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Please send all communications concerning ADVANCED PROBLEMS AND SOLUTIONS
to Robert Frontczak, LBBW, Am Hauptbahnhof 2, 70173 Stuttgart, Germany or by email at
the address robert.frontczak@lbbw.de. This department especially welcomes problems believed
to be new or extending old results. Proposers should submit solutions or other information that
will assist the editor. To facilitate their consideration, all solutions sent by regular mail should
be submitted on separate signed sheets within two months after publication of the problems.

PROBLEMS PROPOSED IN THIS ISSUE

H-941 Proposed by Kunle Adegoke, Ile-Ife, Nigeria
Prove that

n
44 FiFjFjioFjaFia
j=1
= n+2Fn+3Fn+5 (Fn+4 (SFn + 2Fn+2) - 5FnFn+1) —30 (Fn+4 - 1)

and

44 LiLjgiLjroLyysljta
j=1
= LptoLlnislnis (Ln+4 (3Ln + 2Ln+2) - 5LnLn+1) — 750Ly 44 — 4518.

H-942 Proposed by D. M. Batinetu-Giurgiu, Bucharest, and Neculai Stanciu,

Buzau, Romania
Lo ") L 3/sin® & + cosb z «
lim inf ————dx | > —,
n—oo YnlLn 16 4e

Show that
with a = (14 /5)/2 being the golden ratio.

H-943 Proposed by Albert Stadler, Herrliberg, Switzerland
Put

> 1

s) = _ Re(s) > 1.

W)= 2 ot )

Prove the following;:

(i) ¢r(s) has an analytic continuation to the whole complex plane; the only singularity
being a simple pole at s = 1 with residue ﬁ.
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(i)

CLl0) = -5,
1 > 1
C(_):_loga+kzl( Oé4k 1)
> -1 k—1 4k 1
CL(—Q)—4logockZ:1( ]Z (o/“(: +2Z Lo ak — 7

where Hy, = Z§:1 1/ is the kth harmonic number.
H-944 Proposed by Hideyuki Ohtsuka, Saitama, Japan

Prove that
(i) i (=" 5\/5— 11
= Fny1Fn- 1F2n+1F2n 1 4
> n
2-
(ii) Z —1) _2-V5
— n+1Ln 1Foni1Fon—1 4

H-945 Proposed by the editor
Show that the Diophantine equation

F2m 141 =m?

has exactly four solutions in nonnegative integers n and m, namely, (n,m) = (0, 1),
(n,m)=(3,3), (n,m) = (4,5), and (n,m) = (5,9).

SOLUTIONS

H-911 Proposed by Hideyuki Ohtsuka, Saitama, Japan
Let » > 2 and s be integers and i = y/-1. Prove that

- F, 1+
(i)H<1+ >: 5 ,if s > 0 is even;

DUt ws) m=sw

ax F, o’ +1i
i 1+ r i)ZIfSISOdd
( ) H < Frnts as — pr

n=1

Solution by Brian Bradie, Newport News, VA
(i) Let r > 2 and s > 0 be even integers, and write

Fr B arnJrs _ BrnJrs + o’ — Br Brn+s

1 + arn+s _ ﬁrnJrs ' Brn+s

Frn+s
1— 62(rn+s) + ﬁr(nfl)Jrs _ 6r(n+1)+s
1— 62(7%—}-5)
(1 + Br(n71)+s)(1 _ Br(nJrl)Jrs)
(1 + Brn+s)(1 _ Brn+s)
Thus, the product telescopes and is equal to
L1 1o gt g
nLoo 1—pr+s 14 grots 1= IBTJrs’
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because
11_)111 Br(n-i—l)—f—s _ h_)m Brn-‘,-s —0.
n—00 n—00
(ii) Let r > 2 be an even integer and s be an odd integer, and write
) Fr o arn+s _ BMH_S + a’i — ,BTi ﬁrn-i-s
+ Frn-i-sl - arnts — grots ’ frnts
B 1 IBZ(TH+S) + Br(n—l)—&-si _ /Br(n—l—l)—&-si
o -1 - IBQ(MH—S)
B 1 + /BQ(TTH_S) _ BT(H_IH_SZ' + ﬁr(n—i—l)—&-si
= 1 + B2(rnts)

