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1. INTRODUCTION 

We may define the Fibonacci numbers , F . by Fn = 0, F< = 1, F n = F 
' n ' J ° ' 1 n+2 n+1 

+ F . A well-known generating function for these numbers is 

d.i) — ^ — = y F xn m 
1 _ x _ x2 Z- J n 
i x x n = Q 

Intimately associated with the numbers of Fibonacci a re the numbers of Lucas, 

L , which we may define by L0 = 2, Lt = 1, L 9 = L + L . The numbers 
n 

1 , 5 1 ' n+2 n+1 n 
F and L may be cons idered as special cases of general functions f irs t studied 
in great detail by Lucas [8 J, though as Bell [1 ] has observed many expansions for 
the Lucas functions appeared in papers of Cauchy and others p r io r to Lucas. 
Dickson [4 | devotes all of one chapter (17) to r ecur r ing s e r i e s and more par t i cu-
lar ly Lucas functions. Here one may find further references to the many papers 
on the subject which have appeared since Leonardo Pisano, or Fibonacci, f i rs t 
introduced the famous numbers in 1202. It would be difficult to est imate how many 
papers re la ted to Fibonacci numbers have appeared since Dickson's monumental 
History was wri t ten, however it may be of in te res t to point out that a project has 
been initiated under the direction of Professor Vern Hoggatt, San Jose State 
College, San Jose , California, to collect formulas , maintain a bibliography and co-
ordinate work on Fibonacci numbers . As par t of the w r i t e r ' s activity with this 
Fibonacci Bibliographical Projec t the subject of generating functions for powers 
of the Fibonacci 'numbers has come in for some study, and the object of this p r e s -
ent paper is to develop some very general generating functions for the Lucas 
functions. 

* Research supported by a June Research Grant from the College of Ar ts and 
Sciences of West Virginia University. 
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Riordan [10 J has recent ly made a very in teres t ing study of ar i thmet ic p roper -
t ies of cer ta in c l a s ses of coefficients which arose in his analysis of the generating 
function defined by the p- th powers of Fibonacci numbers . 

f W d .2 ) Lp 
n=0 I fP x n 

where f = F Golomb [5 J had found essent ia l ly that for squares of Fibonacci 
numbers we have 

(1 - 2x - 2x2 + x3) f2 (x) = 1 - x 

and it was this which led Riordan to seek the general form of f (x). 
However, there a re other simple generating functions for the numbers of 

Fibonacci. F i r s t of a l l , let us observe that we may define the Fibonacci and Lucas 
numbers by 

n u n 
(13) F = a - £ , L = a11 + b n 

KXm°' n a - b ' n 

where 

(1.4) a = | ( 1 +N/5) , b = | ( 1 - N/5) . 

The very general functions studied by Lucas , and general ized by Bell [ 1 , 2 ], 
a r e essent ial ly the F and L defined by (1.3) with a, b being the roots of the 
quadrat ic equation x2 = Px - Q so that a + b = P and ab = Q. In view of this 
formulation it is easy to show that we also have the generat ing function 

ax bx <~n n 

d-5> ^ T ^ F - = Z ^T Fn • 

For many purposes this expansion is eas i e r to consider than (1.1), and one i s natu-
ra l ly led to ask what form of generating function holds if we put p- th powers of the 
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Fibonacci numbers F in (1.5). Similar questions a r i se for L M . We shall also 
consider negative powe 
of Bernoulli and Euler . 
consider negative powers of. F , L , and suggest an analogy with the polynomials 

2. GENERATING FUNCTIONS FOR LUCAS FUNCTIONS 

Suppose we are given for any initial generating function, F(x), say 

(2-1) F(x) = Y Anxn 

n=0 

with no par t icu la r r e s t r i c t ions on A . It follows at once from this that 

(2.2) F(ax) + F(bx) = ^ A n x n ( a n + bn) = ^ T A n x n L n 

n=0 n=0 

and 

OO 

(2S)
 FI°2:b

F(bx' = Z \ * n r » -
n=0 

This incidentally is r a the r like the method used by Riordan [10 ] to begin his study 
of r ecu r r ence re la t ions for the generation function (1.2), except that we could study 
(1.5) as well as (1.1) in the general expansion of (2.3). 

