi1 + G1Fyy2) + (GiF i1 4 2GoG1Fyio + GiFoys)
= Bn + Bn+1.
Hence ged(Bn, Bnt+1) = ged(Bo, 1) for all n > 0 by Lemma 3.5. Thus we have
ged(Vk,1, Yk2) = ged (B, Brr2) = ged(Br, Br + Brr1) = ged(Br, Br+1) = ged(Bo, B1)-
Since By = 2GoG1 + G and 1 = G + 2GoG1 + 2G3, it follows that
ged(Ve1, Y2) = ged(Bo, /1) = ged (2GoG1 + G, G + 2GoGy + 2GY)
= ged (2GoGy + G, G} + G + (2GoG1 + GY))
= ged (2GoG1 + G, Gi + GY) .

We now show that ged (2G0G1 + G2, G2+ G%) = ged(p, 5) by proving the following two
claims:

ged (2GoGr + G2, G2+ G%) > ged(p, 5), and (4.1)

ged (2GoG1 + G, G§ + G) < ged(, 5). (4.2)

“To that end, suppose that for some prime p and j > 1, we have p? divides ged(p, 5). Then
p? divides 5, in particular, and hence p = 5 and j = 1, and so 5 divides p. Observe that

(2Go + G1)? = 4G% + 4GoG1 + G2 = —G2 — GyGy + G? = 1 (mod 5). (4.3)

But since 5 divides p, we deduce that (2Go+G1)? =0 (mod 5), and hence 5 divides 2Go+ G}.

This yields the congruence 2GoG1 + G2 = (2Go + G1)G1 = 0 (mod 5), and so 5 divides
2GyG1 + G% Moreover, observe that

G§ + G = 5GE — 4G3 + G = —4G} + GT (mod 5)

= —(4G% — G%) (mod 5)

= —(2Go + G1)(2Gy — G1) (mod b5)

=0 (mod 5),
since 5 divides 2Go + G1. Hence 5 divides G2 + G3. Thus p’ divides both 2GoG1 + G? and
G3+G3, and we conclude p? divides ged (2GoGy + G, G + G3), which proves Inequality (4.1)
holds.

To prove Inequality (4.2) holds, suppose that for some prime p and j > 1, we have p’/ divides

ged (2GoGh + G, G3 + G7). Then p’ divides both 2G¢G1 + G% and G} + G}. The prime p
cannot divide G; for otherwise it would also divide Gy, contradicting ged(Go, G1) = 1 (recall

Convention 2.2). Since p’ divides 2GG1 —|—G% and 2GyG1 —|—G% = (2Go+ G1)G1, then p/ must
divide 2G + G since p does not divide G1. Thus we have

5G = (4G} — G3) + (G5 + G3)
= (2G0 + Gl)(2G0 — Gl) + (G% + G%)
=0 (mod p’),
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and hence p’ divides 5G%. The prime p cannot divide Gg for otherwise it would also divide
G1, contradicting ged(Go, G1) = 1. Thus, p’ dividing 5G3 implies that p’ divides 5, and hence
p=>5and j = 1. Since we proved earlier that p’ divides 2Gy + G4, it follows that 5 divides
2Go + G1. In particular, due to Congruence (4.3), we have 5 divides p. We conclude p’
divides ged(u, 5), which proves Inequality (4.2) holds. Therefore gg07Gl(k) = F - ged(p, 5), as
desired. O

4.2. Remarks on the closed form for gé‘o,G&(k) when k is odd. When £ is odd, Theo-
rem 3.11 yields the following closed form for the value géo’cl(k):

Geo.cu(k) = ged(2u, gi),

where g; := ged (Gi 11— G3, Gi 19— G%) We immediately arrive at the following theorem as
a consequence.

Theorem 4.8. For all k > 1 with k odd, we have QéO,Gl(k) divides the value |24 where
p=G?— GGy — G3.

Proof. Given any odd integer k > 1, Theorem 3.11 implies that QéO’Gl(k) = ged(2u, g ), where
gk = ged (G2, — GF, G2, — G3). Hence Qémal(k‘) divides |2u|, and the result follows. [

Remark 4.9. It is worthy to note that Theorem 4.8 does not necessarily hold for even k values.
For example, consider the Fibonacci setting with k = 4. Then F2(k) = Fy = 3 by Theorem 5.2.
In the Fibonacci setting, i = 1, however 3 does not divide |2u|, which equals 2.

Remark 4.10. Tt is also worthy to note that the sequence (géovgl(k)) k>1 can attain all positive
divisors of |2u| as values. For example, consider the Gibonacci sequence with initial values
Go=3and G; = 1. Then = 12 —1-3 — 32 = —11 and hence |2u| = 22. Using the closed
form (](2;07G1(k) = gcd(2p, gx) implied by Theorem 3.11, we leave it to the reader to verify the
following:

1, ifk=T1,
2. ifk=3

2 9 )
6o K) =4 11 rh—s

92 if k = 15.

The following theorem provides a sufficiency condition for when the value gémGl(k) attains
its maximal value |2u| in the case that & is odd.

