
PROPERTIES OF TR1BONACC1 NUMBERS 
C. C.YAlAVIGf 

Government College, IVIereara, Co org, India. 

1. INTRODUCTION 

Let us define a sequence of Tribonaeci numbers 

(1.1) {T }°° = {T (b, c, d; Ps Q9 R)}" 
n 0- n 0 

by 

(1.2) T = bT - + cT 0 + dT Q , 
n n-1 n-2 n-3 

where n denotes an integer ^3 and T0, Tl f T2 are the initial terms P9 Q8 

R re spec tii 
is given by 
R respectively. Then it is easy to show that the n term of this sequence 

(1.3) T = la11 + mbn + nr11 , v n 

where a, b, r are the roots of x3 - bx2 - ex - d = 0 and 1, m, n satisfy 
the following system of equations, viz. , 

(1.4) 1 + m + n = P s la + mb + ar = Qs la2 + mb2 + nr2 = K. 

Our aim is to study the properties of this sequence. The 9 special 
forms which we will refer are as follows: 

(i) { T ; 1 ; } = {T (bf c, d; 05 lf b)}0 , 
0 

(ii) ( T ^ = (T n (b , c, d; 1, 0, c)}~ , 

(iii) {-ifY = {Tn(b, c, d; 0, d, bd)}~ , 

(iv) { T f f = {Tn(b( c, d; 0, 0, 1)}" , 
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(v) { T ^ } 0 0 = (Tn(b, c, d; 0, 1, 0)}~ , 

(vi) (T (6)}°° = {T (b, c, d; 1, 0, O)}0°° , 

(vii) (T^ 7 > T = (T n (b , c, d; 3, b , b2 + 2c)}", 

(viii) { T i 8 Y = (T
n

( 1 ' l s 1; °' *• 0 )^ ' 

(ix) { T J 9 ) } ° ° = {T (1, 1, lv 0, 0, 1)}" . 
n o n 

2. PROPERTIES OF ( T }°° 

Firstj we recall the following useful relations 9 viz. s 

1 = [{R - Q(b - a) + Pd/a}(b - r)] ~ D f 

(2.1) m = [{R - Q(b - b) + Pd/b}(r - n)] -J D , 

n = [{R - Q(b - r) + Pd/r}(a - b)] L D , 

where D = (a - b)(b - r)(a - r); 

(2.2) a = af + b / 3 , b - bf + b /3 s r = rT + b/3 , 

where af
f bf

 9 rf are the roots of the reduced cubic equations z3 + 3Hz + G = 0; 

(2.3) a< = A l / 3 + B l / 3 , b' = w A l / 3 + w 2 B l / 3
9 r> = w 2 A l / 3 + w B l / 3

9 

where A,B = {-G±\l (G 2 +4H 3 )} /2 ; 

(2.4) D - Df = 3(w - w2)\/(G2 + 4H3) , 

where 

D' = (a1 - b?)(b? - r?)(a? - r f)? H = - ( 3 c + b 2 ) / 9 and G =-(27d + 9bc + 2b3)/27. 
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Some ident i t ies will follow. 

Identity 1. F o r q, qu q2? q3 and u denoting posi t ive in t ege r s (where 
q > 2 ) s 

(2.5) 

q q-1 q-2 q+u 
T T T T 

ô  q r l c^-2 q1+u 
T T T T 

q2 ^z"1 Q2™2 q 2 + u 

L q - 1 V - 2 T q,+u 

Proof. Le t 

(2.6) T ( l ) T + T(2)' T + T ( 3 ) T T = 0 
n+1 q u+1 q-1 u q-2 q+u 

Replace q by q1$ q2 and qg in (2.6). Then we get 

- i l l ) rp , r p \ 2 ) rp rp W n 
Lu+1 qt u+1 q r l u q r 2 "o^+u 

^ « T ^ T ^ + T ® ^ + T f T v 2 - T v u •= 0 , 

(c) T ^ T + r p l ^ ) rp i r p W / r p 

u+1 q3 u+1 o^-l u qg-2 q +u 
= 0 . 

