NOTE ON THE CHARACTERISTIC NUMBER OF A SEQUENCE
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St. Mary's College, California

Given a sequence of squares formed from the terms of a general Fibon-
acci sequence. It is proposed to set up a quadratic expression that will char-
acterize a given sequence of this type.

First let it be noted that since this is equivalent to an expression of the
fourth degree in Fibonacci numbers, the characteristic number would be a con-
stant that would not oscillate in sign., To find such an expression we may pro-
ceed as follows.

Let the original sequence be given by Hn = Ar" + Bs" where r and s
are the roots of the Fibonacci recursion relation. Then the square term

Gn = Hi = A2r2n + ZAB(rs)n + stzn .

We now calculate three expressions.
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First let it be noted that the A2B* terms which end the expressions for Gn—l’
22 22 ; 3
G and Gn_an 49 are 7A?B? and 47A“B%, respectively. The AB° and

A3B terms of G, _ can be written together as
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A similar expression can be obtained for the corresponding terms of Gn_zf
2_2n 2 2n

G .o If we let G;n = A"r™ + B”s” we have the following relations.
6% = a%*™ 4 B%™ 4 6a%8® + B 6
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_ A4 4n 4 4n 2,2 n-1_x
Gn—lGn+1 = A'r + B's  + 11A"B” + 6AB(-1) GZn
_ A4 4n 4 4n 2.2 n x
G, 9G4 = AT + B's™ +51A"B” +14AB(-1)" Gj
To eliminate all but the terms in A2B? we need three multipliers x,y,z sat-
isfying the relations x+y+z =0
-4x + 6y - 14z = 0
with the solution x:y:x = -20:10:10. Hence the required expression which gives
a characteristic number of a quadratic character is
2 =
2G ) - G 10h41 ~ Guglnag = k.
The value of this expression is K = -50A2B% = -2D? gince the characteristic

number of the original Fibonacci sequence is given by D = 5AB where D is
defined as H - HyHj .

If the initial terms of the sequence of squares are a,b,c, the next two
n+l 2Tn * zTn—l
the fourth and fifth terms are 2c +2b-a and -2a+ 3b +6c. We form K
from these beginning terms of the sequence and find an expression

K = 2a% - 2b%* + 2¢% - 2ab - 2bc - 6ac.
a, b, and c are related by the relation ~Nc = Na + Nb which becomes

a? + b? + c? - 2ab - 2bc - 2ca = 0.
@ P

terms are given by the recursion relation T - Tn—z' Hence.
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may be obtained.
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indicate the fact together with the number of pages in question. Requests for
these notes should be made to:

Brother Alfred Brousseau
St. Mary's College
Moraga, Calif. 94575

The notes will be Xeroxed.
The price for this service is four cents a page (including postage, ma-
terials and labor.)



