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INTRODUCTION 

In o r d e r to cons ider Fibonacci number s , genera l ized Fibonacci n u m b e r s , 

Chebyshev polynomials , and other r e l a t ed sequences all under one heading we 

will d i scuss the sequences genera ted by the homogeneous l inear second o r d e r 

difference equation with constant coefficients, 

(1) u 0 ; u i ; u n + 1 - a u n + b u ^ , for n ^ 1 . 

F i r s t we note how the specia l c a se s a r i s e . If a = b = 1, then the genera l ized 

Fibonacci n u m b e r s , H , d i scussed by Horadam [2] a r e produced. F u r t h e r 

special izat ion leads to Fibonacci n u m b e r s , F , for u0 = 0, Uj = 1; to Lucas 

n u m b e r s , L , for u0 = 2, ut = 1. If a and b a r e polynomials in x, then 

a sequence of polynomials i s generated. In pa r t i cu l a r , If a = 2x and b = - 1 , 

then we have Chebyshev polynomials [ 1:10.11]— of the f i r s t kind, T (x), for 

u0 = 1, \it = x; of the second kind, U (x), for u0 = 1, ut = 2x. 

FIBONACCI-CHEBYSHEV RELATIONS 

Since the same difference equation can be used to genera te these ent i t ies , 

by an appropr ia te in te rpre ta t ion of a, b , u0? and u1? one then expects r e l a -

t ionships to exist between some of them. The Fibonacci and Lucas number s 

a r e r e l a t ed to the Chebyshev polynomials by the equations 

2 i ~ n T (i/2) - L ; i~n U (i/2) = F _ . n w ' n 3 n w ' n+1 

The second of these can be obtained, for example , by consider ing 

U0(x) = 1; Ui(x) = 2x; U n + 1 (x) = 2x l y x ) - V ^ x ) , 

substi tuting i /2 for x, and multiplying by i so that we have 
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U0(i/2) = 1; i ^ U i d ^ ) = 1; i" n " 1 U n + 1 ( i /2) = i"nUn(i/2) + i " n + 1 U n ^ ( i / 2 ) , 

which is the same as the Fibonacci sequence, 

Fj = 1; F2 = 1; F __ = F + F 1 , for n > 2 . 1 J ^ ' n+1 n n - 1 ' 

This close relation leads one to investigate sources for Chebyshev poly-
nomials in order to try to find not too familiar relations involving Fibonacci and 
Lucas numbers, and vice versa. One such standard source for identities in-
volving Chebyshev polynomials is Erdelyi, et ah [1:10.9, 10.11]. Most of the 
results which can be obtained were known as early as Lucas [3]; in fact, much 
of his discussion contains relations with trigonometric identities which lead, 
of course, to Chebyshev polynomial identities, since 

T (cos e) = cos n0 , U (cos 0) = sin (n + 1) #/sin i 

Some examples of such pairs of relations follow. 

m=0 * v ' * 

[ n / 2 ] / n _ m , 
m=0 

n [ n / 2 ] H , m . 
m ! (n - 2m) ! T (x) = S L 2 'til fr-V^-' (2x)n_2m [ I : " - " (22)1. 

n ' 2 ^ m! (n - 2m) ! v ' L v / J m=0 

= K2] n , n _ m 
n ^ n - m \ m 

m=0 

Examples of interesting generating functions are given by [1:10.11 (32), 
(33)] which for x = i / 2 , z = -iu lead to 

- I oo 
(2) 2~2 (1 - u - u2)%l - u/2 + (1 - u - u2) V = u"1 2 2~2 n ( 2 n ) F u11 

n=0 \ n / n 
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(3) 2"2 (i _ u _ u 2 } 4 { i _ u/2 + (1 - u - u2>n = s 2 - 2 n _ 1 f 2 n ) L u11 

If the s e r i e s (2) and (3) a r e mult ipl ied together a s power s e r i e s , then we 
have 

2~ i ( l - u - u V 1 = u - i z ( I 2 " 2 - 1
 k T f f ) ! i ^ ; 2 k l i , L , F t ) u n ;• n=0Vk=0 k ! k ! ( n - k ) ! ( n - k ) ! k n - k | 

However, th is i s a genera t ing function for F , 

2-1(1 - u - u2) = u"1 2 ( F / 2 ) u11 , 
n=0 

so that by equating coefficients and r e a r r a n g i n g somewhat we obtain 

J^hU-fcK-Jl s - ̂ J(2: 
Two examples of explici t formulas can be obtained by substi tuting X = 1, 

x = i / 2 into the second fo rms of [ 1 : 10.9 (21), (22)] , s ince C1 (x) = U (x), 

and simplifying. 

