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ON THE DIOPHANTINE EQUATION ZFM =920
k=1

PAGDAME TIEBEKABE AND ISMAILA DIOUF

ABSTRACT. Let (Fy)n>0 be the Fibonacci sequence given by Fy = 0,F; = 1 and Fhy2 =
Fry1 4+ F, for n > 0. In this paper, we have determined all the powers of 2 which are sums
of five Fibonacci numbers with few exceptions that we characterize. We have also stated an
open problem relating to the number of solutions of equations like those studied in this paper.

1. INTRODUCTION

Solving Diophantine equations fascinates many mathematicians specializing in number the-
ory. There are several methods of solving these equations. Among them, the most fruitful
is surely the one which associates the linear forms of logarithms and some calculations with
continuous fractions.

We know that there are the only three (1,2 and 8) Fibonacci numbers that are powers of 2.
A proof of this fact follows from Carmichael’s primitive divisor theorem [1], which states that
for n > 12, the nth Fibonacci number F;, has at least one prime factor which is not a factor
of any previous Fibonacci number (see the paper of Bilu, Hanrot and Voutier [2] for the most
general version of the statement above). However, there are nine (9) powers of 2 in the sum
of two Fibonacci numbers [3], fifteen (15) in the sum of three Fibonacci numbers [4] and sixty
(60) in the sum of four Fibonacci numbers [5].

In this article, we showed that there are exactly one hundred and six (106) powers of 2 in
the sum of five Fibonacci numbers. We solved the following exponential Diophantine

5
> B, =2" (1.1)
k=1

Note that the solutions listed in Section 5 are non-trivial solutions. That is, we considered the
solutions for which, for all k € {1,2,3,4,5}, ng # 0.

This paper is subdivided as follows: In Section 2, we introduce auxiliary results used in
Sections 3 and 4 to prove the main theorem of this paper stated below.

Theorem 1.1. All non-trivial solutions of the Diophantine equation (1.1) in positive integers
ni,No, N3, N4, N5 and p with ny = ng = --- = ny are listed in Section 5.

The method used to prove Theorem 1.1 is a double application of Baker’s method and some
computations with continued fractions to reduce the brute force search range for the variables.
In the following sections, we will first bound n;. Then we will use the reduction methods
stated in Section 2 to considerably reduce this bound. The last section contains tables of all
solutions of the equation (1.1). We end this paper with an open problem.

2. AUXILIARY RESULTS

In this section, we give some well-known definitions, proprieties, theorem and lemmas.
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ON THE DIOPHANTINE EQUATION

Definition 2.1 (Mahler measure). For all algebraic numbers -y, we define its measure by the
following identity:

d
M(y) = |aa| [ [ max{1, [},
i=1

d
where v; are the roots of f(x) = aq [ (x — ;) is the minimal polynomial of ~y.
i=1

Let us now define another height, deduced from the last one, called the absolute logarithmic
height.

Definition 2.2 (Absolute logarithmic height). For a non-zero algebraic number of degree d

d
on Q where the minimal polynomial on Z is f(x) = aq [[ (x — i), we denote by
i=1

i=1

d
1 1
h(v) = y <log laq| + Zlog max{1, ]*M}) = glog M(y),

the usual logarithmic absolute height of .

The following properties of the logarithmic height are well-known:

e h(y=£mn) < h(y)+h(n) +log2;

o h(vynE) < h(y) + h(n);
o h(y") = [klh(y) k€ Z.

The nth Fibonacci number can be represented as
a — pn
V5
where (a, 8) := ((1 ++/5)/2, (1 — v/5)/2). The inequalities

an—? < Fn g an—l

F, = forall n >0,

are well-known to hold for all n > 1 and can be proved by induction on n. The following
theorem is deduced from Corollary 2.3 of Matveev [7].

Theorem 2.3 (Matveev [7]). Let n > 1 an integer. Let L be a field of algebraic number of
degree D. Let 1, ..., v non-zero elements of 1L and let by, bs, ..., b, integers,

B = max{|b1|7 ey |bt|}7

and

t
A=At =1 = (H%bi> o
=1

Let Aq, ..., A; reals numbers such that
Aj > max{Dh(v;), |log(v;),0.16},1 < j < ¢.
Assume that A # 0, So we have
log |A| > —3 x 30" x (t +1)%5 x d® x A1...A¢(1 +1log D)(1 + lognB).
Further, if I is real, then
log |A] > —1.4 x 30173 x ()%5 x d* x Ay...A¢(1 +log D)(1 + log B).
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The two following Lemmas are due to Dujella and Petho, and to Legendre respectively.
For a real number X, we write || X|| := min{| X —n |: n € Z} for the distance of X to the
nearest integer.

Lemma 2.4 (Dujella and Pethd, [6]). Let M a positive integer, let p/q the convergent of the
continued fraction expansion of k such that ¢ > 6M and let A, B, p real numbers such that
A>0and B> 1. Let e := ||ug|| — M ||xq||.

