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, The g r e a t e s t p r imi t ive divisor F f of a Fibonacci number F i s defined 

as the g r e a t e s t divisor, of F re la t ive ly p r i m e to every F with posi t ive x < n. 

S imi la r ly , the g r ea t e s t p r imi t ive d ivisor Lf of a Lucas number L Is 

defined a s the g r e a t e s t d iv isor of L re la t ive ly p r i m e to eve ry L with non-

negative x < n. • . . 

• The f i r s t 20 values of the sequence (Ff ) a r e : 

F} = 1 , F£ = 1 , FJ = 2. ., FJ = 3 , FJ = 5 , FJ = 1 , Ff = 13 , 

F^ = 7 , FJ = 1 7 , F}0 = 11 , F i 1 = 89, F}2 = 1 , F | 3 = 233, F}4 = 29 , 

F j 5 = 6 1 , F\6 = 47, FJ7 = 1597, F}8 = 19, FJ9 = 4181, FJ0 = 41 . 

As may be seen f rom these few examples , the growth of the sequence 

(F? ) i s ve ry i r r e g u l a r . However , some special subsequences of (Fr ) may 

occur to be inc reas ing sequences . E . g . , the subsequence ( F ' ) , where p 

r anges over all the p r i m e s , Is a s t r i c t ly Inc reas ing sequence (since F* = F 

and (F ) i s a s t r i c t ly i nc reas ing sequence beginning with n = 2), 

S imi la r ly , the subsequence (L[ ) , where q r anges over all the odd 
4. 

p r i m e s and over all the powers of 2 beginning with 22, i s a s t r ic t ly Inc reas ing 
sequence. 

The main object of this note Is to prove the following inequal i t ies : 

(1) F? „ , -j > Ff
 v (p — a p r i m e , x - a posi t ive in teger ) 

pXi-l pA 

(2) F r > F r (p — a p r i m e , x — a nonnegative in teger) 
2 p x + 1 2 p x 

15 
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(2*) Lf • - > Lf (p — a prime, . x — a nonnegative integer) 
px*1 p x 

In other words: the subsequences (Ff „)'"and(F! ' •) of the sequence (Ff ), 
px 2px n 

as well as the subsequence (L* „ ) of the sequence (L? ) , p being a prime and 
p x .n • 

x = 1,2,3,°**, are strictly increasing sequences, 
Since (as is well known) the primitive divisors of F~ an(^ L n ^n~ ^ 

coincide, we have: F ' ='Lf (n ^1)9 and especially: F ' + 1 = L f
x (x ^ 0)o 

Hence, (2). and (2*) are equivalent, and, for p = 2, also (1) and (2*). Thus 
it is sufficient to prove (1) for p ^ 2 and (2*) for p =$ 20 

We shall even show the stronger inequalities: 

(3) F ' .1 > F (p —a prime, x — a positive integer) 
p p 

(3*.) Lf
 v + 1 > L x (p — a prime, x — a nonnegative integer) 

p A • p 

Since F > Ff
 9 L > L?

 9 it is obvious that in order to prove (1) for 
n n f n n9 * . 

p ^ 2, and (2*) for p T 2, it is sufficient to prove (3) for p ^ 2 and (3*) for 
P ¥ 2. 

The main tools for proving (3) for p ^ 2 and (3*) for p 4= 2, are the 
following inequalities: 

(4) F > F^ (n > 2, x ^ 1) 
n x • . • n x 

(5) • F ^ > 5F2x ( x ^ 1) 

(4*) L x + 1 > L 2
x ( n > 2, x * 0) 

n 

In order to prove (3) for p — 2 and (3*) for p + 2 , it is sufficient (as 
will be shown later) to prove (4) for n a prime ^ 2 and (4*) for n an odd 
prime. However, since (4) and (4*) are interesting by themselves, we shall 
prove them for any positive integer n ^ 2. 
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The following formulae a r e well known. 

1 + ^ 5 „ 1 - ^ 5 
a = 2 , P = ~^— 

(6*) L n = an + /3n 

Since 
1 + N/5 1 + N/4. 2> 

a ~ 2 2 " 2 ' 

we have: 

(7) " = g • 

Since 1 - N/5 1 - ^ 9 

1 - ^ 5 1 - ^ 4 _JL 
2 2 2 ' 

we have 

(8) - 1 < j8 < - f , |jS| < 1 

Since 
1 + N/5 1 - N/5 

^ = 9 ' 9 ~ ~ = _ 1 

we have: 
(9) a>p = -1 . 

F o r any posit ive in teger n ^ 3 we have, by (7): 

anx+1
 = ( ^ ) n ^ {op*f = a n x ^ 2 n x y (*) 2

a2n* > 2a2n* = 
2 

2 
ff

2nX + c.2nx > ^2nx + / | j > ^ n * + 3 , whence, 

(10) a n X + 1 > a 2 n x + 3 (n > 3) 
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For odd n ^ 3 we have, by (10), (8), (9): 

^ n x + l _ ^ x + 1 > a2nx + 3 = a2nx + 2 + 1 > a 2nx + 2 + ^2nX = ^ x ^ n x ^ ^ 

(11) o ^ X + 1 - /3nx + 1 > (a^X - £ n x ) (2 / n , n > 3) . 