_, , , , m 2m + 1 / m + k + 1 \ . ,_vk 
F2m+1 = ™ kf 

* 2 m + l / m + k + l \ k . 
_Q m + k + 1 [ m - k / l ° ' ' 

^ . n ,m / m + k + l \ , _.k 
2m+2 * ;

 k ^ Q I m - k 

IDENTITIES FOR THE DIFFERENCE EQUATION 

In gene ra l , the solution to the l inear difference equation can be wri t ten 

(4) u n = {z£(uj - Z l u 0 ) - z?(Ui - z 2 u 0 ) } / ( z 2 - zt) 

provided z2 4= Zj a r e the roo t s of the c h a r a c t e r i s t i c equation z2 - az - b = 0. 
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(A suitable modification can be made for z2 = Zj by a passage to the l imi t — 

the formulas mus t be a l te red appropria te ly . ) An in te res t ing method of a r r iv ing 

at this i s given by I. Niven and H. S. Zuckerman [4: pp 90 — 92J0(This method 

can be extended to higher o r d e r difference equations and to non-homogeneous 

equations. F u r t h e r , it has an analog for differential equations. ) If the z ' s 

a r e exp re s sed in t e r m s of a and b and the resu l t ing binomials a r e expanded, 

then an a l te rna te form of considerable use i s obtained, 

/rx o _ n V n \ n - 2 k / o . , x k 
(5) u n = 2 u0 2 ( 2 k ) a (a2+4b) 

0 - n [<n -D/2 ] / Q \ n _ ! _ 2 k „ ic 
+ 2 (2Ul - au0) S U k + 1/ a ( * 

Here we can define sequences from the sums in (5), for n 2: 0. Let <p0 

= 0, (̂ j = 1; Xfl = 2, \ j = a so that 

o-n+1 [ ( Q"1 ) / 2I / n \ n - l - 2 k , , ^ . . . k 
(6) cpn = 2 ^ ( 2 k + l J a ( a + 4 b ) , 

(7) Xn = 2 s ^ k ) a ( a ^ + 4b) 

which cor respond , respec t ive ly , to the Fibonacci and Lucas number s . The 

general sequence, u , cam then be wri t ten as a l inear combination of t he se ; 

i . e . , 

(8) \ = 2 u o X n + 2 ( 2 U l " a u o ) ^ n • 

Since also from (4) we can wri te 

<Pn = ( z 2 " z i ) / ( z 2 " z i ) » 

\i = { ^ ( a - 2 z i ) - z ? ( a " 2 z 2 ) } / (z2 - z i ) > 

and since ZjZ2 = - b , a re la t ion between the <pfs and XTs can be obtained, 
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(9) X = acp + 2hcp - . ' n ^ n r n - l 

This genera l i zes a known formula, L = F + 2 F re la t ing the Lucas and 

Fibonacci n u m b e r s . The companion express ion , 5F = L + 2L becomes 

(a2 + 4b) <p = aX. + 2bX , . x ' n n n - 1 

These can then be used to e x p r e s s u in t e r m s of e i ther the cp's o r the Xrs; 

(10) un = *i<Pn + b u o V l , 

(a2 + 4b)un = (2bu0 + au 1 )X n + b(2ut - a u 0 ) X n _ 1 . 

One point of in t e re s t i s that the l i s t of ident i t ies given by Horadam [2] for 

h is genera l ized Fibonacci n u m b e r s , H , (u0, % a r b i t r a r y ; a = b = 1) will 
n ' 

y ie ld an analogous l i s t for the general c a s e , with suitable modifications of h is 

formula (1), and with the exception of his formula (16). This l a t t e r , " P y t h a -

gorean re la t ion , n i s based upon the identity 

H 2
 Q - 4H ± 1 H . - H 2 = 0 n+3 n+1 n+2 n 

for which the analog i s 

un+3 " a < 3 b + a 2)VlV2 " b3un = ( V ^ e ^ " a> -

where 

(11) e = u? - 2L\it\i0 - bu2 . 