If € > 0 then there is no solution of the inequality

O<mk—n+upu<AB™™

in integers m and n with
log(Ag/e) _

<m < M.
log B m
Lemma 2.5 (Legendre). Let 7 real number such that x, y are integers such that
z 1
yl o 29%
then £ = 2% s the convergent of T.
Yy qk
Further,
T 1

> .
(qr+1 + 2)y?
3. MAIN RESULT
We now prove our main result Theorem 1.1.

Proof. Assume that

5
> Fy =2
k=1

holds. Let us first find relation between n; and a.

Combining equation (1.1) with the well-known inequality F,, < o™ ! for all n > 1, one gets
that
5

5
Z Fp, =2 < Z il
i=1

k=1
5
<22ni—1 a<?2
i=1

5
<2n1—1 (1 + Z2ni—n1>

1=2

3 3
<om—! (1 +14> 2—1') —gm~1 (2 + Zz—i)
=1

i=1
<gmtl
Hence
20 < omtl — g <+ 1= a<n.
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ON THE DIOPHANTINE EQUATION

This inequality will help us to calculate some parameters.

If n; < 400, then a brute force search with Mathematica in the range 1 < ny < ngy < ng <
ng < np < 400 turned up only the solutions shown in the statement of Theorem 1.1. This
took few minutes. Thus, for the rest of the paper we assume that n; > 400.

3.1. Upper bound for (n; — ny)loga in terms of n;.

Lemma 3.1. If (n1,n2,n3,n4,n5,a) is a positive solution of (1.1) with ny > ng > ng = ng >
ns, then
(n1 —ng)loga < 2.32 x 102 log n;.

Proof. Rewriting equation (1.1), we get
o™ gm
%_2(1 \/5 (Fn2+Fn3+Fn4+Fn5)

Taking absolute values on the above equation, we obtain
57'4 ’ mm
V5 V5

a™

V5

+ (Fpy + Fpy + Fy + Fpy) <

< + (an2 + anfi + Oén4 + Oén5),

and

n1 1
S P (@™ +a" +a™ +a™)  where we used F, < a"l.

75 2

Dividing both side of the above equation by a™ /v/5, we get

’1—2“- - xf(

ang—nl 4T g ans—nl) \/5

2am
_ V5 V5 V5 . V5 V5
20[7“ anl no anl—ng O/L1—TL4 anl—n5'

Taking into account the assumption ns < ng < ng < n3 < N2 < Ny, we get

11.5
|A1|:‘1—2“- B \f‘ where A;=1-—2% a7 ™ .+/5. (3.1)

nl ng’
Let us apply Matveev’s theorem, with the following parameters ¢t := 3 and
=2 voi=a ~3:=V5, bi:=a, by:=-n, and bsy:=1.

Since 1,792,773 € K := Q(\/g), we can take D := 2. Before applying Matveev’s theorem, we
have to check the last condition: the left-hand side of (3.1) is not zero. Indeed, if it were zero,
we would then get that 2¢y/5 = a”. Squaring the previous relation, we get a?” = 5-22¢ = 5.4,
This implies that a?” € Z. Which is impossible. Then A; # 0. The logarithmic height of

71,72 and 73 are:
h(y1) =log2 =0.6931..., so we can choose A; := 1.4.

1
h(y2) = 5 log v = 0.2406 . . ., so we can choose Ay := 0.5.

h(7y3) = logv/5 = 0.8047. .., it follows that we can choose A3 := 1.7.
Since a < ny + 1, B := max{|b1], |b2], |b3|} = n1. Matveev’s result informs us that

1-2%-a™ V5| >exp(—ci - (1+1logn)-1.4-0.5-1.7), (3.2)
where ¢1 1= 1.4-30%.3%%.22. (1 +log2) < 9.7 x 10*. Taking log in inequality (3.1), we get
log |A1] < log(11.5) — (n1 — n2)log .

DECEMBER 2022 387



THE FIBONACCI QUARTERLY

Taking log in inequality (3.2), we get
log |A1| > 2.31 x 102 logn.
Comparing the previous two inequalities, we get
(n1 —n2)loga —log(11.5) < 2.31 x 10*2logny,
where we used 1 + logn; < 2logn; which holds for all n; > 3. Then we have
(n1 —ng)loga < 2.32 x 102 logn,. (3.3)

3.2. Upper bound for (n; — n3)loga in terms of n;.

Lemma 3.2. If (ny,n9,n3,n4,n5,a) is a positive solution of (1.1) with ny > ng > ng = ng >
ns, then
(n1 —n3)loga < 3.29 x 10%*log? n;.

