
ELEMENTARY PROBLEMS AND SOLUTIONS 
EDITED BY S.L. BASIN, SYLVANIA ELECTRONIC SYSTEMS, MT. VIEW, CALIF. 

Send all communications regarding Elementary Problems and Solutions 
to Sa Le Basin9 946 Rose Ave* , Redwood Citys California, We welcome any 
problems believed to be new in the area of recurrent sequences as well as new 
approaches to existing problems. The proposer must submit his problem with 
solution in legible form§ preferably typed in double spacing 3 with name(s) and 
address of the proposer clearly indicated. Solutions should be submitted within 
two months of the appearance of the problems, 

B-17 Proposed by Charles R» Wall, Ft. Worth, Texas 

If m is an integerg prove that 

TP T? z=. T "F 

n+4m+2 " n 2m+l n+2m+l th where F and L are the p Fibonacci and Lucas numbers, respectively, 

B-18 Proposed by J. L. Brown* Jra, Pennsylvania State University. 

Show that n-1 
„ 0n~l v / 1xk n-k-1 IT „ k TT 
F = 2 2 (-1) cos - s m 777 , for n ^ 0 . 

n i « 5 10 ' 
k=0 

B - 1 9 Proposed by L« Carlitz, Duke University, Durham, N*C. 
Show that 

2 1 + 2 1 = A . 
n = 1 F n F n + 2 F n + 3 n = 1 F n F n + l F n + 3 

B - 2 0 Proposed by Louis G. BrUling. Redwood City, Calif.-

Generalize the well-known identities, 

(i) 

(ii) 

75 

Ft + F 2 + F 3 + . . 

Li + L 2 + L3 + •• 

. . + F = n 

•• + L = n 

= F n+2 

= Ln+2 " 

- 1 

- "3 
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B-21 Proposed by L» Carlitz, Duke University, Durham, N*C* 

If -« r on oir 
(x + if + (x - if % - 1 [< 

show that 

u , ^ = u2 + 2 u£ u? • • • u2 -n+1 n ° x n - 1 

B-22 Proposed by Brother U, Alfred, St, Mary's College, Calif* 

P r o v e the Fibonacci identity 

F F = F 2 - F 2 

*2k 2kf k+k8 *k-k* 

and find the analogous Lucas identity. 

B-23 Proposed by S»L. Basin, Sylvania Electronic Systems, Mt, View, 
Calif. 
Prove the ident i t ies 

(i) 

(ii) 

(iii) 

P «-M l t ! *r ) 
F . . F . F . , n i=l l l - l 

r °° i 
1 + ^ 5 , + 2 (-1) 

2 " X + .% F . F . , i=l l l - l 

SOLUTIONS TO PROBLEMS IN VOL. 1, FEBRUARY, 1963 

B - l Show that the sum. of twenty consecutive Fibonacci number s i s divisible by 
20 

F 1 0 , i . e . , 2 F n + 1 = 0 (mod F 1 0 ) , n => 0. 

Solution by Mar jor ie R. Bicknel l , San Jose State College, San J o s e , Calif. 

The proof i s by induction. When n = 0 

20 
S F = F2 2 - 1 = F 1 0 ( F 1 3 + F n ) . 

i= l 
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A s s u m e that the proposi t ion i s t r ue for all n - k, i. e. , 

20 
2 F k + . = 0 (modF 1 0 ) 

i= l 
and 

20 
2 F k - l + i S ° ( m o d F i o ) 

i= l 

Now addition of the congruences yields 

20 20 20 . 20 
2 F,_._. + 2 F,. 

i= l 
j \ . + 2 F, , . = 2 (F, . + F, , .]= 2 FT _, . = 0 ( m o d F l n ) k+i • . = 1 k - l+ i . = 1 \ k+i k - l + i / . k+l+i v l o ; 

Also solved by J . L. Brown, J r . , Dermot t A. Breau l t , and the p ropose r . 