Unless this ex t ra t e r m i s ze ro ; i . e . , unless b2 = a or u0z = uu the Py tha -

gorean re la t ion does not genera l ize . In the se t of ident i t ies for the genera l 

equation the special case <p in t roducedin (6) plays the s ame ro le with r e s p e c t 

to the u as do the Fibonacci numbers with r e spec t to the H . For example , 

(10) provides an extension of Horadam ' s (7); i. e. , if a = b = 1 so that u = 

H n and replac ing n by r + 1, then (10) becomes 
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H , - — HAF + HI F , - . r+1 u r v r+1 

Two further examples of how one can generalize Horadamfs formulas fol-
low. We consider his (8) and (12), several of the others being special cases of 
these. 

(8) H I _ = H . 1 F ' + H F _ L 1 ; 
7 n+r n-1 r n r+1 ' 

(12) H H ^ . - H H _,_ , ^ = (- l)n"SeF F ^ _, - . 
v ' n n+r+1 n-s n+r+s+1 v ' s r+s+1 

The general expressions are 

(12) u = bu „ <P + u <P „ . v ; n+r n - l ^ r n^r+l » 

(13) u u , , - - u u , , , i =• (-b) ecp w , , - , v ' n n+r+1 n-s n+r+s+1 ' YsY r+s+1 • 

where e is defined by (11); ^„ , by (6). 
Proof of (12). We can write, using (10) 

u ,- = aiu-icp + buncp ., ) + b(ut(^ - + bun<y? n ) n+1 v l v n u v n - l 7 v i r n - l u v n - 2 7 

and then replace hep __2 by <p - a.cp _1 and aut + bu0 by u2 to obtain 

u , -. = Uo <p + bui <P * . • n+1 ^Mi 1 Y n- l 

Hence, by induction, the generalization is obtained. The substitution of r + 1 
for n and n - 1 for r with a = b = 1 reduces this to the case for H f s . 

n 
Proof of (13). If the appropriate expressions from (4) are substituted in-

to the left side of this equation, and the result is simplified, the right side can 
then be obtained. Other formulas can sometimes be generalized in the same 
manner. 

The analog to Horadamfs (13), 

b2u3 + au3 , n - (a2 + b)u u2, ' =• (-b) e(au , - — bu ) , n n+1 x ' n n+1 v ' v n+1 n ' ' 

is more complicated. It reduces to 
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H 3 + K\ n = 2H H 2
± 1 + ( - l ) n e H , . n n+1 n n+1 x ; n - 1 

We note h e r e the mispr in t ; H . was omitted. 
n - 1 

GENERALIZED CHEBYSHEV POLYNOMIALS 

In (1) let a, b , u0, u.t r e p r e s e n t polynomials in x. Then u becomes a 

polynomial in x and the var ious formulas (5) — (13) can be in t e rp re t ed as 

formulas involving polynomials . F r o m (8) we note that these polynomials u (x) 

can be exp re s sed in t e r m s of " F i b o n a c c i / ' cp (x), and " L u c a s , " X (x), poly-

nomia ls . The polynomials cp (x) now play the s a m e special ro l e as the num-

b e r s cp ; for example , formula (12) becomes 

U n + l ( x ) = b < x ) u
n - i ( x ) ^ r ( x ) + u

n ( x ) ^ r + l ( x ) • 

The special case a(x) = 2x, b(x) = - 1 leads to the se t of polynomials , 
H (x), corresponding to the numbers H . We then have analogously from (8), 

Hn(x) = H0(x)Tn(x) + (Hi(x) - xH 0 (x ) )U n _ 1 (x ) , 

where T (x) = — X (x) and U .(x) = cp (x) a r e again the Chebyshev poly-

nomia ls . Other ident i t ies can be wri t ten by inspect ion from Horadam' s l i s t 

for these T genera l i zed Chebyshev" polynomials . 

We note finally that a generat ing function can be obtained in the usual 

manner . One a s su me s a form g(x,z) = 2u (x)z and obtains a re la t ion by 

using the difference equation. F o r the polynomials u (x) this is 

gn(x,z) = {u0(x) + (Ui(x) - a(x)u0(x))z} {1 - a(x)z - b (x )z 2 } - 1 . 

Hence the specia l c a s e s X (x) and cp (x) can be genera ted from 

g x (x ,z ) = {2 - a(x)z}{l - a(x)z - b(x)z2}"1 , 

g^(x,z) = z { l - a(x)z - b (x )z 2 } - 1 
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