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1. INTRODUCTION

In this paper, we set out to establish some results about third-order re-
currence relations, using a variety of techniques.

Consider a third-order recurrence relation

(1.1) S, = PS, ; +Q, ,*RS, _; (@=4, § =0,

where P, Q, and R are arbitrary integers.

Suppose we get the sequence
(1.2) {Jn'}, when S =0, S, =1, and S5 = P,
and the sequence
(1.3) {Kn}, when S =1, S =0, and S5 = Q,
and the sequence
(1.4) {Ln}, when 8 =0, S, =0, and S3 = R .
It follows that

Ky =Jy - J1 Ky = Jg - PJy

and for n= 3,

*Part of the substance of a thesis submitted in 1968 to the University of New
England for the degree of Bachelor of Letters.
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(1.5) Kn = QJn—l + RJn-Z ’
and
(1.6) L, = RJn—l

These sequences are generalizations of those discussed by Feinberg [ 2], [ 3]
and Waddill andSacks [6].

2. GENERAL TERMS

If the auxiliary equation
x3-Px2-Qg-R =0
has three distinct real roots, suppose that they are given by «,f8,y.

According to the general theory of recurrence relations, Jn can be rep-
resented by

(2.1) 3, = APl 4 opptl C,yn—l ,
where

A = o B =
and

C = —n¥t
@-9B -1

(A, B and C are determined by Jy, Jy3, and Jjs.)

The first few terms of {Jn} are

@) = 0,1, P, P2 + @, PP + 2PQ + R, P!+ 3P%2Q + 2PR + Q.
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These terms can be determined by the use of the formula

[n/3] [n/2]

(2.2) E Z pt-3i-2j of

where anij satisfies the partial difference equation

(2-3) %nij ~ *n-1,4,7 T %n-2,1,§-1 © %n-8,i-1,j

a . = (n h j)
nO] J

~ <n - 21)
a . = .
nioc 1

Js = agP? + agy PQ + ag R
300 01 310

with initial conditions

and

For example,

PP+ 2PQ + R.

Formula (2.2) can be proved by induction. In outline, the proof uses the
basic recurrence relation (1.1) and then the partial difference equation (2.3).

The result follows because

[(a-1)/3] [(n-1}/2]
_ p-3i-2j
Pt 2 8 Z SERNL AL
[(n-2 /3 n/Z

_ n312]]
QJn Z E:n21]1 Q
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/3]  [(n-3)/2]

n-3i-2j j
§ : 2 : ah- 3,i—1,jP Q-

i=1

By using the techniques developed for second-order recurrence rela-

tions, it can be shown that

(24 (P+Q+R - 1)2Jr =J +A-Pg L+t A-P-QJ -1

n+3
r=1

It can also be readily confirmed that the generating function for {Jn} is
(2.5) E Jnxn = (1 - Px - Q< - Re%) 7
n=0

3. THE OPERATOR E

We define an operator E, such that
(3.1) EJn =J

n+l ’

and suppose, as before, that there exist 3 distinct real roots, «, B8,y of the

auxiliary equation
S .Px2-Q-R =0.
This can be written as

X-)x-Bx-9=&-px+qx -9 =0,

where
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and q = of .

The recurrence relation
In = PJn—l * QJn—Z * RJn~3
can then be expressed as
(E3 - PE% - QE - R)J =0 (replacing n by n + 3)
or
(3.2) (B2 - pE + )& - NJ =0,
which becomes

(3.3) (E2 - pE + Pu, =0

or

if we let

where {un} is defined by

(3.4) Woo = PU 4 - Qs n =0), u = 0, uy =1,

In other words,

(3.5) u = Jn+1 - ')/Jnl

and the extensive properties developed for {u_} can be utilized for {3}
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In particular,

2 _ . - n-1
(3.6) e R q

becomes
_ 2 _ - -
(Jn+1 'an) (Jn 'an—l)(Jn+2 an+1)
This gives us

2 _ _ 2 _
3.7 (Jn+1 Jan+2) + 7(J11+1Jn Jn+2Jn—1) * 72(Jn J

Another identity for {Jn} analogous to (3.6) is developed

Since
Jn = un—l +"'Jn—l
= lln—l * 7’(un-2 * Jn_Z)
= un 1 +'yun 2 * ')/Z(un 3 * Jn—3)
then
n
_ n-r
(3.8) Jn = E % u.q o
r=1

[Feb.

n-1

=4q

_ n-1
n+1Jn—1) = 4a

below as (4.4).

which may be a more useful form of the general term than those expressed

in (21) and (2.2).