B-2 Show that u - , + u 0 + • • • + u ., _ = 11 u _ holds for genera l ized n+1 n+2 n+10 n+7 to 

Fibonacci number s such that u 2 = u - + u , where \it = p and u2 = q. 

Solution by J . L. Brown, J r . , Pennsylvania State Univers i ty , Pennsylvania 
It i s eas i ly shown, by induction, that u may be wri t ten in t e r m s of the 

Fibonacci n u m b e r s . F , a s u = p F 0 + q F _, for n ^ l . Using this r e -5 m 5 n ^ n -2 ^ n - 1 & 

sui t , we have -. Q 1 Q 1 0 

and 

2 U ( 1 = p 2 F L l 0 + q 2 F t l , 
k = l n + k k=l n + k " 2 k^ l n + k - X 

l l u n + 7 = l l ( p F n + 5 + q F n + 6 ) 

The r e s u l t follows if 

10 
for n ^ 0 (1) 

however, 
10 
2 F . = 

fc=l n + k 

10 
2 F 1 

k=l n + k 

n+10 
= 2 F. -

i=l * 

= 11F _ f« 
n+7 

n 
2 F. = (F 
i=l X ] n+12 - *> + <Fn+2 " *> 

= F 1 0 - F L Q 9 n > 0 . n+12 n+2 9 

Equation (1) i s therefore equivalent to 

(2) F ,n - F i Q = 1 1 F L_ , n > 0 
x ' n+12 n+2 n+7 5 
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By d i rec t calculat ion, F1 2 - F 2 = 11 F 7 and F1 3 - F 3 = 11 F 8 ; now adding these 

ident i t ies we have , F 1 4 - F 4 = 11 F 9 . Proceeding in this fashion, (2) i s v e r i -

fied by induction. 

Also solved by Dermot t A, Breaul t s Mar jor ie R. Bicknel land Edward Ba l i ze r . 

B - 3 Show that F iOA = F (mod 9) . 
n+24 n x ; 

Solution by Mar jor ie R9 Bicknell , San J o s e State College, San J o s e , Calife 

Proof i s by mathemat ica l induction. When n = 0, 
F 2 4 = F 1 2 ( F 1 3 + Fn) = 144 (F13 + F t l ) = F 0 (mod 9) 

Assuming that the proposi t ion holds for a l l i n t ege r s n ^ ks 

F k - l + 2 4 E F k - 1 < m 0 d 9> 

and 

F k + 2 4 S F k < m o d 9> 

Adding the congruences , we have 

F k + l + 2 4 S F k + 1 < m o d 9> » 

and the proof i s complete by mathemat ica l induction. 

Solution by Dermot t A„ Breaul t , Sylvania ARL, Waltham, Mass . 

Using the identity F n + p + 1 = F ^ F ^ + F n F p wr i t e 

The re fo re , 

hence 

F 24+n ~ F 23+n+l " F 2 4 F
n + l + F 2 3 F r 

F ^0yl - F = F 2 4 F ^ + (F23 - 1 ) F , but n+24 n ^ n+1 d6 l n * 
F 2 4 = 9(5153) and F2 3 - 1 = 9(3184) , 

Fn+24 " Fn s ° ( m ° d 9>-

Also solved by J . Le .Brown, Jr„ 
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B - 4 Show that 

Genera l ize . 

n 
2 

i=0 
F . = i 2n 

Solution by Joseph Erbacher3( Universi ty of Santa Cla ra , Santa Cla ra , Calif. , 

and Je L„ Brown3 J r 8 , Pennsylvania State Universi ty s Pennsylvania . 

Using the Binet formula^ 

where 

we have 

2kn a - b 

u2 t , v. 1 + ^ i. 1 - NT5 
1 + a9 b<* = 1 + b , a = — r - — , b = 

= (1 + a) 
2kn i 

There fo re , 

kn 
(1 + by 

kn 

2kn 

kn 
2 

i=0 

kn 
2 

i=0 

{y - f (»K 
kn , , i u i 

= w ^ 
i=0Viy a - b 

kn 
2 

i=0 
F. 

i 

Also solved by the p r o p o s e r s . 