Theorem 4.11. Let k > 1 be odd, and set l, := gcd(Gry1 — G1, G2 — G2). If 21 divides
Ly, then QémGl(kﬁ) = |2u| for all odd integers £ > 1.

Proof. Suppose that k& > 1 is odd, and set ¢ := gcd(Gr4+1 — G1, G2 — G2). Assume that
2u divides £. Then 2u divides both Gii1 — G1 and Giyo — Go. By a simple inductive
argument, the latter implies that 2u divides Gy, — Gy, for all n > 1. Hence, it follows that
2p divides Git1 — Gri—1)41 and also Ggip2 — Gp(i—1)42 for all 1 <4 < ¢. Moreover, since
S (Grigr — Gr(i-1)+1) = Grep1 — G1 and S (Griga — Gi(i—1)+2) = Grey2 — G, then
we conclude that 2u divides both Gier1 — G1 and Ggeio — Ga. Recalling that Theorem 3.11
implies the formula gémGl(k) = gcd(2u, gk), where g := ged (Gi+1 - G2, Gi+2 — G%), we
have

gre = ged (Grppy — G3, Gropo — G3)
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= gcd((Gres1 — G1)(Greg1 + G1), (Grego — G2)(Grega + G2)),
and hence 2y divides gre. Thus 9(2;076,1(1%) = ged(2u, gre) = |2p] for all odd integers ¢ > 1. O

Example 4.12. Consider the Gibonacci sequence (Gyp)p>0 with initial values Go = 2 and
Gy =7T. Then pp="7>—2-7—2%=31. Also observe that for k = 15, we have

515 = ng(G]_ﬁ — Gl, G17 — Gg) = ng(8122, 13144) = 62,

and indeed 2u clearly divides £y, since 2u = £y, in particular, in this case. Hence by Theo-
rem 4.11, we know QémGI(lM) = 62 for all odd integers £ > 1. We leave it to the reader to
verify this.

5. CLOSED FORMS IN THE FIBONACCI AND LUCAS SETTINGS

In this section, we prove the following closed forms on the GCD of the sum of k consecutive
squares of Fibonacci and Lucas numbers:

] k [ F2(k) | £%(k) | Proof in this paper ‘
k even Fy. 5F);, | Theorems 5.2 and 5.4, respectively
k=3 (mod 6) 2 2 Theorems 5.2 and 5.4, respectively
k=1,5 (mod 6) 1 1 Theorems 5.2 and 5.4, respectively

Lemma 5.1. For all n € Z, the value F,, is even if and only if 3 divides n.

Proof. This follows from the fact that F3 = 2 and the well-known identity, F,, divides F;, if
and only if m divides n (see Corollary 10.2 of Koshy [6, p. 173]). O

Theorem 5.2. For all k > 1, we have

Fy, if k is even,
F2k)=14{2, ifk=3 (mod 6),
1, ifk=1,5(mod 6).

Proof. Since = F2 — FyFy — F$ = 1, Theorem 4.7 in the Fibonacci setting yields F2(k) = F},
when k£ is even since 5 does not divide pu. On the other hand, when k is odd, Theorem 4.8
in the Fibonacci setting yields F2(k) divides |2u|, and hence F2?(k) = 1 or 2. Recall that by
Theorem 3.4 in the Fibonacci setting, we have

F2(k) = ged (FiFyy1, Fepp — 1, FZo—1),

and hence if F2(k) = 2, then 2 divides FyF}),1 so either Fj or Fy,; is even. However, 2
dividing F; ,3 '+, — 1 implies F 1 is odd, and thus Fj must be even. By Lemma 5.1, it follows
that 3 divides k, and in particular £ =3 (mod 6) since k is odd. On the other hand, if k¥ = 3
(mod 6), then 3 divides k& and hence F}, is even by Lemma 5.1, and so both Fj11 and Fjo
are both odd implying sz+1 — 1 and F,3+2 — 1 are both even. Thus F2(k) is even; that is,
F2(k) = 2 is forced. Thus if k is odd, then F2(k) = 2 if and only if ¥ = 3 (mod 6). And
consequently if k is odd, then F?(k) = 1 if and only if £ = 1,5 (mod 6). O

To prove the Lucas version of Theorem 5.2, we first give the Lucas version of the necessary
and sufficient condition for L, to be even (compare this with the Fibonacci version given in
Lemma 5.1).

Lemma 5.3. For all n € Z, the value Ly, is even if and only if 3 divides n.

Proof. See Identity (23.2) in Theorem 23.1 of Koshy [6, p. 462]. O
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Theorem 5.4. For all k > 1, we have

5F, if k is even,
L3k)={ 2, if k=3 (mod 6),
1, if k=1,5 (mod 6).

Proof. Since y = L? — LoL1 — L3 = —5, Theorem 4.7 in the Lucas setting yields £?(k) = 5F
when k is even since 5 divides p. On the other hand, when k is odd, Theorem 4.8 in the Lucas
setting yields £2(k) divides |2u|, and hence £2(k) = 1,2, 5, or 10. Recall that by Theorem 3.4
in the Lucas setting, we have

L£%(k) = ged (LgLg1 — 2, Lipq — 1, Lo —9).

