ELEMENTARY PROBLEMS AND SOLUTIONS
EDITED BY S.L. BASIN, SYLVANIA ELECTRONIC SYSTEMS, MT. VIEW, CALIF.

Send all communications regarding Elementary Problems and Solutions
to S. L. Basin, 946 Rose Ave., Redwood City, California, We welcome any
problems believed to be new in the area of recurrent sequences as well as new
approaches to existing problems, The proposer must submit his problem with
solution in legible form, preferably typed in double spacing, with name(s) and
address of the proposer clearly indicated. Solutions should be submitted within
two months of the appearance of the problems,

B-17 Proposed by Charles R. Wall, Ft. Worth, Texas

If m is an integer, prove that

Fotamiz = Tn = Lom+1 Fnrame1

where Fp and Lp are the pth Fibonacci and Lucas numbers, respectively.

B-18 Proposed by J. L. Brown, Jr., Pennsylvania State University.
Show that

n-1
F o= 2% 3 (—1)k cos™ K1 Tgink T , for n = 0
n k=0 5 10

B-19 Proposed by L. Carlitz, Duke University, Durham, N.C.

Show that
o0 [=e] 1
sy —r .y 1 %
_ 2 - 2
n=1 Fn Fn+2 Fn+3 n=1 Fn Fn+1 Fn+3

B-20 Proposed by Louis G. Brékling, Redwood City, Calif.

Generalize the well-known identities,

i) F1+F2+F3+---+Fn Fn+2

1l

(i) Ly+ Lo+ Lg+ =-- + L](1 Ln+2
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B-21 Proposed by L. Carlitz, Duke University, Durham, N.C.

If
=3 [(x s 12 - 1)211

o
11

show that

u? + Zznu% uf ceou?
n n-

Il

Unr1 1 .

B-22 Proposed by Brother U, Alfred, St. Mary’s College, Calif.
Prove the Fibonacci identity
- F2 T
ForFort = Flu = Fege
and find the analogous Lucas identity.

B~23 Proposed by S.L. Basin, Sylvaenia Electronic Systems, Mt. View,

Calif.
Prove the identities
' - Fi1
) Fo1 = 0 1Y
i=1 i
F n i
(i) Ly oz
n i=1 “i7i-1
0 i
(iii) R G
2 . F.F,
=1 i7i-1

SOLUTIONS TO PROBLEMS IN VOL, 1, FEBRUARY, 1963

B-1 Show that the sum of twenty consecutive Fibonacci numbers is divisible by

0
Fyp, 1., .21 Fn+1 = 0 (mod Fy), n =0,
1=

Solution by Marjorie R, Bicknell, San Jose State College, San Jose, Calif.

The proof is by induction, When n = 0

20
Z B = Fpp -1 = F(Fgg+ Fyy)
i=1
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Assume that the proposition is true for all n =k, 1i.e.

3

20
.E Fk+i = 0 (mod Fyy)
i=1
and
20
1:21 Fk—1+i = 0 (mod Fy,)

Now addition of the congruences yields

20 20 20 20
z: Flesi +.i\: Fre1a = ? (Fk+i * Fk—1+i): ? Flrryg = 0 (mod Fy)
i=1 i=1 i=1 i=1

Also solved by J. L. Brown, Jr., Dermott A, Breault, and the proposer.

B-2 Show that W P ot t gy = 11 wo- holds for generalized
Fibonacci numbers such that Wooog =W g+ U, where u; = p and u, = q.

Solution by J. L. Brown, Jr., Pennsylvania State University, Pennsylvania
It is easily shown, by induction, that w, may be written in terms of the
. . _ - . . B
Fibonacci numbers, Fm’ as u = pFn_2 + an—l for n=1. Using this re

sult, we have

10 10 10
Zu =p 2 F +q & F
k=1 ntk k=1 n+k-2 k=1 n+k-1
and
11lu 7 = ll(pFn+5 + an+6)
The result follows if
10
_ = .
<1> E Ty = Wy forn =0 s
however,
10 n+10 n
F = Z F.- T F, = (F -1+ (F_. - 1)
kel n+k PR n+12 n+2
= P m Fygs 250

Equation (1) is therefore equivalent to

(2) F 11F , n=0

n+12 ~ Tpee T n+7
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By direct calculation, Fy, - Fy = 11F; and Fy3-F3 = 11Fg; now adding these
identities we have, Fy - Fy = 11Fy, Proceeding in this fashion, (2) is veri-
fied by induction.

