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PROBLEMS PROPOSED IN THIS ISSUE

H-883 Proposed by Kenneth B. Davenport, Dallas, PA
Prove that for all n > 1:

n n
) 3ZF2k+4ZF§k:F§n+1 -1

k=1 k=1
n n n

b) 5 Fap+16) i +11) Fjp =, —1
k: 1 k: 1 k: 1

7ZF%+352F2k+56ZF2k+29ZF2k_F2n+1
k=1 k=1 k=1 k=1

H-884 Proposed by Robert Frontczak, Stuttgart, Germany
Prove that

oo
1 1
i) Z coth™ (o —a™) = B In((a + 1)(ax + 2)) Z coth™ —a ) = 5 In(a?),

- 1 2
and Z:coth*l(oﬂwr1 —a ) = 3 In <a + )
o'

(i) Deduc_e from (a) the following series evaluations

L 1 2 Ly, —1
Z coth™ ( dnt2 ) =In <a i ) Zcoth < an ) =3na,
2\/5F2n

2Lop 41

and Z coth™ (" —p7™) = %m((a +1)(a+2)) —3Ina.
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H-885 Proposed by Robert Frontczak, Stuttgart, Germany
Show that

@ L _(afdomym (atd-ry, _
Z Hy;~ " < 10 6 1 In“(«) hold for r=0,1,
where HT(L2) =y

1/m=. Deduce from these two identities the known (but nontrivial) result

H-886 Proposed by D. M. Batinetu—Giurgiu, Bucharest, Romania, and Neculai
Stanciu, Buzau, Romania
If a,b,c € (0,7/2) and n > 1, prove that

Q) tana n tanb . tanc - 3
1 ;
Fo,sin2b+ Fj,y18in2¢c  Fysin2c+ Fyp1sin2a  Fysin2a + Fp1sin2b = 2F, 49
(i) tana n tanb . tanc 3
ii

F2sin2b+ F2,  sin2c  F2sin2c+ F2, sin2a

> .
F?sin2a + FT%H sin2b = 2Fy,11
H-887 Proposed by D. M. Batinetu—Giurgiu, Bucharest, Romania, and Neculai
Stanciu, Buzau, Romania

If m > 1 is an integer, compute lim n

ri—>00 st Fin (( "1 (£ DN e (3Y/pl)sn Fm).

H-888 Proposed by José Luis Diaz—Barrero, Barcelona, Spain
For any integer n > 1, prove that

VO6FY + 304 + \/5F4 + ALA + \/TFA + 204 > F?

SOLUTIONS

An identity with multinomial coefficients and Lucas numbers

H-849 Proposed by Hideyuki Ohtsuka, Saitama, Japan
(Vol. 57, No. 4, November 2019)

For nonnegative integers m and n, find a closed form formula for

2 () )

i,5,k>0

Solution by Albert Stadler, Herrliberg, Switzerland
We note that

(=1 Liey = (=1)(a"7 + 5') = o'’ + a7 8.
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Therefore,
VT kB 107 7ty Lk
P> (z',j,k>( WLt = 2 (z‘,j,k)(aﬁ Fels)e
i+j+k=n i+j+k=n
1,5,k>0 1,5,k>0

= (a+B8+2)"+(B+a+2)"=2(1+2)"

= 2 En: (Z) 2~
k=0

and by identifying coefficients, we conclude that for a fixed k € {0,1,...,n}, we have

= (L)oa()

i+j+k=n
4,520

We deduce that

= ()eve(l) - B0, % (e

i+j+k=n i+j+k=n
1,5,k>0 1,j>0

) )

Also solved by Brian Bradie, Dmitry Fleischman, Raphael Schumacher, and the
proposer.

