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Notation
In this article, the notation fi(ee) will be used to

SN

1

signify

Given a sequence fi(go) of positive integers and
two auxiliary sequences ki(oa) of positive integers and mi(oo)

of nonnegative integers, we wish to consider the possibility
of expanding an arbitrary positive integer n in the form

M
n = f}aif

i ?

where M is finite and each ¢, is an integer (zero and nega-
i
tive values allowed) satisfying

-m. < o. < k. for i= 1,2,...,M.
1 — 1 — 1

Throughout the paper, the convention is adopted that ki(go)

and mi(@o) will always denote given sequences of positive
and nonnegative integers, respectively,

As an application of the results to be proved, we
shall show that every positive integer n has an expansion in

the £
e form M

n = XYa. FP,
1 1 1

where p is a fixed integer greater than or equal to 2,
Fi(m) = {1,1,2,3,5,..... } is the usual Fibonacci sequence
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-2
and @, is an integer satisfying |ai\ < 2P %for each val-
ue of i}

DEFINITION 1: A sequence of positive integers fi(oo), is
said to be quasi-complete with respect to the sequences
k(=) and m_ (=) iff (if and only if)

N
0 <n<l 4 2 k(f  implies
ii
1
N
(1) n =2 .1l with ¢ . integral and
11 1
1
(2) -m; < o, < ki for i = 1,2,....,N.

The purpose of the present paper is to obtain a
characterization of quasi-~completeness and to investigate
the conditions under which the representation in (1) is unique.
Moreover, we will also show that any nondecreasing
sequence of positive integers fi(oo y which is either complete
or semi-complete must also be quasi~-complete,

Before proceeding to the proof of the character-
ization theorem, we recall some pertinent definitions and
a lemma,

DEFINITION 2: (Reference l). A sequence of positive inte-
gers fi(oo) is complete iff every positive integer n has a re-
presentation in the form

(=]
(3) n = Cifi’ where each c is either zero
1

Oor one,

DEFINITION 3: (Reference 2). A sequence of positive in~
tegers . (w) is semi~complete with respect to the sequence
of positive integers ki(co), iff every positive integer n has a

representation
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e}
(4) n =3 cifi , where each <, is a nonnegative
1

integer satisfying

(5) 0 < c. < k.

LEMMA 1: (Alder, Ref., 2, pp. 147-8). Let fi(co) be a given
sequence of positive integers with f1 =1 and such that

P
fp+l < 1 + Ekifi forp = 1,2,3,....,
1

where k.(«) is a fixed sequence of positive integers, Then

for any positive integer n satisfying the inequality

N
0 «n <14+ ZkIi,
1 i
there exist nonnegative integers, ai(N) ; such that
N

n = Yyaf. and 0 = @ = k.
l11 i i

fori 1,2,.4..,N.

The following theorem gives a necessary and
sufficient condition for quasi-completeness,

THEOREM 1: For given sequences, ki(oo) and mi(oo), the
sequence of positive integers fi(oo) with fl
plete iff

=1 1s quasi-com-

P
+ —
(6) fp . 2 1 + ? (ki mi) fi forp=1,2,3...

PROOF, Assume condition (6) is satisfied, and let n be a
fixed positive integer satisfying
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N
0 < n< 1l 4 Zkif. Then
ii
1
N N
0 <n 4+ Zmf <1 4+ Z(k, +m)f,
ii S i’ i
1 1
and Lemma 1 implies
N N
(7) n + Zmf = ZXZB. f., where each 3. is a non-
1 11 l 11 1

negative integer satisfying 0 < Bi < ki + m, for

eachi = 1,2,...,N, Thus

N
(8) n .= ;2 (Bi - rni) fi , with -m, < ‘Bi-mi < ki s
and the identification o = Bi - m, fori = 1,2,...,N

shows that fi(cc) is quasi~-complete,

Conversely, assume f («) is quasi-complete,
Then by Definition 1, the inequality

N
0 <n<1l + Zkf, implies
ii
1
N
n = o f. with-m, < a < k,
R i="1= "1

and we wish to show that (6) is satisfied,

For a proof by contradiction, assume (6) does
not hold; then, there exists an integer r greater than zero
such that

(9) f = 1 <+

ro+1 (k; + my) L .

!
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Hence, . 1
r 4
f - - < 2
0 < r +1 izmif11<fr+l l+2{kifi’

and by the quasi-completeness of fi (=),

T ral
(10) gy~ oyl -l = 2 o f, with -m, =a =k.
1 1
Now, in the representation (10), « , > 0, for, if not,
then T
r
£r+l$ar+lfr+1+1+?(ai+mi)fi
r r
<1l + Z(w. +m)f. <1 + Z(k. +m) 1.
—_ 1 1 1 — 1 1 1
1 1
in violation of assumption (9). Thus, from (10)
r
(11) -=1Z(o¢i+1ni) fi -1 = (ar +1-I) fr+1 > 0.