(1 _ Br(nfl)Jrsi)(l + 5r(n+1)+si)
(L= g1 + Fmoi)
Thus, the product telescopes and is equal to
1— 3% 1 + 5r(n+1)+si 1— %

T T =g T e
because
: r(n+1l)+s _ 13 rn+s _
Jin 8 Jig BT =0,
Finally,
= < F, > 1-5% o o+
BT R TT T @ T e

Also solved by Michel Bataille, Dmitry Fleischman, Angel Plaza, Albert Stadler,
Yunyong Zhang, and the proposer.

H-912 Proposed by Hideyuki Ohtsuka, Saitama, Japan
Prove that

oo
. 1 1 1 1 1
0> 7 (F T >:3;
nel n+4 n+1 n+2 n+3
oo

—-1" 1 1 1 1
(i) (=) ( + - ) = -7
FnFn+4 Fn+1 Fn+2 Fn+3 6

n=1

00

1 1 1 1 1
(iii) E < + - > = —.
n—1 FnFn+1Fn+2Fn+3Fn+4 Fn+1 Fn+2 Fn+3 24

Solution by Michel Bataille, Rouen, France

_ 1 11 .
Let K, = g T F T T Using

F2 3+ FyFoys = Foys - 2F, 0 = Fyyo(Fop1 + Futa),

we obtain

F3+3 —Fop1Fnyo  FopoFuya— FuFoais  Fogg B Fy
Fn+1Fn+2Fn+3 B Fn+1Fn+2Fn+3 B Fn+1Fn+3 Fn+1Fn+2 .

(i) From (1), we deduce

K, = (1)

o K [o@)
> e S (i i) = (e - o)
FoFouiq FoFniiFays  FooFnoFhy N—oo \ FiF2Fy  Fyi1FnioFnia)’

n=1
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and therefore,
(e.)

S R = rE o3
FoFnyn FiFRFy 3

n=1
(ii) The required sum is Y Up,, where
n=1
1 nKn 1" 1 n+1
b GV () (-1

FnFn+4 B FnFn+1Fn+3 Fn+1Fn+2Fn+4'
Using Cassini’s identity, we calculate

Fn+1Fn+3 - F7%+2 Fn+2Fn+4 - F7%+3

U, =

FoF 1 Fnys o FyoFnyg
1 F2, 1 Fiis
CFy EFapiFais Fayr FopiFageFrga
e i _ Fiis
 F.Foy1 FuFaiiFars FyupiFapoFnga
_ Fape Flis
B FnFn+3 Fn+1Fn+2Fn+4
— Fn+2 . Fn+3 . Fn+3 <Fn+3 . 1)
FnFn+3 Fn+1Fn+4 Fn+1Fn+4 Fn+2

_ Faye Pz < 1 )
FnFn+3 Fn+1Fn+4 Fn+2 Fn+4 ’
so that

iU_iKFM_ Futs >_<1 B 1>]_F3_1_1__1
n—1 " n—1 FnFn+3 Fn+1Fn+4 Fn+2 Fn+4 FiFy F3 Fy 6
(iii) Again with (1), we obtain

K 1 1
= - = Vo + Wy — Wi,

FnFn+1Fn+2Fn+3Fn+4 B FnFT%+1Fn+2F3+3 F3+1F3+2Fn+3Fn+4
where
1 1 1
V., = — and W, = .
! FnFﬁ+1Fn+2F3+3 Fr%Fr%+1Fn+2Fn+3 F3F3+1Fn+2Fn+3

Using Fn+3 — F, = 2F,41 and Fyy3 + F,, = 2F, 42, we can transform the expression of V,, as
follows:

F,— Fois

F3F3+1Fn+2F3+3

_ -2
F2Fn 1 FoyaF2

;1 4Fn+1Fn+2

2 F%F7%+1F3+2F3+3

-1 Fris—Fp

22 2 2
2 FnFn+1Fn+2Fn+3

Vi =
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and hence, V,, = %(Zn — Zp+1), where Z, = m Thus,

-1 o
= L — 2 W - W,
ZF F +1Fn+2Fn+3Fn+4 2 < 1( n+1 +nz:1 n+1)
-1 1 1 1 1 1
= =" + == == —.