We will first rule out the possibility that £2(k) = 5 or 10. Suppose by way of contradiction
that 5 divides £?(k). Then 5 divides both L7 ; — 1 and L., — 9, and hence we have the
congruences

1 (mod 5) (5.1)
L7 5 =4 (mod 5). (5.2)

It is readily verified that 77 (5) = 4, where 7. (5) is the Pisano period of the Lucas se-
quence modulo 5 (recall Definition 2.5). This length 4 period repeats the sequence terms
(Ly (mod 5))3_ = (2,1,3,4). Squaring this sequence we get (L2 (mod 5))3_, = (4,1,4,1),
a repeating sequence of length 2. More precisely, L2 = 4 (mod 5) if and only if n is even, and
hence Congruences (5.1) and (5.2) force k to be even, which is a contradiction. Therefore,
L2(k) # 5 or 10, and thus £2(k) =1 or 2.

If £2(k) = 2, then 2 divides Ly Ly1 —2, Lerl —1, and Li+2 —9. Since 2 divides Ly Ly41 — 2,
then either Lg or Ly is even. However, 2 dividing Li 41 — 1 implies Ly is odd, and thus
Ly, must be even. By Lemma 5.3, it follows that 3 divides k, and in particular £ = 3 (mod 6)
since k is odd. On the other hand, if £ = 3 (mod 6), then 3 divides k& and hence Fj is even
by Lemma 5.3, and so Liy; and L2 are both odd implying L%H —1and Li+2 — 1 are both
even. Thus £2(k) is even; that is, £2(k) = 2 is forced. Thus if k is odd, then £2(k) = 2 if and
only if k = 3 (mod 6). And consequently if &k is odd, then £2(k) = 1 if and only if &k = 1,5
(mod 6). O

6. OPEN QUESTIONS

6.1. Extension to higher powers.

Question 6.1. For k even, the formulas for the GCD of all sums of & consecutive Gibonacci
numbers and the GCD of all sums of k£ consecutive squares of Gibonacci numbers, respectively
are

Gao,ci(k) = ged(Gry1 — G, Gigo — G2)
g%‘o,Gl(k) = ged (Gi-i-l - G%v Gi+2 - G%) .

The first formula holds from Guyer-Mbirika [4, Theorem 15|, while the second formula holds
from Theorem 3.11 in this current paper. For certain even values k and n > 3, it seems
reasonable that the following may hold:

gg‘o,Gl(k) = ng( 7154-1 - GY, Z+2 - Gg) .
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Although this does not appear to be true even in the case of n = 3, data collected via
Mathematica for this n value in the Fibonacci and Lucas settings supports the following
conjectures for k even:

P — {%cd (Flp =1 Flyp —1), i 6divides k,

5 -ged (Flg’+1 -1, Fl§+2 — 1) , if 6 does not divide k.
53(1<;):{ od (L, —1, Ly —9),  if6divides b,

5 - ged (LzJrl -1, LiJrQ — 9) , if 6 does not divide k.

Can this conjecture not only be proved, but also extended to higher values n > 47

Question 6.2. Fix Go,G1 € Z and set d := ged(Go, G1). Consider the two Gibonacci se-

quences (Gp)p>0 and (G)n>0, where (G])22, is generated by the relatively prime initial

conditions Gfy = € and G = . Then the following identities holds:

Gao,cn(k) =d- gGg,G’l(k)
géo,Gl(k:) = d2 : gé’é,G/l(k)

The first formula holds from Guyer-Mbirika [4, Theorem 19], while the second formula holds
frl(l)m The?orem 3.6 in this current paper. Will it be the case that G¢, o (k) = d" - gg&G,l(k) for
all n > 37

= 0%

6.2. Periodicity of the sequences (G, g,(k))r>1 and (gémGl(k))kzl when £ is odd.

Example 6.3. Consider the Gibonacci sequence with initial values Gy = —1 and G1 = 3. Then
p = 32— (-1)3) — (—=1)2 = 11. Moreover for k odd, we have the following (formal proofs
omitted, but easily verified using the formulas for Ga, c,(k) in Guyer-Mbirika [4, Theorem 15]
and géoﬁl(k) in Theorem 3./ in this current paper, respectively):

|2, ifk=3 (mod 6),
gGO,Gl(k) - { 1, ka- =1,5 (mod 6),

and
22, if k=15 (mod 30),
, if k=5,25 (mod 30),
2, ifk=3,9,21,27 (mod 30),
1, ifk=1,711,13,17,19,23,29 (mod 30).

Hence we have the periodic relationships in the sequences (Gg,.c,(k))k>1 and (géo,Gl(k))kzl"

gG‘OvG'l(]€ + 6) = gGOle(k) a’nd gémGl(k + 30) = gémGl(k)?

Geo.cn(k) =

for all odd k.

Question 6.4. Under what conditions on the initial values Gy and G are Gg, (k) and
géo,gl(k) periodic on odd k values?
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