Proof. Let us now consider a second linear form in logarithms. Rewriting equation (1.1) as
follows
a2 . B g

%—F%—Q —% ﬁ_(Fn3+Fn4+FN5)'

Taking absolute values on the above equation and the fact that 3 = (1 — v/5)/2, we get

anl _ ni + n2
\/5 (1+an2 Tbl) _2(1 <W+FTL3+F’I’L4+FH5
1
<§ +a™+a™+a™ forall ny>5 and ny > 5.
ni
Dividing both sides of the above inequality by % (1 + a™~™)  we obtain
_ P | 8
’A2’:‘1—2‘1.a m.\/g(l—i-omz nl) ’ < T (3.4)

where Ap =1 —2%-a~™ -\/5(1 + a"rnl)_l. Let us apply Matveev’s theorem for the second
time with the data

t:=3, 11:=2, oi=aq, 73:= \/5(1 —|—Ozn2_n1)71, by :=a, by:=-ni, and bz:=1.

Since v1,72,73 € K := Q(v/5), we can take D := 2. The left hand side of (3.4) is not zero,
otherwise, we would get the relation

295 = a™ + a2, (3.5)
Conjugating (3.5) in the field Q(v/5), we get
—2%/5 = ™ + g"2. (3.6)

Combining (3.5) and (3.6), we get
a" <o +a™ =" 4B < B+ 8™ < 1

which is impossible for n; > 400. Hence Ay # 0. We know that h(y;) = log2 and h(y2) =
%log a. Let us now estimate h(73) by first observing that

V5

14+ a2 ™ 2
T 14 amm -

<5 and 73_1— NG <ﬁ’
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ON THE DIOPHANTINE EQUATION

so that |logvys| < 1. Using proprieties of logarithmic height stated in Section 2, we have

! 1
h(v3) < log V5 + [ng — ny]| < 0§a> +log 2 = log(2V/5) + (n1 — n2) < 0§a> ‘

Hence, we can take

As := 3+ (n1 — n2)log a > max{2h(vs), | logys|,0.16}.
Matveev’s theorem implies that

exp (—ca(1 +logny)-1.4-0.5- (34 (n1 —ng2)loga)),

where
co:=1.4-30°-3%%.22. (1 +1og2) < 9.7 x 101,
Since (1 4 logny) < 2logn; hold for ny > 3, from (3.4), we have

(n1 —n3)loga —log8 < 1.4 x 10" logn1 (3 + (n1 — ng)log a). (3.7)

Putting relation (3.3) in the right-hand side of (3.7), we get
(n1 — n3)loga < 3.29 x 10%*log? n,. (3.8)
(]

3.3. Upper bound for (n; — n4)loga in terms of n;.

Lemma 3.3. If (n1,n2,n3,n4,n5,a) is a positive solution of (1.1) with ny = na = n3 > nyg >
ns, then
(n1 —ny)loga < 9.3 x 103%1og® n,;.

Proof. Let us consider a third linear form in logarithms. To this end, we again rewrite (1.1)
as follows: - g s gm 4 gna 4 gns
a™ + o™+ o™ + +
7 — 20 = 7 — Fy, — Fp,.

Taking absolute values on both sides, we obtain

ni

ni no ns
(15/5 (1 _+_O[n2*n1 + ans*m) _ 9a < ’/8| + |f/|g + |B| +Fn4 + Fn5
3
<1 +a™ +a™ forall ny;>400, ng,ng,ng,ns > 1.
Thus we have
_ 4
Mg = [L =27 0™ VB (1 am ™™ a7 T < —— (3.9)

where
1

Ag=1-2"a ™ V5(1+a™ ™ 4" ™).
In a third application of Matveev’s theorem, we can take parameters
t:=3,71:=2, yo:=a, 13:=Vb (1 + a4 ozn?’_"l)_l, by :=a, by := —n, by :=1.

Since v1,72,73 € K := Q(v/5), we can take D := 2. The left hand side of (3.9) is not zero.
The proof is done by contradiction. Suppose the contrary. Then

29/5 = o™ 4+ " + a3,
Taking the conjugate in the field Q(v/5), we get
—20V/5 = g™ + B2 + B,
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which leads to
™ < a™ a4 = M4 BT 4 B BN (8" 4 B < 1

and leads to a contradiction since ny > 400. Hence A3 # 0.
As we did before, we can take Ay := 1.4, Ay := 0.5 and B := ny. We can also see that

NG | lta™ Mmoo 3
= < Vb d v = < —
1+ aM2—m 4 gn3—n1 \[ an V3 \/5 \/57

so |logs| < 1. Applying proprieties on logarithmic height, we estimate h(vy3). Hence

1 1
h(73) <log V5 + [n2 — na| ( oga> + |n3 — nq| < oga) +log 3

V3

2

=1og(3v/5) + (n1 — n2) <1O§a> + (n1 —n3) (102;&) ;

so we can take

Az =4+ (n1 —na)loga + (n1 — ng) log a > max{2h(vs3), |log~s|,0.16}.
A lower bound on the left-hand side of (3.9) is

exp(—c3 - (1 +logny)-1.4-0.5- (4 + (n1 —ng)loga + (n1 — n3)log o)),
where

c3=1.4-305.3%5.22. (14 1og2) < 9.7 x 10
From inequality (3.9), we have
(n1 —n4)loga < 1.4 x 102 logny - (4 4 (n1 — ng) loga + (ny — n3)loga). (3.10)

Combining equation (3.3) and (3.8) in the right-most terms of equation (3.10) and performing
the respective calculations, we get

(n1 —ng)loga < 9.3 x 1036 log3 ni. (3.11)
O
3.4. Upper bound for (n; — ns)loga in terms of n;.

