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PROBLEMS PROPOSED IN THIS ISSUE

H-854 Proposed by D. M. Batinetu-Giurgiu, Bucharest, Romania and Neculai
Stanciu, Buzau, Romania
Compute

Lp—1

i { i (1) () ).

n—oo T—00

where f : R* — R* is a function that satisfies lim,_,~ f(z + 1)/(zf(z)) = a € R*.

H-855 Proposed by Robert Frontczak, Stuttgart, Germany
Let (T),)n>0 be the sequence of Tribonacci numbers given by Ty = 0, 73 = T = 1, and
Tn=T,_1+Ty_o+T,_3 for n > 3. Define the functions

Grr(z) = Z F.T,2z" and Grr(z)= Z L, T,2".
n=0 n=0

Show that for £ > 1, we have

ok 24k(26k _ 22k; _ 1)
Grr(277) = 912k _ 910k _ 98k+2 _ 96k+2 _ 96k _ 9dk+1 1 92k _ |

and

Con 24k(26k + 94k+1 + 22k + 3)
Grr(277) = 912k _ 910k _ 98k+2 _ 96k+2 _ 96k _ 9dk+1 | 92k _ '

H-856 Proposed by Robert Frontczak, Stuttgart, Germany
Let T}, denote the nth triangular number; i.e., T,, = n(n + 1) /2. Show that

Z"O F, ZOO L
n n
TnW:F’? and TnW:L’?
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H-857 Proposed by T. Goy, Ivano-Frankivsk, Ukraine
Let T, be the nth Tribonacci number given by Ty = 73 = 0, 15 = 1, and for n > 3,
T,=T,_ 1+ 1T, o+ T, 3. Forall n > 2, prove that

n—1
Fn—2 = Z(_l)iil Z Tsl—lng—l"'Tsi—l-
=1 S1+-Fs;=n

SOLUTIONS

A formula for 72 involving Fibonacci numbers

H-821 Proposed by Hideyuki Ohtsuka, Saitama, Japan
(Vol. 56, No. 2, May 2018)

Prove that
2 > 1
g = ng_l tan_l FTL tan_l

Solution by Jason L. Smith, Richland Community College, Decatur, Ill.

1
Fn—&—l'

Note this inverse tangent identity among Fibonacci numbers [1]:

1 1 1
tan~! () = tan ' ( ) +tan*1 < ) .
Fo, Fomi1 Fomyo

For brevity, denote the sum to be evaluated by S and use t,, := tan~1(1/F,), so that S =
Y n>1tntns1. Reindex the sum as

S =tita + Z (tamtam+1 + tamt1tamt2) = tita + Z tom+1(tam + tam+2).
m>1 m>1

Using the arctangent identity above, we can replace the odd-indexed factor inside the summa-
tion with to,, 11 = tom — toam+2, SO

S =tita + Z (tam — tam+2)(tam + tamyo) = tita + Z (t3m — t3mia)-
m>1 m>1

The above summation is telescopic in which only the m = 1 term survives. Therefore,

2 11 11 11 ? 1 2 ?
S = tth + t2 = tan <}71> tan (&) + <tan (F’2>> = 2(tan7 (1)) = §

[1] S. Vajda, Fibonacci and Lucas Numbers and the Golden Section, Dover, 2008, 37.

Also solved by Brian Bradie, Pridon Davlianidze, Dmitry Fleischman, Raphael
Schumacher, and the proposer.
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Some inequalities with Fibonacci numbers

H-822 Proposed by D. M. Batinetu-Giurgiu, Bucharest and Neculai Stanciu,
Buziu, Romania (Vol. 56, No. 2, May 2018)
Prove the following inequalities:

E Fn+2 Fo1Fy s

@ oty kg T Ut Frsa) > 2OV R Fui P
n+ n+
(b n+2+(F + Fui2)® +F2+3 > 4V/6y/Fp Fr1 Fog2;

)
)
(¢) Lpyo+ (Ln+ Luyo)* + Ly 5 > 4V6y/LnLyg1 Ling;
(d) V2/T+ Fi+ 30 \/ F4 +1)(FE,, + 1) > 2F,Fypy for n > 1.

Solution by Wei-Kai Lai, University of South Carolina Salkehatchie, Walterboro,
S.C.

(a) Applying F,io = F, + F,y1 and F,43 = F, + 2F,,11, we can rewrite the claimed
inequality as:

F,(F,+ F,.1)? F,11(F, +2F,.1)?
(ot Foia)” | it (Fo + 2Fni) + (2F, + Fi1)? > 2V6\/FuFoi1 (F + Foin).