Now of course we may i te ra te upon the formulas (2.2) and (2.3) by making suc-
cess ive substi tutions, replacing x by ax, or bx, and adding or subtracting, and 
by this i terat ion build up generating functions involving F^ and L Thus we have 
from (2.2) 

F(a2x) + F(abx) = 2A X
n a11 L ' ' n n 

F(abx) + F(b2x) = 2A x b L 
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so that 

(2.4) F(a2x) + 2F(abx) + F(b2x) = V A n x11 L^ , 

n=0 

and in s imi la r fashion 

(2 5) F(a%) - 2F(abx) + Ffofrl _ V A x n p 2 

(a - b ) 2 ^ n n 

Clearly we may proceed inductively to obtain a general resul t . We find the 
general re la t ions 

0 (2.6) > ( J F ( a p - k b k x ) = > A n * n L P , 
n^O 

and 

P oo 

(2.7) (a-b)^ Y> t - ^ f ) F(aP"kbkx) = E AnxIlFn ' 
k=0 ^ n=0 

In fact we may readily combine the re la t ions to obtain 

(2. 8) -
F ( a p + q - k - j b k + j x ) = £ A n x n F P L ^ , 

n=6 

for any non-negative in tegers p , q. Thus in principle we may set down generat ing 
functions for products of powers of the Fibonacci and Lucas numbers , though the 
resu l t may not usually be in the s imples t form; 

We obtain (1.1) when A = 1 identically; (1.5) when A = 1/n! identically. 
The expansion analogous to (1.5) for L i s 
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/o ™ a X kX 
(2.9) e + e 

OO 
<r—i n 

Z_) n; n 
n=0 

Proceding in the same manner as above, it is c lear that we also have 

(2.10) F ( a m x ) + F(b m x) = T A x n L 
n=0 

and 

F(a x] - F(b x) \ A n „ 
(2 11) —- l r L - / A x F 
v ^ 1 1 / a - b ZLJ n mn 

n=0 

which include other well-known generating functions. Consequently we have 

(2.12) ^ Q F ^ ^ ^ t A / ^ , 

with a corresponding resul t lor F , 

3. RECIPROCALS OF FIBONACCI NUMBERS 

Landau [7 ] showed that a certain se r i e s of rec iproca ls of Fibonacci numbers 

could be expressed in t e r m s of a Lambert s e r i e s . In fact he showed that if we write 

n 
(3.1) L(x) N X 

n 
n=l l - x 

then we have 
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The device used to obtain this i s to expand (a - b)/(a - b ) = (a - b ) / a • 1/(1 - z) , 
where z = (b/a) , by a power s e r i e s , and then invert the o rder of summation in 
the s e r i e s , this being justifiable. Landaufs resu l t i s noted inBromwich [3, p. 194, 
example 32], in Knopp [6, p. 279, ex. 144; p. 468, ex. 9], and in Dickson [4, 
p. 404]. Dickson also notes that 2 l / F was put in finite form by A. Aris ta . 

Let us now define in general 

(3.3) R(x) ^ A n f 
n=l n 

Then by the same technique we have used ea r l i e r to obtain (2.2) and (2.3) we see at 

once that R(x) sat isf ies a functional equation 

(3.4) R(ax) - R(bx) = (a - b) > A
n
 x 

Thus if we have 

(3.5) R(x) _ 
n=l 

= V | _ then R(ax) - R(bx) = ( a - b ) - j - ^ 

—-— \[E for ordinary Fibonacci 
•*• "" x numbers . 

For R(x) as defined by (3.3) we also easily verify that 

(3.6) R(a2x) - R(b2x) = (a - b) ^ A^ X
n L^ 

n=l n 
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To use this when A = 1 we need to note the generating function for L which is n & & n 

a companion to (1.1). Let us obtain this from (2.2). Inasmuch as we have 

(3.7) 

we find 

a + b = 1, 

F(ax) + F(bx) 

a - b = N/5J and ; 

1 , 1 
1 - ax ' 1 - bx 

2 - (a + b)x 2 - x 
1 - (a + b)x + abx 1 - x - x2 

and so for the ordinary Lucas numbers we find 

T L xn 
^ _ J n 

<3- 8 ) 1 - x - X2 
n=0 

Sometimes this i s stated in the equivalent form (since L0 = 2) 

(3. 9) x < 2 x + *\ =Y L xn . 
1 - x - x2 Z_J n 

n=l 

Thus if we have 

<c-i n 
(3 m \ TD/„X _ \ x • 10) R(X) = ) Y~ t h e n R<a2x) - R * 2 x ) = (a-b) . x ( 2 x ^ 1>q 

n = l n 1 - x - x-

4. BILINEAR GENERATING FUNCTIONS 

We wish to turn next to some simple resu l t s for what are called bil inear gene-

ra t ing functions for Fibonacci and Lucas numbers . To discuss this we first intro-

duce what we shall call a general Turaii operator defined by 

(4. i ) Tf = T f (x) = f (x + u) f (x + v) - f(x) f (x + u + v) . 
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For the Fibonacci numbers it i s a c lass ic formula f i rs t discovered apparently by 
Tagiuri (Cf. Dickson [4. p. 404]) and la te r given as a problem in the American 
Mathematical Monthly (Problem E 1396) that 