A formula for the area of a triangle with Fibonacci coordinates

H-850 Proposed by Hideyuki Ohtsuka, Saitama, Japan
(Vol. 58, No. 1, February 2019)
For integers m, n, r, and s, let

A_B = (Fm> Fogr, Fers) and A_C = (Fna Foyr, Fn+s)-
Prove that the area of the triangle ABC' is

1
5\/Fr2 +Fs2 +F7“2—5’Fn—m"

Solution by Steve Edwards, Roswell, GA

Because such an area is given by one-half the magnitude of the cross product of the two
vectors, the area equals

1
5\/(Fm+an+s - Fn+7’Fm+s)2 + (Fan—l—s - FnFm+s)2 + (Fan—i-r - FnFm+r)2~

Each of the three squared differences under the radical can be transformed by using the identity
FoipFore — FoFyipie = (—1)?FyF,, which can be found in [1], giving

1 1
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Also solved by Michel Bataille, Alan Duan, Brian Bradie, Dmitry Fleischman,
G. C. Greubel, Wei-Kai Lai, Kapil Kumar Gurjar, Alejandro Pinilla-Barrera,
Raphael Schumacher, Jason Smith, Albert Stadler, and the proposer.

A limit with nth roots of F,

H-851 Proposed by D. M. Batinetu-Giurgiu, Bucharest, Romania, and Neculai
Stanciu, Buzau, Romania (Vol. 58, No. 1, February 2019)

Let (an)n>1 and (by)n>1 be sequences of positive real numbers such that lim,, o0 apn11/(n"ay) =
a € R and lim, o0 bpy1/(n°by) = b € RY, where 7, s € R.. Compute

(r Y e Y F) Vi

lim
n—0o0

nr+s (7’L + 1)7'+s

Solution by Brian Bradie, Newport News, VA

Note
n/a ™
lim Y — hmnai: ian—
n—oo N n—00 nrn n—o00 (n + 1)T(”+1) an,
' Ani1 < n )T(n+1) a
= lim = —,
n—oon'a, \n-+ 1 er
Similarly,
. Vb, b
lim = —,
n—oo NS es
With

lim V/F, = lim ""/F,11 = a,

n—oo n—oo

it follows that

lim
n—0o0

( n/an . n+1/FTL+1 B n+1/an+1 . ,'"‘/Fn> T\L/IT

nr+s (n + 1)r+s

n—oo ns

~ lm ( +F n+1/an+1 Y\l/»<n+1>8> Vbn

Consider the slightly modified question: compute

(ﬁ " Ft Ry ﬁ) -

n’r—l—s—l B (n + 1)T+S—1

lim
n—oo

Working as above,

lim 771' an/Fn = lim \n/ Ll{nf;n = lim ani1/Fnps 0™
n

n—00 n’ n—00 n—00 (n + 1)7"(""‘1) an/Fn

. an—i—l. F, ( n )r(n+1): a

n—oon'a, Fpi1 \n+1 e’
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Let
W — n+\1/ an+1/Fn+1
" Yan/F, .
Then,
mowe = i "N a1/ Fatt o n+1\"
n—oo " n—oo (n + 1)7' T\L/m n
_a  ae 1-1
 ae”  a -
-1
lim n = 1, and
n—oo Inwu,
F, " "
lim w; = lim ntl (n+1) ( o )
n—00 n—oo N'ay Fhiq "*,1/an+1/Fn+1 n+1
1 '
= a- - % l=e€",
a  a
and
. n+\1/an+1/Fn+1 - 7(/an/Fin . v an/Fn
lim lim ———(u, — 1)
n—00 nr—1 n—oco nr—1
= lim Van/Fn tn — 1 Inu?
n—oo  n’ In u, "
a ar
= . 1 . =
ae” ae’”
Finally,
. n/an . 71+1/Fn+1 n+1/an+1 . 1"/Fn N
lim — bn,
n—00 nrts—1 (n + 1)7“+571
N . ntl /o n/ n\/ an/Fn " an+1/Fn+1 1 V bn
a nhﬁnolo Fn1r Vi ( nr=1 nr—1 (I1+1/n)rts=1 ] ns
N . 1 n n\/ an/Fn - "R anJrl/FnJrl
= g VRV ( ]
"ta F, n-+1)" 1 Vb
+(T+S—1) n+1/rn+1.( T) —|-O = Sn
(n+1) n n n
9 ar a\ b ab(s—1)
- @ (_aeT+(T+S_1)aer>; erts

Also solved by Michel Bataille, Dmitry Fleischman, Raphael Schumacher, and

the proposers.
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A sum involving binomial coefficients, Fibonacci, Lucas, and Bernoulli numbers

H-852 Proposed by Robert Frontczak, Stuttgart, Germany
(Vol. 58, No. 1, February 2020)
Let (By)n>0 denote the Bernoulli numbers. Show that for all » > 1 and n > 3,

" /n _ (1 =n)B,F.,, neven;
kz_o (k:) Frilr(n—t) BrBot = { —nBy,_1Fmm, nodd.

and
n

N\ 51—k 1—(n—k) _ (1 =n)B,F,.,, neven;
kz—o <k> (2 1)(2 D) EykLyn—k)BeBn—r = { 0. - odd.