Also solved by Dermott A, Breault, Marjorie R. Bicknell and Edward Balizer.
B-3 Show that Fn to4 = Ty (mod 9)

Solution by Marjorie R. Bicknell, San Jose State College, San Jose, Calif,

1l

Proof is by mathematical induction, When n = 0,

Foy = Fp (Fyg + Fyy) = 144 (Fy3 + Fyy) = Fy (mod 9)

Assuming that the proposition holds for all integers n =Kk,

Fi1424 = Figg (mod?9)

and

Il

Fk%24 = Fk (mod 9)

Adding the congruences, we have

Fk+1 (mod 9) ,

Fk+1+24
and the proof is complete by mathematical induction.

Solution by Dermott A, Breault, Sylvania ARL, Waltham, Mass.

Using the identity Fn+p 1= le Fp+1 + Fn Fp write
Fosn = Foginey = FauFpyy * FuFpp o
Therefore,
Fn+24 "Fn = F24Fn+1 + (F23 - 1)Fn s but
Fyy = 9(5153) and Fy - 1 = 9(3184) ,
hence
Fn+24 - Fn = 0 (mod 9).

Also solved by J. L. Brown, Jr,



1963 ] ELEMENTARY PROBLEMS AND SOLUTIONS 79

B-4 Show that n

z (?) Fy = Fy
i=0 n

Solution by Joseph Erbacher, University of Santa Clara, Santa Clara, Calif,,

Generalize,

and J, L. Brown, Jr., Pennsylvania State University, Pennsylvania.
Using the Binet formula,

kn kn
2) 2
F ___(a —(b
2kn a->b
where
31.2—-1+a,b2—1+b,a—lg\/:r),b—l_z\/—5
we have
- :(1+a)kn—(1+b)1m_ 1 hzlnai_kn(n)bl_lmnal—bl
2kn a-b>b T a-b, (1) Vi “_(i) a-b
i=0 i=0 i=0
AKE
Therefore, kn 1=0

Fokn = oo (f) B
Also solved by the proposers.
B-5 Show that with order taken into account, in getting past an integral number
N dollars, using only one-dollar and two-dollar bills, that the number of dif-

ferent ways is FN+1 .
Solution by J, L. Brown, Jr., Pennsylvania State University, Pennsylvania,

Let ay for N = 1 be the number of different ways of being paid N dol-
lars in one and two dollar bills, taking order into account. Consider the case
where N = 2, Since a one-dollar bill is received as the last bill if andonly if
N-1 dollars have been received previously and a two-dollar bill is receivedas
the last bill if and only if N-2 dollars have been received previously, the two
possibilities being mutually exclusive, we have o = N1t Ny for N= 2,

But o; =1, oy =4, therefore o =F N= 1.

N Nt for
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x(1 - x) _ 2
T-2x-22+ 38 IEOFI
=0 i 12

Is the expansion validat x = 1 4, i.e., does 10F2 4 =55

Solution by Wm. E. Briggs, Umver31ty of Colorado, Boulder, Colo,

Write (1 - 2x - 2x% + x3) = E a, 0 where
n=0

B-7 Show that

2, = Zak_1+2ak_2—ak_3, k>2, and a3 = 1, a; = 2,a = 6.,

Therefore, o
x(1 - %) _ B n
I-2x-ox+8 =7 E: (3,1~ 82) X
n=2
It follows that the coefficient of x‘k is Flz{ for k = 1,2,3,4; assume this is
true for all k = n, From above, the coefficient of xn+1 is
B Ty T 2@y g R ) 20 5 - Ay g) - (@, 3 A )
- - 2 2 _ F2 .
Therefore, a =a ;= 2F + 2Fn 1 Fn—Z’ however,
2 2 - 2 - 2 _ o2 2
Fn+1 * Fn—z (Fn * Fn—l) * (Fn Fn—l) 2Fn+ 2Fn—l
so that the coefficient of ¥ 1 is Flz‘l—l' The zero of 1 - 2x - 2x?+ x5 with

smallest modulus is r = (1/2)3 - '\/:5) which is the radius of convergence of
the power series. Since r > |1/4| , the series converges for x = 1/4 to the
value 12/25.

Also solved by J, L. Brown, Jr.

B-8 Show that
n+1

(i) F 12 + F 2" = (mod 5)
(i) F 13 + F 3™ = 1 (mod 11)
(iii) F 15 + F 57 = g (mod 29)
Generalize,

Solution by J. L. Brown, Jr., Pennsylvania State University, Pennsylvania.

The general result,

n+1l

F nTan = 1 (modp?+p-1) ,

n+lp
where p is a prime and n = 0 is proved by mathematical induction,
The proposition is clearly true for n = 0 and n = 1, with the usual

definition F, = 0, Suppose the proposition is true for all n = k where k =1,
(Continued on p. 52)



