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1. In a recent paper [1], Cadogan has discussed the function (Pk(n)
which satisfies the recurrence

together with

() dol) = p(n)
and
3 9, ) = 257 ( =1)

As usual p(n) denotes the number of unrestricted partitions of n, so that

= -1
@ D pws® = ﬁ - .
=0 n=

The object of the present note is to obtain a generating function for
(j)k(n). Put

(Dk(x) =Z¢k(n) =,

n=k

Dy = ) PRy - Z 9, x5

k=0 n,k=0
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Then, by (1) and (3), we have

D) = 27N D (o w1 46 @ - D"
n=k+1
= Zk_l Xk + xz:d>k(xn)xn + xzdxk_l(n) P
n=k n=k

= S g @)+ xe W) -0 O - D
so that
(5) 1 - P = xdy(x) ,
(6) a1 - x)cbk(x,) = Zk—zxk = x(bk_l(x) &k =1).

It follows that

-]

[Feb.

d(x,y) = Ppx) + P(x)y +Z¢k(x) yk
k=2
= dolx) + 1—X_31E Dyx) + 7 L XZ{zk 255 4 XP, (x)}y
k=2
= Py(x) + T——;:Tk—; (D(X,Y)
We have therefore
a - X)‘Do(x) Xzyz
®(x,y) =i-x-xy +(1—X—Xy)(1-2xy)
@ o :
_ 1 -x X
T 1-x-xy H(l—x) (1—x—xy)(1-2xy)

n=1
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2. By means of (7) we can obtain an explicit formula for <1)k(x).

1-x xy \* £

T = 1 - Y = S S A

- X - Xy 1-x (l—x)k
k=0

and

T-x- Xy)(l ~oxy) T E PR Z(ZXY)

r=0
© k
-2 49
r+1
k=0 =0 a-
it follows that
k £2 kr2 k
(8) b, (x) = ————— Py(x) + —
k a - x)k —~d (1 - X)r+1
=0
Moreover, since
[>e)
1 _ ( T + s) s
T+l Z T ?
a-x s=0
Eq. (8) implies
n-k k-2
_ k+r-1 k-r-2{n -k +r
@ 9 ) = D ( . )p(n—k—r)+§ 2 ( r
r=0 =0
(=

For k =1, we have

)
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n-1
(10) ) = Z p(n - 1)

r=0

as is evident from (5).

Replacing k by n -k in (9) we get

k n-k-2
_ n-k+r-1 n-k-r-2f(k +r
an 9, @ =) ( ; )p(k LEDIE ( . )
r=0 r=0
n=k + 2)
Cadogan [ 1] has derived the formula
k n-k-1
_ n-r-1 k+r -3\ n-k-r+1
D M Gt R D (e £
r=3 r=0
(12)
k-3 n-k-1
=Z(n-k+r—1)p(k_r)+ Z(k+r—3)2n—k—r+1 .
T r
r=0 r=0

B=k <n, n= 4)

To show that (11) and (12) are in agreement, it suffices to verify that

n-k-2

Z Zn—k-r-z(k + r\ﬁ

bst r J
n-k-1

(13) - Z 2n—k—r+1(k+£-3>_<nl—{1)_(E:i)_z(ﬁ:g)
r=0
n-k-2
- Z 2n—k—r+1<l<:+¥—3)_<nl—<2) _ 2<E:f)_4(§:§>
r=0 =k +2)

Since
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o n-k-2

§ : Xn—k—z § : 2n~k—-r—2<k;l.-r>
n=k+2 r=0
e [£e]
_Z<k+r>xr y Vo0 D 1
B T B k+1
=0 e i-x" Q- 2%
and

0

E n-k-2
X

$ e 0179 (52 e o(12)

n=k-+2 r=0
_ 8 _ 1 _ 2 _ 4
1-x052%0 29 - @-mf @-»t
_ 1
1 - »5a - 2x)

it is evident that (13) holds
3. Put

n
b = DG5S,
k=0

so that

Yoly) = 1, U@y =1+, Yoly) = 2+2y+2y2

Then by (1) and (3), for n = 2,

n-1
) = pl) +Z {90 -1 +¢ - HIyE 4 2P0
k=1
= pw) + @y 1 ® - pl - 1) + 3l 6 - h-2yi-ly ool o
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Thus

n-2 n
(14) ‘l’n(Y) = pn) - pln - 1) + (1 + y)(pn_l(y) + 2%y = 2).

For example,

o(y) 1+@0+y2+y2=2+2y+ 2y

Yi5(y) 1+ @+ 9@+ 2y + 2y%) + 29°

= 3 + 4y + 4y? + 4y° .

It is also evident from (14) that

@5 Y, = pw - pl - 1 + 2"+ 29 @) = 2)
and
(16) (1) = pk) - pl - 1) + (-" 272 (= 2.

The last two formulas are also implied by (7).
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