B-5 Show that with o r d e r taken into account, in getting pas t an in tegra l number 

N d o l l a r s , using only one-dol la r and two-dol lar b i l l s , that the number of dif-

ferent ways i s F N + 1 . 

Solution by J6 L. Brown, J r . , Pennsylvania State Universi ty s Pennsylvania. 

Let a-KT for N 1 be the number of different ways of being paid N dol-

l a r s in one and two dol lar b i l l s , taking o r d e r into account. Consider the ca se 

where N > 2„ Since a one-dol la r bil l i s r ece ived as the l a s t bi l l if and only if 

N - l do l la rs have been rece ived previously and a two-dol lar bi l l i s r ece ived as 

the l a s t bil l if and only if N-2 dol la rs have been rece ived prev ious ly , the two 

poss ib i l i t ies being mutually exclusive, we have aN = a-N - l + Q , N - 2 f o r N ~ 2-
But (x1 = 19 a2 = 1 , there fore a-N F N + 1 for N - l . 
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B-7 Show that r r ^ O i j L r ^ = 2 F 2 x i . 
1 = 0 °° i 12 

Is the expansion val id at x = 1 4S i . e . , does .2 F? 4 = — 
Solution by Wm, E. B r i g g s , Universi ty of Colorado, Boulder , Colo. 

-1 °° n 
Write (1 - 2x - 2x2 + x 3 ) = S a x where 

n=0 

a k = 2 a k - l + 2 a k - 2 ™ a k - 3 $ k > 2 ' a n d a ° = l f a i = 2* a = 6 • 

The re fo re . 
' OO 

x ( l - x) , v / , n 
- — 0 -A o 2 .—T = x + 2- ( a i - a 0 ) x 
1 - 2x - 2x^ + xd

 0
X n - 1 n - 2 ; 

n=2 
It follows that the coefficient of x i s F 2 for k = 1 , 2 , 3 , 4 ; a s s u m e this i s 
t rue for all k ^ n. F r o m above, the coefficient of x i s 

a - a - = 2 (a . - a 0 ) + 2 (a 0 - a n ) - (a o " a ^ ) . n n - 1 v n - 1 n-2 ; K n -2 n - 3 ' v n -3 n - 4 7 

The re fo re , a = a - = 2 F 2 + 2 F 2 - - F 2
 0 ; however . 9 n n - 1 n n - 1 n -2 5 * 

F2 + F 2
 0 = (F + F 1 )2 + (F - F n )2 = 2 F 2 + 2 F 2 , n+1 n-2 l n n - 1 ; l n n - 1 ' n n - 1 

so that the coefficient of x i s F 2
 v The ze ro of 1 - 2x - 2x2 + x3 with 

sma l l e s t modulus i s r = (1/2 )(3 - 'N/S) which i s the rad ius of convergence of 

the power s e r i e s e Since r > J1/4J , the s e r i e s converges for x = 1/4 to the 

value 12/25 . 

Also solved by J. L. Brown9 J r . 

B -8 Show that 

(i) F n + l 2 n + F n 2 n + 1 s X ( m o d 5 ) 

(ii) F n + 1 3 n + F n 3 n + 1 = 1 (mod 11) 

(iii) V l 5 n + F n 5 n + 1 S 1 ( m o d 2 9 ) 
Genera l ize . 

Solution by J . L. Brown, J r . , Pennsylvania State Univers i ty , Pennsylvania . 

The genera l r e s u l t , 

F n + l p I 1 + F n p I 1 + 1 S X ( m o d P 2 + P •- '!) » 

where p is a p r i m e and n ^ 0 i s p roved by mathemat ica l induction. 

The proposi t ion i s c lear ly t r ue for n = 0 and n = 1, with the usual 

definition F 0 = 09 Suppose the proposi t ion i s t r u e for al l n — k where k ^ 1B 
(Continued on p. 52 ) 