2 F2FZF2 ' F2FIF3F, 8 6 24

Also solved by Brian Bradie, Dmitry Fleischman, Angel Plaza, Albert Stadler,
Yunyong Zhang, and the proposer.

Editor’s remark: Albert Stadler showed by induction the identities

< 1 N 1 1 )_ 1 1

< Iy F Fov1 Fape Fuys 3 FupFiroFria’
—1)" 1 1 1 1 —1)k
fg ) ( N B > L (—1)

wFoa \Fns1 Fay2  Fays) 6 Frp1FrisFigd

@)

(iii)

M?VII M?VH MW

1 1 1 1 1 1
+ = - :
FrnFny1Fopoln3Fnig <Fn+1 Fryo Fn+3> 24 2F 1 (FryoFrts) Fioya

n=1

H-913 Proposed by Hideyuki Ohtsuka, Saitama, Japan
Let r > 1 be an odd integer. Prove that there exist rational numbers P;, Q1, P>, and Q9

such that
)n('r 1) o)
Z:: F, Fn+an+2 n+r Z
and
e e f:
n—1 (FnFn+an+2 n+7" 1

Solution by the proposer
Let » > s> 1 and let

To(s) = i )™ and G, (s) = 1
' n=1 H"+5 F H?+T1;+T s ' FSFT_QS H;:l ‘FJ H;:r—s+1 ‘FJ

We use the identities

(i) Fa+b + (_1)bFa—b = Faly (See [1](153));
(1) FosaFosp = FpFhiass + (-1)"F,Fy (see [2](20a)).

Since
LsFrnysFotr—s — FnpsFnyr = Fogs(Fogr—sLs — Foir)
= Foys(Fngr + (-1)*Fir—2s — Foyr)  (by (1))
= (-1)°Fpts Frtr—2s
— (1) FuFogrs + (<1 EFa, (b (i),
we have

(_1)n+stFr72s - Lan+an+rfs = _Fn+an+r - (_1)SFnFn+rfs- (1)
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We have

io: sn Fr 9 B ( )(s—l)n—sLS
— n+sF Hn+7“ Hn+s 1 F Hn+r Fj

j=nr— s j=n+r—s+1
e (R L FutaFusr-d)
Hn+SFH?+£+T s

- (

M

n=1

— - (_1)(3—1)n—s+1 (Fn-l-an-H’ (_1) F”F"+T_S)

- Z n+s n+r (by (1))
n—1 H F H] =n+r— s

%g

< (— 1)(3 1(n—1) ( 1)(5 1) )
1 1 o
N BT B I B B
1
a Hj:l Fj H;:rferl Fj .

Therefore, we obtain

n

T.(s) = %Tr(s — 1)+ Cp(s).

Using the above identity repeatedly, it turns out that there are rational numbers p and g such
that

T:.(s) = pT:(0) +q. (2)
Setting s = % in (2), there are rational numbers p; and ¢; such that

n(r 1) 0o

1) 1
ZFFn+1Fn+2 Fn+r _plnzzjl FnFnJrr

Setting s = r in (2), there are rational numbers py and g2 such that

ZOO (=" 1
= D2 + qa.
=1 (FnFns1Fngs- - Fn+r)2 ; FnFngr

In [2], Brousseau showed that there are rational number a and b such that

(e 9]

Therefore, there are rational numbers P;, QQ1, P», and ()9 such that

ZFF> z

+1Fn+2 n—i—r 1 n n+1

TL(’I n(r—1)

and

= St

Fop1Fyyo-- Fn+r) ntn+l

Example‘ For r = 3, we have
0y S
F,F, 2 ~ F,F,
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e}

(o)
—-1)" 3 1 43
0 Y (e FoaFra? = 2 22 R it
n—1 (FnFn+1Fn+2Fn+3) 2 n—1 FnFn+1 16
REFERENCES

[1] B. A. Brousseau, Summation of infinite Fibonacci series, The Fibonacci Quarterly, 7.2 (1969), 143-168.
[2] S. Vajda, Fibonacci and Lucas Numbers and the Golden Section, Dover, 2008.