Lemma 3.4. If (n1,n2,n3,n4,n5,a) is a positive solution of (1.1) with ny = ng > nz > ng >
ns, then
(n1 — ns) log a < 40.32 x 10%¥ 1log* n;.

Proof. Let us now consider a forth linear form in logarithms. Rerwriting (1.1) once again by
separating large terms and small terms, we get

a™ + a2 + a3 +Oén4 _ 2(1 _ /8711 _|_Bn2 +Bn3 _|_6n4 _
VB Vb
Taking absolute values on both sides, we get

o (14 a2 4 qna=m 4 gna—m) 24| < BI™ + 18" + 18] + 8™
V5 V5

4
<3 + o™ for all ny > 400, ng,ng, ng,ns > 1.

Dividing both sides of the above relation by the fist term of the right hand side of the previous
equation, we get

F,.

+ Fhs

2

qni—ns ’

’A4’ — 190,41 \/g (1 LM g an4*n1)71‘ < (312)
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where
Ag=1-2%a ™ V5 (14a™ ™ 4™ ™ 4 gM=m) 7"
In the application of Matveev’s theorem, we have the parameters

Y=2, mi=a, = V5 (1L+a™ T 4T g g T

and we can also take by := a, by := —n and bz := 1. Since 1, 72,73 € K := Q(v/5), we can
take D := 2. The left hand side of (3.12) is not zero. The proof is done by contradiction.
Suppose the contrary. Then

29V5 = @™ +a"™ + o + o™,
Conjugating the above relation in the field Q(v/5), we get
—20y/5 = B 4 "2 4 "8 4 g,
Combining the above two equations, we get
o™ <a" a4 a™ o™ =BT 4 B4 B+ BB+ B+ B+ (B < 1,

and leads to contradiction since n; > 400.
As done before, here, we can take A; := 1.4, As := 0.5 and B := ny. Let us estimate h(~y3).
We can see that

\/3 1 1 +an2—n1 +an3—n1 +an4_n1 4
i 1 + a2 + Q3N —+ oa—n < \/5’ 73 = \/5 < %
Hence |log~ys| < 1. Then
log o log o log o
h(73)<log(4\/5)+|n2—n1|< g )Hng_m( g >+,n4_n1|< g )
log log o log o
IIOg(4\/5)+(”1—”2)< g >+(n1—n3)< g )+(n1—n4)( g >;

so we can take
Az =54 (n1 —na)loga + (n1 — ng)loga + (n1 — na) log a.
Then a lower bound on the left-hand side of (3.12) is
exp(—cy - (1 +1logny)-1.4-0.5- (54 (n1 — ng)loga + (n1 — ng)loga + (n1 — nyg) log o)),
where ¢4 = 1.4 - 309 - 345 .22 . (1 4+ log2) < 9.7 x 10*. So, inequality (3.12) yields
(n1—ns)loga < 1.4x 102 log ny - (5+ (n1 —ns9) log a+ (ny —n3) log a+(ng —ng) loga). (3.13)

Using now (3.3), (3.8) and (3.11) in the right-most terms of the above inequality (3.13) and
performing the respective calculation, we find that

(n1 — ns) loga < 40.32 x 10 1log* n;.
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3.5. Upper bound for n;.

Let us now consider a fifth linear form in logarithms. Rerwriting (1.1) once again by
separating large terms and small terms, we get

o™ + o™ + a3 + o4 + o’ B 2a _ 6”1 + an + 6713 + 6”4 + ﬁn5
vh V5

Taking absolute values on both sides, we get
Lm (1 + Q2T + Q™M 4 Qe + an5—n1) _9a| < ‘B|n1 + |/6)|n2 + ’ﬁ’nS + ‘/B‘TM + |5|n5
h V5

V5
6
<5 for all n; > 400, n9, n3, ng,ns > 1.

Dividing both sides of the above relation by the fist term of the right hand side of the previous
equation, we get

< 3 (3.14)

As|=[1-2%-a™ .5 (1 + T 4 QT oMM a"f’_m)_l‘ o
o

where

As=1-2%a ™ .5 (1 + Q™M MM g a"5_"1)_1 .

In the last application of Matveev’s theorem, we have the following parameters
=2 v=a 3:=V5 (1 +a™MTM 4 QT g™ T a”5_”1)_1 )

and we can also take by := a, by := —n and b3 := 1. Since v1,7v2,7v3 € K := Q(+/5), we can
take D := 2. The left hand side of (3.14) is not zero. The proof is done by contradiction.
Suppose the contrary. Then

205 = a™ 4+ a™ 4+ a™ 4+ o™ + ™.
Conjugating the above relation in the field Q(v/5), we get

—2°V5 = ™M + "2 + " 4 B 4 B
Combining the above two equations, we get

a™ <a™ 4 a™ 4+ a"™ 4+ ™ =™ + 7 + 7 + B + 37|
< BI™ + (B[ + (8™ + |B]™ + B[ < 1,
which leads to a contradiction since nq > 400.