Clea r ly , on el iminat ing T ^ , T ^ and T^3 ) from (2.6), (2.7)a, 

(2.7)b and (2.7)c, the de s i r ed r e s u l t follows. Note the following pa r t i cu l a r 

cases* 

(2.8) 

rp rp rp rp 

q q-1 q-2 q+u 
rp rp rp rp 

q+1 q q-1 q+u+1 

T J.O T _Ll T 

q+2 q+1 q 
q+u+2 

rp rp rp rp 
q+3 q+2 q+1 q+u+3 

= 0 
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(2.9) 
"q+1 

q-1 q-2 2q 

Lq+2 q-1 

q-1 2q+l 

q '2 q+2 

q+3 q+2 q+1 x 2q+3 

= 0 

(2.10) 
q+1 

q-1 q-2 3q 

q+2 q+1 T 
V I 3q+l 

T 3q+2 

q+3 q+2 q-1 x 3q+3 

= 0 

Identity 2. F o r q9 q l s q2, 
(where q + qt = ru q + q2 = r 2 , 

, q3 and u denoting posi t ive in t ege r s 
, q + q9 = r 9 and q > 2), 

(2.11) 

jT2 
q 

T2 
r i 

T2 , q -1 
rp2 

Vi 

T2
 Q T2 T T - T T 0 •• q-2 q+u q q-1 q q-2 

T2
 0 T2 ^ T T 1 T T 0 •• r j - 2 rA+u r j r j - 1 rj r$-2 

q-2 q+u 
8 T QT ^ rA-2 r4+u 

T2 

r 9 

The proof i s left to the r e a d e r . 

Identi ty 3. F o r q, qj_s q2, q3 and u denoting posi t ive in t ege r s (where 

q + qt = r l 9 q + q2 = r 2 , q + q3 = r 3 and q > 2) if 

then 

A = T T + T - T - + T 0 T 0
 + T _«_ T _._ » 

q q A q r j q-1 r j - 1 q-2 r 4 - 2 q+u rj+u 

(2.12) 

A A A A 
qo mt qq2 qq3 

A A , A _,_ A qq-t r ^ r4+q2 r t , q 3 

A A ^ A ^ A qq2 V ^ r2+q2 r 2 , q 3 

A A ^ A _^ A qq3 r 3 + q i r3+q2 r 3 , q 3 

= 0 
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The proof is left to the reader. 

Identity 4. For q9 q^ q29 °°8
9 q9 and u denoting positive integers 

(where q + OJ = rl9 q + q2 = r2, • 8 9 , q + q9 = r9 and q > 2) if 

• D = rp2 rp2 -f T 2 T 2 + . • . + T T T T 
^ iqir1

 + S-lrj-l + + i q i q - l i r 1
i r 1 - l 

+ • • - + T 0T T QT , , q-2 q+u r t-2 ri+u 

then 

(2.13) 

B B B 
qo mt qq2 qq3 

qQi 
B B B 

><k Tl>% V S 

Bqq9 \ ^ Br95q2
 Br99q3 

B 
qq, 

B 
r i » q a 

r9^qo 

= o 

The proof is left to the reader. We proceed to construct a field closely 

associated with ( T } which may be called hereafter the "Tribonacci field*" 
& o 

The elements of this field are 

(2.14) XXJ 

Y * -2* n = Q9 1, 29 

For n ^ .3 9 these elements modulo X3 - bX2Y - cXY2 - dY3 are the 

second-degree polynomials 

(2.15) X11 _ -(1) ,(2) 
Y*" 

= TKX\ X2 + Tv% XY + dTl i ;
0 Y: (1) 

n - 1 n-r n-2 

In this field, if P = Y2
9 Q = XY and R = X2

9 then the above-cited 

properties hold true. 

3. PROPERTIES OF {T ( 4 ) }°° 
n o 

For this sequence, 
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(3.1) 1 = (b - r ) /D, m = (r - a)/D, n = (a - b)/D 

and the n member is given by 

(3.2) .(4) = fo_- r)an + (r - a)bn + (a - b)rn 

"n fa"""- b)(b - r)(a -~rT~ 

or 

(3.3) T (4) = (bf - r')(a' + b/3)n + (r* - a')(bf + b /3) n + (af - bT)(rT + b/3)n 

n (a? ™ ^ ? J ( b r ^ 7 ^ a f - rf) — 

(3.4) 

We simplify (3.2) and (3.3). Rewrite (3.2) as 

_(4) r n+1 n , n . , n n+1 , n , un , n i 
T = | r - a r - br + ba - r + r a + rb - ab J 