But the left hand side of (11) is clearly <=-l1, giving the de-
sired contradiction, We conclude that (6) must be satisfied
for all values of p > 1.

For nondecreasing sequences, quasi-complete -
ness can be rephrased in terms of semi~completeness ac~
cording to the following Corollary:

COROLLARY 1: A nondecreasing sequence of positive in-
tegers f (») is quasi-complete with respect to the sequen-
i

ces
ki(oo) and mi( @)

iff fi( ») is semi~complete with respect to the sequence

{l, + m.}
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PROOF: From [ 2 ] and Theorem 1, the necessary and
sufficient condition for both statements is inequality (6).

COROLLARY 2: If a nondecreasing sequence of positive in-
tegers f, (oo) with £, =1 is complete, then it is also quasi-
complete with respect to arbitrary sequences, k. ( } and

m, ().

PROOF: By Theorem 1l of [17,

P p
2s o=
fp+1_<_1 +;fi <1 +zl:(ki+mi)fi forp=1,2,..

for arbitrary sequences Kk, (co) and m, (co), since k > 1
andm > O0foralli > 1

COROLLARY 3: If a nondecreasing sequence of positive
integers f (oo) with f. =1 is semi-complete with respect to
the sequence of positive integers kl( =), then it is also
quasi~-complete with respect to the same sequence k, ( )
and any sequence m, (=) of nonnegative integers,

PROOF: From Theorem l of [27,

p p
fp+1 <1 + zl:kifi < 1 + Zl;(ki-{-mi) fi’

and the Corollary is immediate from the characterization
of quasi-completeness, Alternatively, Corollary 1 implies
the result since semi~completeness with respect tokj («}
implies semi~-completeness with respect to {ki + mi} .

Before discussing uniqueness, we note that, for
given sequences k (o) and m., (co), quasi~-completeness is a
sufficient condition for every p051t1ve integer to possess a
representation in the form of equation (1). However, if the
m, are not all zero, then quasi~completeness is not neces~
salry for such representations even in the case of a nonde~
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creasing sequence f (»), For, let ki =m, =1for all i > 1,
and consider the particular sequence ’ B

f(e) ={1,10,100,101,102,103,104,105,... }

1

Then the inequality

f < 1+22Z fi is not satisfied for p=l, 2, .;

nevertheless, any positive integer n has a representation in
the prescribed form:

n = (102-101) +{104-103) + ...+ [{100 +2n)-(100 +2n-1)]

Clearly, the same situation obtains for any se-
quence f, (o) which contains all consecutive integers after
some fixed index n =n_ , where n_ may be arbitrarily
large, This shows that in order to obtain a necessary con-
dition which holds for all members of the sequence, some
additional constraint must be introduced. The one chosen
in the above theorem requires that whenever

N
n <1 + Ykif , the representation for n can be
1 11
accomplished in terms of the first N members of the se-
quence, Thus, for a quasi-complete sequence, every pos-

itive integer which is N

< lzkifi
can be represented in the proper form using only the terms
fl, fZ’ f3, ceo e 'f. But the largest number that can be re-
presented in the proper form using only these terms is

N
¥ k.1,
1

aTe

11

so that, in this sense, the condition is the best possible,
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In order to discuss uniqueness of the representa-
tion, we introduce, for given sequences k () and m., ( ®),
the particular sequence of positive 1ntegers o; (), defined
by

g = 1
(12) p

— { Y = .
¢p+1_1 +ZI;(ki+vni)@i’ forp =1

It is straightforward to show that the terms of
this sequence may also be written in the equivalent form:

(13)

P
¢p+1 = I%(l +ki+mi)’ for p =1,

!Iﬂ

DEFINITION 4: For given sequences k (o) and ml(oo ), @
sequence of positive integers fl( ) will "be said to possess
the uniqueness property iff for any N> 0, the equation

: N N
(14) b o fi = X Bifi,wrch -m. < @ < ki
I 1
and -m, < Bi-<— ki’ i =1,2,0000,N
implies o, = ‘Bi fori = 1,2,...,N. (In other words, ev-

ery integer , positive or negative, which possesses a repre-
sentation in the required form has only one such represen-
tation in that form.)

THEOREM 2: Let k (o) and m.(») be given and let fl(m)
be a quasi-complete sequence of positive integers with
1 =1,

Then fi( =) possesses the uniqueness property iff

(15) f :¢1 for 1 = 1; 2, 33"""

1

PROOF: Assume f.(x) possesses the uniqueness property
and that fi =, does not hold for all i > 1. Then there
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exists a least integer N> O such that F__ 4 ¢ N (Note that
N > 1). From the quasi-completeness, we have

N-1 N-1
0 < fN_<_l + I;, (K.i +mi)fi =1 +§ ((Ki +mi) ©, = O

Since fN 4 o N We must have fN < N and

N-1
2 (1 .
0 < fN<1 + : (Ki -1—mi)<pi
By Lemma 1, fN can be written in the form
N-1 N-1
(16) fN,:" Zla Y, 0, = ? Y5 fi where each y; is a nonneg-

ative integer satisfying 0 < y. <k, *+ m,
- 71 =1

Hence,
N-1 N-1 .
(17) fN - f} mifi = 4 (v, ~m) fi , where

-m. < yi-m.< k.