Fo+2F, 11 2F, + Fopa
To make the calculation easier, we let a := F},, b := F,,41. So, the above inequality becomes
b b 2b
ala+b)* | bla+20)° + (2a+b)? > 2v/6Vab(a + b).
a+2b 2a+0b

Multiplying by (a + 2b)(2a + b) and expanding all products, we get
5at + 17a%b + 20a2b% + 13ab® + 5b* > V6Vab(2a® + 7ab + Tab? + 2b°).
After squaring both sides, we get

25a% + 170a7b + 489452 + 810a°b® + 892a*b* + 690a3b° + 36942 + 130ab” + 25b°
> 24a7b + 168a°b? + 462a°b3 + 636a*b* + 462a3b° + 168ab° + 24ab”,

which is clearly true.
(b) Let a := F,, b:= F,41, ¢ := Fj42, and d := F,, 3. We want to prove that
A+ (a+¢)? + d® > 4V/6Vabe.

Since d = b+ ¢, we have ¢® + (a+ ¢)? +d? = a® + b* + 3¢® + 2ac + 2bc. Inserting ¢ = a + b into
the products ac and bc, we have

a® + b2 + 3¢ + 2ac + 2bc = 3a® + 3b? + 3¢? + 4ab.
Applying the AM-GM inequality twice, we get
34 + 3b% 4 3¢ + 4ab > 3¢% + 3(36) /3 (ab) > 6*/3Vabe.
It is easy to check that 6%/3 > 41/6. Therefore, we have proved the claimed inequality.
(¢) The proof in (b) is still valid if a := Ly, b := Ly41, ¢ := Lo, and d := Ly ;3.

(d) Since F} = 1, we may rewrite the claimed inequality as a cyclic form:

\/(F{‘+1)(F24+1 \/ L D(FE+ +\/(F,§+1)(F14+1) > 2F, Fyiq.
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Because the square mean (SM) is greater than or equal to the arithmetic mean (AM), we have

\/(F14+ D(F+1) 4+ + \/(F;*_1 +1)(F+1)+ \/(ng +1)(Ft+1)

L AN+ o EL A DE D (R DR+
- 2 2 2 '

We therefore only need to prove that
(FE4 1) FE+ 1) 4+ (F2 + D)(F2+ 1)+ (F2+1)(F2 +1) > 4F,Fy 1.

Since FpFpy1 = > 14 Ff, the above inequality is equivalent to

n
(FEF5 + 1)+ + (Fo  Fr+ 1)+ (FIFY +1) > 2> F.
i=1
However, the above inequality can be transformed into
(FEFF = Ff = F3 1) 4+ (F o Fy = Fp oy = Ff = 1) + (FJFY = Ff = F{ +1)
= (F = 1(F =)+ 4 (Fio = D(E; = 1) + (F} = 1)(Ff —1) > 0.

The proof is then complete. Note that the equality does not occur in either of the above
inequalities or in the SM-AM inequality for n > 3.

Also solved by Kenneth B. Davenport, Dmitry Fleichman, and the proposers.

Some summation formulas with general recurrences

H-823 Proposed by Hideyuki Ohtsuka, Saitama, Japan
(Vol. 56, No. 2, May 2018)
Given an integer r > 2, define the sequence {Gy, }n>—r1+1 by

G,=Gp1+Gp—o+---+GpH—, for n>1

with arbitrary Gog, G_1, G_o, ..., G_,41. For an integer n > 1, prove that
n r k
) E(r—k—1)+r+1
i) > GrGrr =) 2 — 1) Z(Gn+i—an+i = Gi_kGi);
k=1 k=1 i=1
n r k
. E(r—k—1)+2r
(ii) ; GiGhtr+1 = ; 30— 1) ;(Gn+ian+i — Gi—Gi).

Solution by the proposer
Let Sy = Y7 GrGrom and Ay, = % (Gyi xGnri — Gi_1Gi). We use the identity

T

So = ]g e ;(ffj)) P see ).

For m > 0, since
2Gm = Gm + Gmfl +- 4+ Gm77"+1 + Gmfr = Gm+1 + Gmfra
we have

25, = m+1 1 S (1)
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For 1 <k < r, we have
n k

Sk =Sk = (GiGisk — GikGi) = > (GrpikGnsi — GipGi) = Ay (2)

i=1 i=1
(i) We have

r

Se = St DSk Sk = So k5 D(Sk—Sii)  (by (1)

k=1 k=1
1 < " k(r—k—
= SO+2;(Sk—S—k)—; 2(r—1 Ak+ ZAk (by (2))
" k(r—k—-1)+r+1
= > D) Ap.
k=1 "
(ii) We have
Srt1 = 25.—5)  (by (1))
" k(r—k—1)+r+1 " k(r—k—1)+2
= 2 A — A
Z‘; r—l) F ; 2(r — 1) F

G kr—k—1)+2r
- 2(r — 1) Ak
k=1

[1] Hideyuki Ohtsuka, Sums of squares of members of r-generalized Fibonacci like sequences
(solution to Advanced Problem H-759), The Fibonacci Quarterly, 54.3 (2016), 281-282.