As done before, here, we can take A; := 1.4, A9 := 0.5 and B := n;. Let us estimate h(73).
We can see that,

3 V5 <V5

1 1L qn2—M1 4 qn3a—N1 4 qna—Nn1 | gMs—n1

and
_ 1 + a’ﬂQ—nl + ang—'m + an4—”1 + ans—nl
t= < 5.

73 - \/B
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log «
5 + ’ng — TL1|

log
2
log v log
+ [ng — nq| 5 + [ns — ny| 5
1 1
ﬁ%@ﬁwum—ng<%a>+mrm@(%a)
log o log o
+(n1—n4)< g >+(n1—n5)( g );

h(vs) <log(5V) + [n — ma] (

~—  ——

so we can take
Az =54 (n1 —n2)loga+ (n1 —ng)loga + (n1 —na)loga + (n1 — ns) log o
Then a lower bound on the left-hand side of (3.14) is
exp(—cy - (1 +1logny)-1.4-0.5- (54 (n1 —n2)loga + (n1 — n3g)loga + (n1 — n4) log o)),
where ¢4 = 1.4 -300-3%5.22. (1 +1og2) < 9.7 x 10'%. So, inequality (3.14) yields

nyloga < 1.4x10% log ny - (54 (n1 —n2) log a+(ny —n3) log a+(ng —n4) log a+(ng —ns) log ).
(3.15)

Using now (3.3), (3.8) and (3.11) in the right-most terms of the above inequality (3.15) and

performing the respective calculation, and with the help of Mathematica, we find that

ny < 1.6 x 1073,
We record what we have proved.
Lemma 3.5. If (n1,na,n3, ng,ns,a) is a positive solution of (1.1) with n1 = na = n3 = ny >

ns, then
a<n <1.6x107.

4. REDUCING THE BOUND ON n

The goal of this section is to reduce the upper bound on n to a size that can be handled.
To do this, we shall use Lemma 2.4 five times. Let us consider

21 := alog 2 — ny log a + log V/5. (4.1)

From equation (4.1), (3.1) can be written as
11.5

Qni—n2 :

11— e < (4.2)

Associating (1.1) and Binet’s formula for the Fibonacci sequence, we have

5
ant g
—=Fp + = <Y Fp =2
V5 =

V5

hence -

a

— < 29

V5
which leads to z; > 0. This result together with (4.2), gives

11.5
0<y<e?-1< .
Qni—n2
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Replacing (4.1) in the inequality and dividing both sides of the resulting inequality by log «,

we get
We put
T = llc(:gi’ = I?Oggf, A:=24, and B:=a.

7 is an irrational number. We also put M := 1.6 x 1073, which is an upper bound on a by
Lemma 2.4 applied to inequality, that

log(Ag/e)
— < —_—,
e log B

where ¢ > 6M is a denominator of a convergent of the continued fraction of 7 such that
e :=||uq|| — M ||Tq|| > 0. A computation with SageMath revealed that if (ni,n2,ns, n4, ns,a)
is a possible solution of the equation (1.1), then

ny—ng € [0, 367].
Let us now consider a second function, derived from (3.4) in order to find an improved upper
bound on n; — ny. Put

29 := alog2 — njloga + log Y(ny — n9)
where T is the function given by the formula Y(¢) := v/5 (1 + oz_t)_l. From (3.4), we have
8

aqni—ns’

|1 —e*| <

(4.4)

Using (1.1) and Binet’s formula for the Fibonacci sequence, we have
anl ang Bnl 5n2 a
ﬁ‘i‘ﬁ:Fnl—'—FnQ—i—%—‘-%<Fn1+Fn2+1anl+Fn2+Fn3+Fn4 :2 .

Therefore 1 < 29a~™14/5 (1 4+ a™~) " and so 2, > 0. This with (4.4) gives
8

aqni—ns’

0<zm<e?-1<

Putting the expression of z2 in the above inequality and arguing as in (4.3), we obtain

log 2 log Y —
0<aflos2) _, loeTmn—m) o -y, (4.5)
log v log

As done before, we take again M := 1.6 x 107 which is the upper bound on @, and, as explained
before, we apply Lemma 2.4 to inequality (4.5) for all choices n; — na € [0, 367] except when
ny — ng = 2,6. With the help of SageMath, we find that if (nq, ne2,ns, n4,ns,a) is a possible
solution of the equation (1.1) with n; — ny # 2 and n; — ng # 6, then ny — n3 € [0, 367].