No other solution for this problem was submitted.

H-914 Proposed by Benjamin Lee Warren, New York
Let O,, = %n(2n2 + 1) denote the nth Octahedral number and C,, = %(n3 + 5n + 6) denote
the nth Cake number. Prove the identity

CFZn + OF2n+1 = CF2n+2‘

Solution by Steve Edwards, Roswell, GA

We start with F22n 11— 1 = Fb, Fb, 19, which comes from Cassini’s formula and can be found
in [1]. Multiply both sides by 3F,41 to get
3Fon+1(Fayi1 — 1) = 3Fs, Fopi1 Fanyo.
Next, use the identity 3Fy Fyi1Fki0 = F,§+2 — F,S’H — F? (also in [1]) to get
3F23n+1 - 3F2TL+1 = F23n+2 - F23n+1 - F23n
Equivalently,
4F23n+1 - 3F2n+1 + F23n = F23n+27
or
AF, 1+ 2Fon + F5, = Fy, o + 5Fong1.
Using the defining recurrence, we have 5Fs, 11 = 5F5,+9 — 5Fb,, which gives
F23n + 5F2n + 6+ 2F2n+1(2F22n+1 + 1) = F23n+2 + 5F2n+2 + 6,
or
L o3 1 2 L3
6(F2n + 5Fpn +6) + §F2n+1(2F2n+1 +1)= 6(F2n+2 + 5Fan42 + 6).

The result follows.

REFERENCE
[1] T. Koshy, Fibonacci and Lucas Numbers with Applications, 2nd ed., John Wiley and Sons, 2018.

Also solved by Michel Bataille, Brian Bradie, Charles K. Cook, Dmitry Fleischman,
Ralph P. Grimaldi, Won Kyun Jeong, Wei-Kai Lai, Woojun Lee, Hideyuki Ohtsuka,
Angel Plaza, Raphael Schumacher, Jason L. Smith, Albert Stadler, David Terr,
Ell Torek, Andres Ventas, Yunyong Zhang, and the proposer.

H-915 Proposed by the editor
Prove that for all k,m,n > 0,

n+2 n+2 n
Z ( i >F2k:j+m = (Lox +2) Z <j>F2k;(j+1)+m

n
Jj=0 Jj=0
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and
n+2

n+2 —~ (n
Z < >L2k]+m = (Lox +2) ( .)L2k(j+1)+m
j < \J

=0 J=

Solution by Jason L. Smith, Decatur, IL
Consider the following application of the binomial theorem:

n+2
Z (n + 2) p2ki+m _ m (1 n x%)"“
J

§=0
n
m (1 1oop2k 4 lAk) <”> 12k
: J

=

[e=]

= (af% + 2+ x%)

3
N\

n .
.>x2k(]+1)+m
=0 N

Now, let = . Noting that a=2¢ = 3%* we obtain

n+2 n+2 n n '
A= Z ( ) ) 2kj+m _ (a% Lk 2) <j>a2k(]+l)+m
=0

j=0 Jj=

n
(Lo +2) Z( ) K1)+
7=0

If we let x = 3, we similarly obtain

n

n+2
B— Z <n + 2) 62kj+m _ (L2k + 2) Z (?) ﬁQk(j-‘rl)—‘rm
=0

J

The desired identities can be obtained by taking % (A— B) and A+ B.

Also solved by Michel Bataille, Dmitry Fleischman, Ralph P. Grimaldi, Hideyuki
Ohtsuka, Angel Plaza, Albert Stadler, and the proposer.
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