<4-2> T n F n = F n + u F n + v " F n F n + u + v = ^ F u F v • 

We may determine a general bil inear generating function for the s e r i e s 
2A x F F if we can first determine a resu l t for 2A x F F To do 

n n+u n+v n n n+u+v 
this let us consider 2A x F F 

n n n+j 
Again, let us set as in (2.1) 

CO 

F(x) = 2 Anxn 

11=0 

so that 

*J. F(x) = Y \ *n+j 
n=0 

Then we find 

J xJ F(ax) - b j J F(bx) = J A n x n + j ( a n + j - b n + j ) 
n=0 

and hence ultimately 

CO 

( 4 .3) aJF(ax) - b'F(bx) = y xn 
v ; a - b / , n n+j 

n=0 

Next we introduce F by the same device and we find 
n J 

ajF(a2x), - bJF(abx) _ a3F(abx) - b3F(b2x) = 2 A x
n
 F ( a

n _ b
n

} 
a - b a - b n n+ j 
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and consequently we have 

( 4 4^ ' aJF(a^x) - (a3 + b3) F(abx) + b j F(b*x) _ ^ . n 
K ' ' (a - b)2 " 2_* n x n n+j ' 

n=0 

Moreover , since we have the Turan expression (4.2), we have 

0 0 00 

(4.5) > A x n F F = > A x n F F + F F • F(-x) 
K ' ' ZJ n n + u n + v Z J n n n+u+v u v ( X ) ' 

n=0 n=0 

where the relat ion (4.4) i s used to simplify the r ight-hand side. In principle at 
l eas t we have a way to write down explicit bi l inear generating functions provided 
mere ly that we have F(x) = 2A x given. j \ / n n & 

It should be r emarked that since we have made no special assumptions about 
the coefficients A in any of the work so far, we could apply our work to finite 
s e r i e s just as well by supposing that A = 0 identically for n ^ some value n0, 

As far as relat ion (4.4) is concerned, there is an al ternat ive method. Call the 
s e r i e s M.(x), i . e . , let 

M.(x) - V A x n F F . 
J ' Z J n n n+j 

n=0 

If it Is possible to evaluate M0(x) = 2A x F 2 , then one may note that M (x) 
= M.(x) + M._1 (x) and so a simple formula could be wri t ten down giving M. . 

5. BERNOULLI AND EULER POLYNOMIALS 

Returning to the problems presented by rec iproca ls of Fibonacci and Lucas 

numbers , i t would appear to be of value to introduce some new polynomials based 

upon the polynomials of Bernoulli and Euler . Using a s tandard notation [9] we de-

fine Euler and Bernoulli polynomials by 

k tx 
(5.D > EV<X) | r 2 e 

k=0 e + 1 
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and 

,k , tx 
(5.2) \ - B . w y = t e 

k w k! " t n 
k=0 e - 1 

Now we have for general Lucas functions 

1 1 1 1 .,, ~ u / 

L; = ~t~r}j= T 3— with c = b/a 

t a + b a C + 1 

so that 

(5-3) 1 \ c t X = AClL w h e r e c = b / a 
H C1 + 1 

Similarly we find that when F, = (a - b )/(a - b) we have 

(5.4) t a C = ±£ w h e r e c = b / a 

* - a > F t Cl - 1 

The s imilar i ty of (5.3) with (5.1) and (5.4) with (5.2) motivates what follows. 

We define general ized Bernoulli and Euler polynomials by 

tx °° k 
(5.5) ±£— = ^ B k < x > c > ! r .• 

and 

tx °°- k 
(5-6) ^ T = 2 E^C)fe 



1963J OF FIBONACCI AND LUCAS NUMBERS 11 

Now in fact 

(5.7) JLC^l „ J L _ t l o g C - e X ( t l 0 g C ) 1 z e X Z 

c t _ x log C e t log C _ 2 log C e z _ x 

OO °Q 

= 15FC 2 V ) £ = E Bk(x, £ (log C)1-1 

k=0 k=0 

so that 

(5,8) B k (x ; C) = (log C)k l • Bk(x) 

Similar ly one easily finds that 

(5.9) E k (x ; C) = (log C) k • Ek(x) 

Putting these observat ions together we ultimately have the expansions 

(5.10) _ L = ^ ^ Y E ( x ) t ( 1 o g b / a ) k 

t 2 a (b/a) j ^ 

and 

(5.11) J j - = _ k ^ V Bk(x, £ (log b / a ) 1 - 1 

t t a (b/a) £ ^ 

Thus we also have an amusing analogy between four names: 

2) BERNOULLI = E U L E R 
{' } FIBONACCI LUCAS 
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We may extend the analogy by considering the more general Bernoulli and Euler 

polynomials of higher order as d iscussedin [9] and find expansions for the r e c i p r o -

cals of powers of the numbers of Fibonacci and Lucas. 