Study of the cases n1 — ny € {2,6}. For these cases, when we apply Lemma 2.4 to the
expression (4.5), the corresponding parameter p appearing in Lemma 2.4 is

1 if t=2;
log T(t) _ log2 it t=2
log «v 3— if t=6.

log
In both case, the parameters 7 and p are linearly dependent, which yield that the corresponding

value of € from Lemma 2.4 is always negative and therefore the reduction method is not useful
for reducing the bound on n in these instances. For this, we need to treat these cases differently.
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However, we can see that if ¢ = 2 and 6, then resulting inequality from (4.5) has the shape
0<|er—y|l<17- o~ (m=13) with 7 being irrational number and z,y € Z. Then, using the
known proprieties of the convergents of the continued fractions to obtain a nontrivial lower
bound for |7 — y|. Let see how to do.

For ny —ng = 2, from (4.5), we get that

log 2
0<ar—(n1—1)<17-a~ ™M) where 7= 982 (4.6)
log
Let [a1,a9,as3,a4,...] =[1,2,3,1,...] be the continued fraction of 7, and let py/qr denote its

073

kth convergent. By Lemma 2.5, we know that ¢ < 1.6 x 10”°. An inspection in SageMath

reveals that

15177625911361796815938210846220393654109270183406839528998805820407221653 = q147

<1.6x 107 <
qi4s8 = 75583009274523299909961213530369339183941874844471761873846700783141852920.

Furthermore, aj; := max{a; : i = 0,1,...,114} = 134. So, from the properties of continued

fractions, we obtain that
1

lat — (ng — 1)| > an £ 2)a’

(4.7)

Comparing (4.6) and (4.7), we get
Q™™ <17 (134 + 2)a.
Taking log on both sides of above equation and divide the obtained result by log «, we get
ni —ng < 367.

In order to avoid repetition, we freely omit the details for the case nqy — no = 6. Here, we get
again np — ng < 367. This completes the analysis of the two special cases n; — ny = 2 and
n1 — ng = 6. Consequently n; — ng < 367 always holds.

Now let us use (3.9) in order to find improved upper bound on ny — nyg. Put

zg = alog2 — njloga +log Ti(ny — n2,n1 — n3),

where Y is the function given by the formula Yq(t,s) := /5 (1 +a ™+ a‘s)_l. From (3.9),
we have

4

aqni—na’

11— e < (4.8)

Note that, z3 # 0; thus, two cases arise: z3 > 0 and z3 < 0. If z3 > 0, then
4

o1—n4

O0<zz<e®—-1<

Suppose now zz < 0. It is easy to check that 4/a™ ™™ < 1/2 for all ny > 400 and ng > 2.
From (4.8), we have that

|1 —e®| <1/2 and therefore el*l < 2.

Since z3 < 0, we have:
8

on1i—n4

0 < |zg] el —1 = ¢l

elzsl — 1) <

which gives

0< ’23| <

Qn1—n4
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holds for z3 < 0, z3 > 0 and for all for all n; > 400, and n4 > 2. Replacing the expression of
z3 in the above inequality and arguing again as before, we conclude that

log 2 log T1(n1 — n2,n1 — n3)
—— | —n1 +
log log

0<la <17 (m=ny), (4.9)

Here, we also take, M := 1.6 x 10" and we apply Lemma 2.4 in inequality (4.9) for all choices
ny —ng € {0,367} and ny — n3 € {0,367} except when

(nl —nN2,N1 — 713) € {(07 3)7 (L 1)7 (17 5)7 (370)’ (374)7 (47 3)7 (5’ 1)7 (778)7 (87 7)}

Indeed, with the help of SageMath we find that if (n1,na,ns, n4,ns,a) is a possible solution
of the equation (1.1) excluding these cases presented before. Then n; — ny < 367.

SPECIAL CASES. We deal with the cases when
(n1 —na,n1 —ns) € {(1,1),(3,0),(4,3),(5,1),(8,7)}.
It is easy to check that

0, if (t,s)=(1,1);

0, if (t,s)=(3,0);

log Tu(t,s) _ ) 1 it (t,s)=(4,3);
log o 2— 22 it (t,s) = (5,1);
— 22 (t,s) = (8,7).

As we explained before, when we apply Lemma 2.4 to the expression (4.9), the parameters
7 and p are linearly dependent, so the corresponding value of ¢ from Lemma 2.4 is always
negative in all cases. For this reason, we shall treat these cases differently. Here, we have to
solve the equations

Fro1+2F,, + Fy, + Fo, =2°% 2F,,43+ Fp, + F, + Fn, =29,
Frgta+ Fny + Frp1 + Foy + Fry = 29,

Fn2+5+Fn2+Fn2+4+Fn4+Fn5:2a7 and Fn2+8+Fn2+Fn2+1+Fn4+Fn5:2a
(4.10)

in positive integers no,ng4,n5 and a. To do so, we recall the following well-known relation
between the Fibonacci and the Lucas numbers:

Ly=F; 1+ Fyyq forall k>1. (4.11)
From (4.11) and (4.10), we have the following identities
Fopi1 +2F, + By, + Foy = Frpqo + Foy + Iy + Foy = Fyo + Fiy + By + F,
2P 43+ Py + Fny + Foy = Fopo + Frgya + Foy + Foy = Fpo + Fiya + By + F,
Frpia+Foy+Frp1+Fpy+Foy = Frpro+ Fgqpa+ Foy+Foy = Fipo+ Frypa+ Fo + Fy, (4.12)
Frpvs+Fny + Froqa+ Fp, +Fny =2F0, 10+ 2F4a+ Foy + Fry = 2F 30+ 2F g + Foy + F,

and  Fh,q8+Fp, +Fpoqp1+Fn, +Fny = 2F 0,16 +2Fa+Ey, +Fyy = 2F 6+ 2F g+ F+ Fy,

hold for all k&, m,w > 0.
Equations (4.10) are transformed into the equations

Lk+1+Fm+Fw = 2(1’ Lk+3+Fm+Fw = 2(1’ 2Lk+3+Fm+Fw = 2(1’ 2Lk’+5+Fm+Fw = 2a’
(4.13)
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to be resolved in positive integers k, m,w and a. A quick search in SageMath and analytical
resolution leads to :

(k,m,w,a) € {(4,4,3,4),(6,3,1,5),(6,3,2,5),(9,4,3,7), (10,10, 3,8)} for Ly 1+F,+F, = 2%,
(k,m,w,a) € {(4,3,1,5), (4,3,2,5), (7,4,3,4)} for Lyys+ Fo + Foy = 2°,
(k,m,w,a) € {(1,1,1,4), (4,4,4,6), (7,5,5,8), (7,6,3,8)} for 2Lgy3+ Fyp + Fyy = 29,
(k,m,w,a) = (5,5,5,8) for 2Lp.5+ F,, + F, = 2%

We will nonetheless use (t,s) € {(5,1),(8,7)} for the purpose of showing that Legendre’s
criterion is applicable when linear dependence arises in any subsequent cases. Consider

logT1(5,1) 5 log 2

log o loga’
We use the above expression to obtain the inequality

log 2
(a—1) < o8 ) —(ng — 2)’ <17 o (M=),

0<
log

to which Legendre’s criterion may be applied.

Likewise when we consider
logT1(8,7) 3 log 2

log o log o’
and we use the above expression to obtain the inequality

0<

log 2 (g —
-1 — — 17 . o (n1—n4)
(a—1) <loga> (nq 3)‘ <17 -« ,

to which Legendre’s criterion may be applied again. In both cases, n; — ng < 367. This
completes the analysis of special cases.
Now, let us use (3.12) in order to find improved upper bound on n; — ns. Put

24 := alog2 — nyloga + log Yo(n1 — ng,ny — ng, ny — ny),
where Y5 is the function given by the formula
To(t,u,v) = V5 (1+at+a ™+ of”)_l
with t = ny —ng,u = n1 —ng and v = n; — nyg. From (3.12), we get

2

o1—ns ’

11— e*| < (4.14)

Since z4 # 0, as before, two cases arise: z4 < 0 and z4 > 0. If z4 > 0, then
2

ani—ns :

O<y<er—-1<

Suppose now that z4 < 0. We have 2/a™ ™" < 1/2 for all n; > 400 and ns > 5. Then, from
(4.14), we have

1
1—e*| <2
e <
and therefore e/l < 2. Since z4 < 0, we have :

4

qni—ns

0 < |zg] el —1 = el

el — 1’ <

which gives
4

Qn1—ns

0< ’24| <
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for the both cases (z4 < 0 and z4 > 0 ) and holds for all n; > 400. Replacing the expression
of z4 in the above inequality and arguing again as before, we conclude that

0<|a(1082) _p, 4 log Yol Znom —ngm = na) | g —(uns), (4.15)
log log o
Here, we also take, M := 1.6 x 107 and we apply Lemma 2.4 one more time in inequality

(4.15) for all choices n; —ng € {0,367}, n1 —n3g € {0,367} and n; —ng € {0,367} with
(n1,n2,n3,n4,n5,a) a possible solution of equation (1.1), and by omitting the study of special
cases (because it gives a solution presented in Theorem 1.1), we get:

ni —ns < 369.
Finally let us use (3.14) in order to find improved upper bound on ny. Put
z5 = alog2 — nyloga + log T3(ny — na,ny —ng,ny — ng,ny —n —ns),
where T3 is the function given by the formula
Ts(t,u,v,9) = VB (l+at+a ™ +a " +a¥) "

with t =n1 —ng,u =ny —ng, v =n1 — ng and y = n; — ns. From (3.14), we get

3
11— ™| < —. (4.16)

a™
Since z5 # 0, as before, two cases arise: z5 < 0 and z5 > 0. If z5 > 0, then
3
am’
Suppose now that z5 < 0. We have 3/a™ < 1/2 for all ny > 400. Then, from (4.16), we have

O<zs<e®—-1<

1
N

and therefore e/ < 2. Since z5 < 0, we have :
6

o™t

0 < |zs5] < ell —1 =l

el*sl — 1‘ <
which gives
0< ’25‘ < —
et
for the both cases (25 < 0 and z5 > 0 ) and holds for all n; > 400.

