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1. INTRODUCTION

The proofs of existing Fibonacci identities and the discovery of new identities
can be greatly simplified if matrix algebra.and a particular 2 x 2 matrix are intro-
duced. The matrix approach to the study of recurring sequences has been used for
some time [1] and the Q matrix appeared in a thesis by C. . King [2]. We first

present the basic tools of matrix algebra.
THE ALGEBRA OF (TWO-BY-TWO) MATRICES

The two-by-two matrix A is an array of four elements a, b, ¢,

()

The zero matrix, Z, is defined as,
The identity matrix, I, is

The matrix C, which is the matrix sum of two matrices A and B, is

a b e f a-e b+t
C=A+B = + =
c d g h c-g d-h

The matrix P, which is the matrix product of two matrices A and B, Is

b - aB _ (a b>(e f> i ae+hg afvbh>
c d g h ce+dg cf+dh
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The determinant D(A) of matrix A is

DA) = = ad - be.

Two matrices are equal if and only if the corresponding elements are equal; thatis,

SENEANE

ifandonly if, a =e¢, b =£f, ¢ =g, d = h,

A SIMPLE THEOREM

The determinant, D(P), of the product, P = AB, of two matrices A and B is
the product of the determinants D(A) and D(B)

DP) = DAB) = D(A) D(B)
The proof is left as a simple exercise in algebra.

THE @ MATRIX

The Q matrix and the determinant of Q, D(@Q), are:

1 0
If we designate Q° = < > = 1, then

DEFINITION: Q™1 = Q"Q!, an inductive definition where Q' = Q. This is the

law of exponents for matrices,
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It is easily proved by mathematical induction that

where Fn is thé nth Fibonacci number, and the determinant of Qn is
DQY = D'@ = (1) .

MORE PROOFS

We may now prove several of the identities very nicely. Let us prove identity III

(given in Part I), that is,

n
Fn+1Fn~1 Fn = 1
Proof:
n n+1 Fn
¥ Q o and D@Q") = (-1)
F F
n n-1
then
o Fn+1 Fn
DY) = = —1)2
) 7 n+l n-1 Fn (-1)
Fn n-1

Let us prove identity VI

2 2
F
n

F =
2n+1 Fn+1 -

since

then
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n ontl n+1 Fn F114.-2 Fn+1
QR Q =
Fn Fn—l Fr1+1 Fn
F _F F F LoL
n+l n+2 n n+1 n+l " n
N L R F P TP Py
But this is also
oni 1 F2n+2 F2n+ 1
Q =
F2n+1 FZn

Since these two matrices are

F2n+2 - Fn+1 Fn+2 * Fn Fn+1 (Upper Left)
2 .
Fonr1 = Fn+1 " Fn (Upper Right)
on+l Fn Fn+3 * Fn-l Fn+1 (Lower Left)
Fop = FpFpg " FpgFy (Lower Right)
= Fn (FIH—’l + Fn—l)
Il we accept identity V: L = F - F _ then
: n n+1 n-1
- F I
F2n B Fn “h

which gives identity VIII,

1‘1;42 - Fl{-el ) Fl{'

thus also

I'rom

- n

Return again to

F g +F
n - ontl In—l

(F )

1. one can write Fn =

F

n-1

[April

equal we may equate corresponding elements so that

n-1°
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F = (F

2n S F) Fpg HF

S
n

n+1 n—1> n+1

which is identity VII.

It is a simple task to verify

Q@ =Q+1

and

and

where Fn is the nth Fibonacci number and the multiplication of matrix A, by a

number ¢, is defined by

a b aq bg '
qA = ¢q =
c d cq dgq
GENERATION OF FIBONACCI NUMBERS BY LONG DIVISION

1 2
—F1+F2x+F3x+---+an + ...

1 -x-X
In the process of long division below

1 -x-X 1

there is no ending. As far as you care to go the process will yield Fibonaceci Num-

bers as the coefficients.
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Fn AS A FUNCTION OF ITS SUBSCRIPT

It is not difficult to show by mathematical induction that

=\ 1 _ n
i r - L {<_1__+_x_> ] <;._ﬂ> }
N5 2 2

This can be derived in many ways. P{(1) and P(2) are clearly true. From F

k
= T + F

k-2 and the inductive assumption that P(k-2) and P(k-1) are true, then

. 145 K _{1-n5 2
R I 2

1 1+ 5 -1 - 1-~5 -
) e —Jé 2 2

Adding, after a simple algebra step, we get

\k-2 -\ k-2
Fo+ T B N A S i 1+ N5 ) 105 1-n5 )
k=1 k-2 g 2 2 2 2

Observing that

k-1

1+ N5, 3 NB 1+M)2
Ty T T T3 - 2

=2

_1__'_i/§+1-§"\/5_<l_'_&/§)
2 - 2 B 2

it follows simply that if (a) and (b) are true (P(k -2) and Pk - 1) are true}),
then for n = Kk,

k k
1 1+ 5 1 - 5
P(k): Fk i Fk—l : Fk—z ) ?5-{<_—2_> ) <_—2——> }
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The proof is complete by mathematical induction, Similarly it may be shown that

and

Let us now prove identity VIII

Proof:

Now factoring:

2n ~f5{< 2 2 2 2
F = F L .
n n

2n

MORE IDENTITIES

X1V F = 1 <M>n _ (L_—._'\/_:E’)n}
' RN/ 2 2

XV L =<~——1+\/~5>n+(———1‘\/5)n
' n 2 2

|

n+1
F + (1) "6F + 5
3 3 3 3dnt2 n-1
XVI. F1+F2+---+Fn— 0
XVII. 1-F1+2F2+3F3+.--+11Fn: (r\+1)Fn+2—Fn+4+2



68 A PRIMER ON THE FIBONACCI SEQUENCE — PART II [April 1963]

XVII. Fq+ Fy+ + an = F2n+1 -1
1
XIX, B Fy+ FyFy+ FyFy+ eee +F F =5 (F -FF |)-1
2 (M F F
XX. 120(1) n-1 "~ " 2n’
n ot
where = ——*— and m! = 1.2.83.... m
\ i m-1)yri!
" _ 3 4+ w3 _ w3
XKL Fopig = By P Fp -
n-k
XXII. Fn im - Fn—ka+k = (-1) Fk rm+k—n
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REQUEST

The Fibonacci Bibliographical Research Center desires that any reader finding
a Fibonacci reference senda cardgiving the reference and abrief description of the
contents, Please forward all such information to:

Fibonacci Bibliographical Research Center,
Mathematics Department,

San Jose State College,

San Jose, Calif.

XXX
SPECIAL NOTICE

The Fibonacci Association has on hand 14 copies of Dov Jarden, Recurrent
Sequences, Riveon Lematematika, Jerusalem, Israel. This is a collection of papers
on Fibonacci and Lucas numbers with extensive tables of factors extending to the
385th Fibonacci and Lucas numbers. The volume sells for $5.00 and is an excel-
lent investment. Check or money order should be sent to Verner Hoggatt at San Jose

State College, San Jose, California,