4. USE OF MATRICES

Matrices can be used to develop some of the properties

In general, we have

of these sequences.
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Ss 'P Q@ R[S, P Q RJPE[Ss
S4 = 1 0 0 83 = 1 0 0 Sz
Ss 0 1 0[S, 0 1 0 Sy
and so, by finite induction,
+n-3
Sn P Q R Sg
4.1) Sn-l =1|1 0 Sy
Sn_2 0 1 0 Sy
Again, since
P Q@ R P2+Q PQ+R PR J, Ky RJg
1 0 = P Q R = J3 K3 RJZ
0 1 0 1 0 0 Jdy  K; RJy
we can show by induction that
n —
P Q R Jn+2 Kn+2 RJn+1
n = =
(4.2) § =11 0 0 Jn+1 Kn+1 RJn
0 1 0 g, K, RI 4

Inrz Fnee RIpsa

n _ o,n _
(4.3) (detS)” = R~ = I Ko RJ,
I K, RI 1

By the repeated use of (1.5), we can show that
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Jn+2 Kn+2 RJn+1 Jn+1 Jn Jn+1
= 2
Jn+1 Kn+1 RJn R Jn+1 Jn-l Jn
Jn Kn RJn—l Jn Jn-Z Jn—l
and
J1r1+2 Jn Jn+1
_ 5h=2
(4.4) Jn+1 Jn—l Jn = R
Jn n-2 Jn—l

which is analogous to
(4.5) ufl -u .-u = qn—1

for the second-order sequence {un} defined above, (3.4). In the more gen-

eral case, we get

Sn+3 Sn+1 n+2
_ _ oh-1
Sn = | She2 Sp 1| =8 &
Sn+l Sn—l Sn
and the corresponding determinants are
Sn+3 Spar Spez St S 5
_ h-1
2 Sn Sn 44 R S3 Sy Sy
n+1 Sn-l Sn S2 S &

Matrices can also be used to develop expressions for

ey

2 VK © L
n n n
PO D= T P

n=0 n=0 n=0

=]
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by adapting and extending a technique used by Barakat [1] for the Lucas
polynomials.
Let

a 2 3
X = lay 92 A3

agy agy ass
with a trace
P = aj +ap+ag, detX =R,

and

For example,

a 0 0
X=|0 B 0
0 0 vy

satisfies the conditions.

The characteristic equation of X is

A -PX-QA-R =0
and so, by the Cayley-Hamilton Theorem [4],

X3 = PX* + QX + RL

Thus
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Xt = PX® + QX? + RX

1l

{P* + QX? + (PQ + R)X + PR

and so on, until

n= 9
(4.6) X" =5 XR+K X+L L.

Now, the exponential of a matrix X of order 3isdefined by the infinite series

(4.7) e}‘é

1

1
2-(+2T§+... ,

[ [

= T +
g

where I is the unit matrix of order 3.
Substitution of (4.6) into (4.7) yields

©0 [=e] K
(4.8) e}~(=xzz —,n+X_$_ 2 +1y —
~ n! = n! ~ n!
Sylvester's matrix interpolation formula [5] gives us

(X - D - gD

X _ M
(4.9) e Z T Ry -y
)\1’A2’A3

where Ay, Ay, A3 are the eigenvalues of X.

Simplification of (4.9) yields

> {eMOy - 2)XE +eM0E - DX + Mgy 0 -2 5)1}

)‘1’)\2’)‘3
(4.10) X =

M - )9 = A3) (g - Ay)

By comparing coefficients of ,}v(n in (4.8) and (4.10), we get
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Z e)\i (Ag - )\2)

©o
ZJH _ A13A21A3
E =

=0 M:I;\_z[,?\g O\

=]

n
i

Z.O:L ) T eM s O - A)
n=0 TT(M - )

The authors hope to develop many other properties of third-order recur-

rence relations.
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