Replacing the expression of z5 in the above inequality and arguing again as before, we
conclude that

0<la log 2 o log To(n1 — n2,ny — ng,ny — ng, Ny — Ns)
log v log

<13-a7™.  (4.17)

Here, we also take M := 1.6 x 10™ and we apply Lemma 2.4 last time in inequality (4.17) for
all choices ny — ng € {0,367}, n; —ns € {0,367}, n; —ng € {0,367} and n; —ns € {0,369}
with (n1,ng,ns, n4,ns,a) a possible solution of equation (1.1), and by omitting the study of
special cases (because it gives a solution presented in Theorem 1.1, we get:

n1 < 369.

This is false because this contradicts our initial hypothesis nq > 400. This ends the proof of
our main theorem. O
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5. TABLE

In this table, we have the complete list of all non-trivial solutions of the Diophantine equation
(1.1). We have one hundred and six non-trival solutions.

Numbering | n5 | na | ng | n2 | n1 Numbering | n5 | ng | n3 | na | n1 Numbering | ns | n4a | n3 | na | n1
1 1 1 1 3 4 36 1 4 5 8 71 3 3 5 8 9
2 1 1 1 5 6 37 1 4 7 7 9 72 3 3 7 7 9
3 1 1 1 6 8 38 1 5 5 6 7 73 3 4 4 4 5
4 1 1 1 9 16 39 1 6 6 7 9 74 3 4 4 4 8
5 1 1 2 3 4 40 1 6 7 8 8 75 3 4 5 7 13
6 1 1 2 5 6 41 2 2 2 3 4 76 3 4 7 8 11
7 1 1 2 6 8 42 2 2 2 5 6 7 3 4 7 10 | 10
8 1 1 2 9 16 43 2 2 2 6 8 78 3 4 9 9 10
9 1 1 3 3 3 44 2 2 2 9 16 79 3 5 6 6 13
10 1 1 3 5 10 45 2 2 3 3 3 80 3 6 6 8 11
11 1 1 4 4 6 46 2 2 3 5 10 81 3 6 6 10 10
12 1 1 4 9 11 47 2 2 4 4 6 82 3 6 7 11 12
13 1 1 6 7 13 48 2 2 4 9 11 83 3 8 9 10 | 12
14 1 1 8 11 12 49 2 2 6 7 13 84 3 8 10 | 11 11
15 1 1 10 10 12 50 2 2 8 11 12 85 3 10 10 10 11
16 1 2 2 3 4 51 2 2 10 10 12 86 4 4 4 8 9
17 1 2 2 5 6 52 2 3 3 4 6 87 4 4 5 6 7
18 1 2 2 6 8 53 2 3 3 9 11 88 4 5 6 6 6
19 1 2 2 9 16 54 2 3 4 4 10 89 4 5 6 8 16
20 1 2 3 3 3 55 2 3 4 5 5 90 4 6 7 7 16
21 1 2 3 5 10 56 2 3 4 5 8 91 4 7 8 14 | 15
22 1 2 4 4 6 57 2 3 4 7 7 92 4 9 12 | 13 | 15
23 1 2 4 9 11 58 2 3 6 6 7 93 4 9 13 14 14
24 1 2 6 7 13 59 2 3 7 8 16 94 4 11 11 13 15
25 1 2 8 11 12 60 2 3 9 14 | 15 95 5 5 5 6 13
26 1 2 10 | 10 | 12 61 2 4 5 8 9 96 5 5 6 8 11
27 1 3 3 4 6 62 2 4 7 7 9 97 5 5 6 10 | 10
28 1 3 3 9 11 63 2 5 5 6 7 98 5 5 7 11 12
29 1 3 4 4 10 64 2 6 6 7 9 99 5 6 7 7 11
30 1 3 4 5 5 65 2 6 7 8 8 100 5 7 8 9 10
31 1 3 4 5 8 66 3 3 3 3 6 101 5 8 9 9 9
32 1 3 4 7 7 67 3 3 3 4 10 102 6 6 6 7 16
33 1 3 6 6 7 68 3 3 3 5 5 103 6 6 8 14 | 15
34 1 3 7 8 16 69 3 3 3 5 8 104 6 10 14 16 20
35 1 3 9 14 | 15 70 3 3 3 7 7 105 7 7 7 9 10

106 7 7 9 9 9
6. OPEN PROBLEM
The sequence 4,9, 15,60, 106, ... counting the number of solutions of the equation

N
> P, =2 for N=1,23,...
k=1

does not appear in Sloan’s OEIS. The problem is: can one provide a general theory for these
equations for any N? We created a new entry in OEIS for the sequence 4,9, 15,60, 106, - - - .
It can be found here https://oeis.org/A356928.
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