Applying the uniqueness property to (17), we find
that y, -m; = -m, or Y T Ofori=1,2,.00..,N-1,
Thus, from (16), £ = 0, a contradiction, and we conclude
that fi =0, for all”'i> 1

For the converse, we must show that ¢i( o )
obossesses the uniqueness property, The proof is by con-
:radiction, If 0, (= ) does not possess the uniqueness
property, then there is a least integer N > 0 such that
ai(N) and Bi(N) exist having the property

N N
(18) Lo g = 21: Bicp. with -m. < «

1 .l 1
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- < i =
and mif'Bi—ki' (i 1,2,...,N)

N
1

Clearly, N>1, since a; ¢; =8, ¢;implies
oy = By . Moreover, we assert that N # BN in (18). For

ifa . =B, , then
N N N-1 N-1
= 1 - a <
fa %) z Bi‘pi’ with m, < i—kl,
sm < B< ks (= 1,2,...,Nal)
Nal

and ) | o £ 0. But this contradicts our
1

choice of N as the smallest upper limit.affording two dis-
tinct representations., Hence aN £ BN .

From (18)
N-1
and therefore,
N-1

(20) o< | By-ay oy < z | o; -B;le;
N-1
< Z (ki +mi)¢i = (pN-l,
1

giving a contradiction.

EXAMPLES: (a) As our first example, we consider the se-
quence of pth powers of the Fibonacci numbers, where
p > 2. Itis known [17] that the sequence Fi(oo),which is

defined as {1,1,2,3,5,....}, is complete; therefore,
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every positive integer n has a representation in the form
M

n = c.F. . .
{‘3 i1, where each c. is either 0 or 1,
1

To generalize this result, we leave it to the reader to ver-
ify the following inequality:

n
(21) FP < 1 + anl »FP , where p is a fixed integer
n+l — y b

greater than or equal to 1. From (21), it is clear that, for
sequences ki(go) and m, (=) defined by ki =m,,

p-2 .

m, = 2, for alli> 1, the sequence

FP (=) is quasi-complete. Thus every positive integer n
has a representation in the form

=]
(22) n = o, F? , where o, is an integer
1 1
. . p-2 .
satisfying lai| < 2 , for i > 1.
Moreover, from Theorem 1, if N is chosen so that
N 2
0 < n < g 2p Fp )
1 i

then n has at least one representation in the form (22)
which uses only the terms

P, "R, ... FP .

1 2 N
N
. 2 . )
In particular, 0 < n < 1 + % Fi implies
1
N 2
n = L a.F ,where each . is
1 i1 i

either -1,0, or +1.
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(b) To illustrate Theorem 2, let ki(co) and mi(co)
be defined by k, = m, = 1 for alli > 1, Then, if a given se-
quence ,fi(m) is quasi~complete with respect to ki(oo) and
mi(m), every positive integer n has a representation

®
n =3 o, fi’ where each o, is either =1,0,0r +1

1
Next, define [ compare (13) ]

(23) n 1 n
ON 1 = 1;[(1+ki+mi) =l;[3 = 3,forn > 1,
n

Then = 3n...1 for all n> 1, and since =1 +2T 0. ,

the sequence gpi(ca) is quasi~complete with respect to the
unity sequences, ki(oo) and m, (). Moreover, according
to Theorem 2, representations are unique in the sense that
if M M
= i <
?0‘1‘91 ?Bi(’oi w1th|ai|§_1and‘/3i[_lfor

ii 1, thenai: Bi fori =1,2506605M.

Combining Theorems' 1 and 2, we have that every
integer n satisfying

N . N
-1 3
0 <n<1l1l + Z 31 = +1
1 2
_ N .
(namely, the integers1,2,3,...,3 -1 ) has a unique re~
2
presentation in the form
N
n =% ai3 with each ai:—1,0,0r+1
1

The reader may note that this result provides a
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solution to Bachet's weighing problem [ 3] . It is also left
to the reader to interpret the quasi-complete sequence
@i(@a) of (13) as the solution of a dual-pan weighing problem
with the constraint that at most ki weights of magnitude ®;

can be used in the right pan, at most m, weights of magni-
. 1 .
tude ¢, can be used in the left pan, and every integral num-
ber of pounds less than or equal to
N

;‘3 <5 €5
must be weighable using only the weights, Bys Gooree

O
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