Solution by the proposer
From [2] we know that if a sequence of numbers T'(n, k) satisfies the relation

T(n,k)=T(n,n—k) (0<k<n),
then

ZTnk FriLyp(n gy = TkZTnk:
k=0

We apply this relation to the Bernoulli polynomials, Wh1ch are defined by

Ze:pz zn
i ZB"(x)ﬁ (2] < 2m).

n>0

Recall that, for n > 1, we have the following relation for the Bernoulli polynomials (see [1]):

n

Z <Z> Bi()Bp—k(y) =n(z+y—1)Bp_1(x+y) — (n —1)Bp(x + y).

k=0
So, setting x = y we get the special case

n

3 (Z) Bi(2)Bp_i(z) = n(2z — 1)Bp_1(2z) — (n — 1) By (22).

k=0
Now, by applying Carlitz’s formula with

7(0,1) = () Bulo)Bon (o),

we get the more general statement

n

Z (Z) FriLy(n—i) Be(7) Bk (%) = Frp(n(2r — 1) Bp—1(27) — (n — 1) B, (22)).
k=0

For z = 0, and noting that B, (0) = B, we get

& n
Z <k‘> FrkLr(n—k)Ban—k = Fpn(-—nBy—1 — (n—1)B,).
k=0

The first identity follows because By,+1 = 0 for n > 1. The second identity is a special case
when x = 1/2, using B,(1/2) = (2™ - 1)B,,, B,(1) = (—1)"B,, and simplifying.
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Also solved by Brian Bradie, Dmitry Fleischman, G. C. Greubel, Raphael
Schumacher, and Albert Stadler.

Lower bounds for some sums involving Lucas numbers

H-853 Proposed by Angel Plaza and Sergio Falcon, Gran Canaria, Spain
(Vol. 58, No. 1, February 2020)

Let L,, be the nth k-Lucas number given by the recurrence Ly 19 = kL,4+1+ Ly, for alln > 0,
with Lo = 2, L1 = k. Prove that

(Dﬁé L (Lp 4 Lyy1 — k —2)? '
S VL1 ky/En(Ly + Lo+ k(n—1) —2)
n L4

(i) Z J > (Lony1 + Ek((=1)" — 2))? |
j=1 \/LJ2 +1 k\/kn(L2n+1 +k(n—2+(-1)"))

2
J

Solution by the proposers
2

voe+1

is convex

The inequalities follow by Jensen’s inequality. Note that the function f(x) =

_3w2+8m+8

because f”(x) 1 1)

> 0. Therefore,

v
3

n 2
Lj
]:

1 \/Lj—i-l

B (Lp + Lns1 — k — 2)2
\/Ln+Ln+1—k—2 11 kyVEn(Ly+ Loy + k(n — 1) — 2)’

kn

where we use Z L;= , which can be proved by induction or by using the

, k
7j=1

Binet’s formula for k-Lucas numbers.

n
L
Inequality (ii) follows by Jensen’s inequality as before, and using that ZLJQ = 2l

; k
J=1

(=1)" — 2, which may be proved by induction or by using the Binet’s formula for k-Lucas
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numbers:
ZL§>2
Z > pn. =
jzl,/sz—i—l an+1
Loni1+(—1)"k—2k ) 2
I G ) (Lonar + k((-1)" ~2))

\/L2n+1+(k—nl)"k—2k v1 kVEn(Loni +k(n—2+ (1))

O

Also solved by Michel Bataille, Brian Bradie, Dmitry Fleischman, G. C. Greubel,
and Albert Stadler.
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