Also solved by Dmitry Fleischman.

Identities with generalized Fibonomial coefficients

H-824 Proposed by Hideyuki Ohtsuka, Saitama, Japan
(Vol. 56, No. 2, May 2018)

Define the generalized Fibonomial coefficient (Z) by

Fir

FonFrn1)yFrn—2)  Frin-
(n) = (n=1)7r(n=2) (n=k+1) for 0<k<n,
k For FrkFr(k—l)Fr(k—Q) By

with (g) p, = Land (Z)F

expressions for the sums

DY (—D“‘“”(n;1>F;T(ny+'1)mﬁ

i+j=2s—1

o ¥ (") (7 1)”'

i+j=2s )

= 0 (otherwise). For positive integers n, r, and s, find closed form

3

MAY 2020 189



THE FIBONACCI QUARTERLY

Solution by the proposer

Let m, n, r, and s be positive integers. We use the identity

n n

;0(—1)”““2+”+mk (Z) #=T1] (1 + (—1)%“”—“1)5”%) (see [1]).

Fir k=1
We have

J

1M
o

Z (1_)g(i2+i+j2+j)+i+j+rj <” + 1> (” - 1) .
it j=l ? Fir Fir

l

n+1

+

Il
RS

o

1=

n+1

+

1— arnk+2ﬁrk>ﬁ(1+ rrnkﬂrk>

i
I

-1

(
(1 _ or(n—k+1) Br (k+1) ) ( ) o (k) Brk )
< 87t2)

3

I
=

k=0 k=1
n n—1
= H 1—(-1) rr(nk H( TT(nkﬁrk)
k=0 Pt
= (1 — (—1)rarnz)( _ 5m 1:[ ( 2T(nfk)62rkz2)
n—1 = 1
= (1= (=1)"Lrnz + (-1)""2%) Z (n )
=0 F2r
(by af=-1and L., =a™ + Brn)
2s—1

(i) In (3), by comparing the coefficient of z**~*, we have

i+j=2s—1 J

By j =2s — 1 — 4, we have

(_1)%(i2+i+j2+j)+i+rj+r+s _ (_1)Ti2+i+rs+s—2rsi+2'r32 _ (_1)(r+1)i+(r+1)s'

Therefore, we obtain

S (—n)eHi <n + 1> <n - 1) () <n — 1> '
itj=2s—1 ¢ Fir J Fir s—1 F;2r

(ii) In (3), by comparing the coefficient of 2%, we have

Z (—1)5 @i+ ) +i+r) (n + 1> <n - 1)
v Fir Fir

i+j=2s J

e, (),

)

o n—1 )
(), ) (B,
¢ j=0 J Fir

Z (—1) 5@+ H)Fi+s+rs <”+ 1) (n B 1) = (—1)""Lyn (n ~
? Fir Fir s—1
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By j = 2s — ¢, we have
(_1)g(i2+z‘+j2+j)+i+rj _ (_1)i+ri2—ri+3rs—2rsi+27“52 _ (_1)i+rs'

Therefore, we obtain

S (), (), o (Y, (mh) )

i+j=2s

[1] Hideyuki Ohtsuka, An identity with Fibonomial coefficients (solution to Advanced Prob-
lem H-746), The Fibonacci Quarterly, 53.3 (2015), 283-285.

Also solved by Dmitry Fleischman.

Errata: There are some typos in the Advanced Problem Section of Volume 58 Number 1,
February 2020, Pages 89-95 as follows:
(i) Page 89, Line -1: The exponent “1—(n—k)—1" in “2!=(=k)=17 should be “1—(n—k)”.
Also, the two occurrences of “B,.,,” from lines -2 and -5 (right) at this page should be
“Frn.
(ii) Page 90, Lines 4-5: In the left sides of (i) and (ii), the denominators should be under
a square root /7.
(iii) Page 92, Line 10: The numerator “Fj, 14 — Fy41” should be “F,,11 — F,,”.
(iv) Page 94, Line 7: The expression “F — n®” should be “F%”.

The Editor apologizes for these typos.

[13
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