-0 [(a - b)(b - r)(a - r ) ] 

= 1 l ( r - a ) 
a - b J "~ (r - b)(r - "~sT 

l ) ( r . b) - (r - a)(rn - b n ) 

- i n n n un 1 | r - a r - b 
r - b a - b 1 r - a 

(3.5) 

or 

This expression may be simplified as 

,(4) = r " " 1 1 - ( a r " 1 ) ' 
'n a - B J 1 - (a/rj" 

1 - (br ) °__(b7rr 

44) 
a - b 

1 n-1 ± n-2 2 x n-3 3 x ^ n-1 t n-1, 
r a + r a + r a + «•° + ra - (r b 

(3.6) 

, n-2, 2 , n-3, 3 ^ ^ , n - 1 , 
+ r b + r b + «• • + rb ) 

— ^ JrI1""1(a - b) + rn~2(a2 - b2) + r n"3(a3 - b3) + •• 
' , , n-1 , n - L 

+ r(a - b ) 
n-1 , n-2/ , ,v , n-3 / 9 , , ,' 2\ . r + r (a + b) + r (sr + ab + bz) + • • • 

z n-2 , n-3. , , , n-2 v 
+ r(a + a b + • • • + b ) . 
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Consider (3a3)9 Let 
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(3.7) A l = J -G^(G2
+4H3)^ 

Clearly, 

1 / 3 T, - i -G - N/(G2 + 4 H 3 ) } 1 / 3 
B]. - j g 

• \ 

(3.8) af = At + Bi, b! = wA4 + w2Bt and b? = w2At + wBt 

On substituting for aT, bf and rf from (3.8) in (3.3), we have 

T
n

4 ) = [{(w - w2 )At + (w2 - w)B1}(A1 + Bt + b/3)n + {(w2 - DAj 

+ (w - l)Bt} (wAt + w2Bt + b/3)n + {(1 - w)AA + (1 - w2 )Bj} (w2At 

+ wBi + b/3) n ] ^ D 

*r=n 
^ nCr(b/3)n- r{(w - w2)(At + Bi)r(Ai - Bt) 

+ (wAi + w2Bi ) r [(w2Aj + wBi) - (Ai + Bt)] + (w2At + wBi ) r 

(3.9) 
X [(Ai +Bt ) - (wAi +w2Bi)]} 

r=n 

^ {3(w-w2)(Ai3 - Bf)} 

2 nCr(b/3)n""r{(w - w2 )(Ai + Bi )r(Ai - Bi) + (At + Bt) 
r=0 

X [(w2AA + wBi ) r - (wAA + w2Bi ) r ] + (w2AA + wBi )(wAt + w2Bt f 

- (wAi + w%t )(w2Ai + wBi ) r } 7 (3(w - w2 )(A? - B?)} 

[r=n J 

£ n
c

r ( b / 3 ) n " r {(w - w2 )(At + Bi )r(Ai - Bi)'+ (At + Bi) 
r=0 

X [(w2Ai + wBi ) r - (wAt + w2Bi ) r ] - (Af - A4Bi + B?) [(w2Ai r - l i + wB 1 ) r " 1 - (wAi + w 2 B t ) r l]} 4 {3(w -w 2 )(A| -Bf)} 

Since 
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s=r 
(wAi + w2Bi ) r - (w2A4 + wBi ) r = M Y c i 8 - y s - 1 * / 2 

1 s=0 

X (AA + B i ) 1 7 " 8 ^ - B i ) S [ l - (-1)S] 

[Apr. 

for i = NPT, w = (1 +i\/3)/2 and w2 = (1 - iN/3)/3, (3.9) can be rewritten 
as 

.(4) 
r=n 
2 n C r ( b / 3 ) n " r jW^Ai + B1)r(A1 - ^ ) - (A4 + Bj) 
r=0 

s=r 
»2rCBi"-^»\+B1,'-Wl.Bl,« 

4 s=0 

X ( 1 - (- l ) a ) + (At2 - AtBi + B2) 
s=r-l 

î  y c i3-1 

„r-l - ^ r - l V s=0 

x a ^ - 1 ^ 2 ^ + B1)r-s-1(Ai - B l ) s ( i - (-i)s) 