We have 

,n xt t e 
2^ Bk (X) k! , t , ,n (5.13) ^ * ^ (e - 1) 

and 

(5.14) 
*• 2

n e X t 

I *!> *r " V7TF ' 
and we ultimately find as before the rec iprocal expansions (with C = b /a ) 

and 

Qn n x t ^ k , k 0n nt ^ tx 
2__C = \ g ( n ) ^ t (log C) = 2 a C 

n Z_J k 
(5.16) - ^ = > E 1 '(x) 

, t , n n Z_i k w k! T n ( C - + 1 ) " k~0 L t 

Consequently we have 

0 0 t 00 , 00 

(5-17) t = m F t k=0 "" fei " \a"C 

m > 1 
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and 

\'t oo f - ^ °o u- oo 

2*.h-»""2,f«l!st?-2v k z 
^ • i 8 > t=m L

t k=0 P m \ a C J 

m > 0 . 

In these , log C will be r ea l provided, e. g. that both a and b a re posit ive, or 

both negative. In case C is negative we may take pr incipal 'values for the log C. 

6. SOME MISCELLANEOUS FIBONACCI FORMULAE 

We shall conclude our r e m a r k s here by der ivingafew miscel laneous re la t ions . 
In relat ion (2.1) let A = J , z being any rea l number. Then we find by (2.2) 

n T _ / - ! • • , ^ z 

(6-D 2-> U X L n = (1 + ax> + <! + bx> , 
n=0 

and by (2.3) 

(6.2) y (A x n p = (1 + ax)Z - (1 + bx)2 

6b W n a ; b 

Let us examine one special instance. Let z = r be any non-negative integer, 

and take the ordinary Fibonacci-Lucas numbers when a = ^(1 + ^5) , b = —(1 - N/S). 

Then we find 1 + a = a2, 1 + b = b2, whence (6.1) and (6.2) become 

(6-3) ^ Q Ln = d + ^ + » + b > r = a 2 r + ^ = L 2 r • 
n=0 

and 

(6.4) to'. 2r K2r a - b F a - b 2r " 
n=0 
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It is c lea r that by using the general re la t ions previously developed he re , we 
could go on to derive many in teres t ing Fibonacci-Lucas number re la t ions . As 
another example using the same value for A , we find from (2.10) that 

(6.5) V Q x n L m n = (1 + a m x ) r
 + (1 + b m x ) r 

In th i s , let x = - 1 , m = 2, and a and b as above. Then we find 

3 <-')• (6-6) > ( „ | ( - l ) " L 2 n = (-1)1" L r 

Also we have 

(6.7) J Q (-l)n FQ„ = (-l)r F 2n v ' r 
n=0 

By (4,3) we have 

JT? /OV \ _ V J T V A xn F = a F ( a x ) " hFQ>rt 
? n n+J a - b 

n=0 

and s imilar ly we have 

(6.8) \ x \ n x n L n + . = a: iF(ax) + b^ F(bx) , 
n=0 

OO 

where as before in (2.1) we have F(x) = 2 A x . 

numbers 

,\ n = 0 n 

Let A = ( M and take x = 1. We then have for the ordinary Fibonacci-Luc as 
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«..> S ( D F - " = F n+j 2r+j ' 
n=0 

and 

(6.10) Y (r) L . = L Q . , 

which a re well-known recu r s ions . 
A very elegant symmet r ica l re lat ion may be gotten from (2.6). In that re la t ion 

we choose A = ( J and set x• = a . The r eade r may easily verify that the 
formula then becomes , since F(a b x) = (1 + b a ) = L a , 

A ,TX Lp A /pN L; 
( 6 , 1 1 ) Z-JA W a P n Z J W a

r n • 
n=0 a n=0 d 

Similarly in (2.7) if we set A = ( j and take x = - a p we find easily that 

^ / r \ F P P . /P\ F r .-

wu> < . -^2<- i ' , ( j> -« - '" r 2 :< - i ' F , ( j^ • 
- p - Q 

And s imi lar ly we find from (2.8) that (here we take x = a ) 

,,18) 2(>-nM^M»-^2-»kQ20^T.-
With other choices of x we could give s imi la r r e su l t s . In fact with x = - a 

we have 

-p-q. 

- tr'0%^-Hrt)W% n=0 w * E=0 w j ^ o 
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It may be of in te res t to note that Kelisky [12] developed some curious resu l t s 
involving Bernoull i , Euler , Fibonacci, and Lucas numbers . The re la t ions he gives 
should be compared with those developed in the p resen t paper . In par t i cu la r , 
Kelisky has since writ ten the p resen t author that the unpublished proofs of the las t 
collection of relat ions he found a re somewhat s imi la r to the methods of the p resen t 
note. 
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