Fo r even n > 3 we have9 by (10), (8), (9): 

anx+1 _ prf-+1 > Q,2nx
 + 3 . ^ + 1 = a 2 n x _ 2 + ( 5 _ ^ x + 1 } 

> Q-2nX - 2 + i 3 2 n X = (anX - /3nX) , whence 

(ff) a n X + 1 - /3DX+1 > ( a n x _ ^nX)2
 ( 2 | n , n > 3) 

Combining (IT) and (IT) we have: 

(11) a n x + 1 - /3nx + 1 > ( « n x - /3nX)2 (n > 3) . 

For n a 3 we have, by (6), (11): 

F J , ( a n x + l _ ^nx+l) > J_ ( a n x _ ^ x / > ( - L ) 2
( f f n X - f^f 

n x + 1 N/5 '\T5 ' r" 

— ( a n X - j 3 n X ) | 2 = F2 , whence, 

( i ) V l ' F
nx (n " 3) 

We have, by (6), (9): 

F ± (a2^l _ ^ 1 , > 1 (Q2X + 1 _ 2 + ^ + 1 ) 
2x+l ^ 5 5 

| - 1 (|Q,2X _ i 3 2 x
) r = F2 } whence 
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Combining (4) and (4) we have (4). 

We have, by (7):* 

cX+1 . , x , 5 . nX,3, cX 2
 v / 3 V 25 243 o 5x ^ _ « ex _ 

^5 r (ffs ) = ((Q/b ^ (av j > ( o" 1 # = "32" ^ > 7 Q / 

(12) ^ X + 1 > 5a2"5 X + 22 

We have, by (12), (8), (9): 

^ 5 x+l _ ^ x + 1 > 5 a 2 . 5 x + 2 2 _ ^5x+l > 5^5x + 1 Q + ( 1 2 _ ^gx+l j 

> 5 a 2 - 5 X + 1 0 + 5 / 3 2 - 5 X = 5 ( * 2 - s X + 2 + /32-sX) = 5(a 5 X 

whence 

(13) a*X+1 - / 3 5 X + 1 > 5(a6 X - /J5*)* „ 

We have by (6), (13), (8): 

F JL { a ^ _ ^+1} > J_ 5(a5K _ ^ >5\JL ( a 5x _ /35x) 

5X+1 4~5 V5 TVs 

= 5 F ! x • 
whence (5) Is valid. 

F o r odd n > 3 we have, by (6*), (10), (8), (9): 

L = anx+1
 + /5nx + 1 > ^ 2 n x

 + 3 + ^ x + 1 = a2nX _ 2 + ( 5 + ^ + 1 , 

if 2 
_cX . 

2 

<*2nx _ 2 + £ 2 n X = (a^X + /?n X) = L2, 

whence 
*See edi tor ia l r e m a r k , page 59e 
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(4*) L n X + 1 > L ^ x (2 | n , n * 3) . 

F o r even n ^ 3 we have , by (6*), (10), (8), (9): 

L = c ^ X + 1 + / 3 * X + 1 > a 2 n X + 3 = a2nX + 2 + 1 > a 2 n X + 2 + £2n" 
n X + 1

 2 
( a n x + /3nx) = L 2 , whence 

n x 

(4*) L > L2 ( 2 | n 3 n ^ 3) 
n x + i n x 

F o r n = 2 we have the well-known re la t ion: L = L2 - 2, whence 
2 ! 2 

(4*\ L -, < L2 

' 2 X + 1 2X 

Combining (4*), (4*) and (1*) we have (4*). 

Proof of (3), (3*). 

F o r p + 5, ( p , F v ) = 1. Hence, by the law of repet i t ion of p r i m e s in 

(F ) , the g r e a t e s t impr imi t ive divisor of F ± i s F whence9 by (4): 

pX+1 A p x + 1 / x
p x > F

p x 

i . e. , (3) i s val id for p =(= 5. 

F o r p = 5, by the law of repet i t ion of p r i m e s in (F ), the g r e a t e s t 

impr imi t ive divisor of F - is 5F , whence, by (5): 
5 x + i 5X 

F» -, = F _L1 / 5F > F , 
r sX+1 5X+1 / sX 5X ' 

i . e. , F ! - > F , i. e. , (3) i s valid for p = 5. 
5X-1-1 5 x 

F o r p 4 2, by the law of repet i t ion of p r i m e s in (L ), the g r e a t e s t 

impr imi t ive divisor of L is L , whence, by (4*): L ! . = L / L __ 
P P x P x -1- px+l/ px 

> L , i. e. , (3*) i s valid for p + 2. 
p x 