(3.11) t [3iN/,3(Ai
3-B1

S)] 

r=s 
S n C r ( b / 3 ) n _ r l ( A i + B i ) r (Ai - ^ ) - (Aj + Bj) 
r=0 

X 
r=s 

iE^/'^^V^r-^-BOs 
r=0 

X (1 - (-1)") + (Al - AtBi + B?) 
s=r- l 

^r-1 Z^ r-1 C i s 
s-1 

s=0 ^ 

X S ^ - 1 ^ 2 ^ + B ^ ^ V - Bi)B(l - (-1)S) 

f {ml -4)} . 
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(3.12) 

However on combining (2.3) and (3.2) 9 

T f = [{(w - w ^ A 1 / 3 + (w2 - w m ^ V ^ + B ^ + b / S ) 0 

+ { (w2 - 1 ) A 1 / 3 + (w - 1 ) B 1 / 3 } (w A 1 / 3 + w 2 B 1 / 3 + b / 3 ) n 

+ { (1 - w ) A 1 / 3 + (1 - w2 ) B 1 / 3 } ( w 2 A l / 3 + w B 1 / 3 + b / 3 ) n ] 
-*• [3(w - w 2 ) ( A - B)] 
6=n 

= E */3 n _ 6nC6L6 > 
6=0 

where 

J3k 

"r=k-l 

r=o 

( 3 k - 3 r - l ) / 3 _ ( 3 r f 2 ) / 3 , r _ r v 
15 l 3k^3 r+ l 3 k ^ 3 r + 2 j f (B - A), 

J3k+1 

r=k 

E* 
r=0 

(3k+ l -3 r ) /3 ^ ( 3 r + l ) / 3 ( __ , 
^ v3k+l 3 r 3k+l 3 r + l ; ( B - A ) 

and 

J3k+2 

r = k - l 
B (3k+3)/2 _ A (3k+3) /3 + y ^ A ( 3 k - 3 r ) / 3 

r=0 

Le t 

( 3 r + 3 ) / 3 , r __ r v 
° l 3k+2^3r+2 3k+2 3 r + 3 ; 

J 
4. PROPERTIES O F { T ^ } ° ° 

n 0 

T ( B - A ) 

,(5) = (b - a ) ( b - r ) a n + (b - b)(r - a )b n + (b - r ) (a - b ) r n 

•n D 

(4.1) = [b{(b - r ) a n + (r - a )b n + (a - Wr11} - {(b - r); n+1 

n+1 n+l i + (r - a ) b n + 1 + (a - b ) r n + ± } ] ~ D 
= . (4) __ T (4 ) 

n n+1 
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(5) This relation is useful in deriving expressions of T w similar to those 

of T<4>. n 

,(6h 
"n ; 

Proceeding as in previous section, it is easy to show that 

5* PROPERTIES OF ( T ( }}°° 1 n % 

(4) Note that this equation connects up expressions of T in Section 3. 

6. PROPERTIES OF ( T 1 0 } ° ° 1 n \ n * 
In this Section, we state without proof the following identities; 

(6.1) 2(T<7) - 3dn) = T(7){2TQ
(7) - (T( 7 ) )2 + T^7)} , 

3n n l 2n n 2nJ ' 

(6.2) T<7) = T(7)T<7) - T J 7 ) [ { ( T ( 7 ) ) 2 - T<7)}/2] + dnT(7) . 
4n n 3n 2n L L n 2nJ/ J n ' 

,fi ov T(7) _ T(7) = T(7) (7) _ T(7) (7) _ (7) r(lT(7) ,2 

v°-°> x4n+4r 4n n+r 3n+3r n x3n x 2n+2rL l K n+r ; 

" ^S+,)/2] + T<7>[{(T<7))2 - 2 T 5 / 2 ] 
n(T(7) _ T ( 7 ) 

n+r n ? 

(6.4) 2T*7) = 3T( 7 )Ti7 ) + 6dn - (T( 7 ) ) 8 = T ^ f S T ^ - ( T ' 7 ' ) 2 } + 6dn 
3n n 2n n n l 2n n J 

and 
(an (r{V J ,T(7h3 - *rT(7)T(7) T(7) (7K «rT(7) T(7h 
{b'5} ( Tn+r} • ( Tn } " ^ T n+r T 2n+2r " T n T2n^ ~ ^ T 3 n + 3 r ~ " W 

for d = 1. 

co 

7. PROPERTIES OF { T ( 8 ) } 1 n Jo 
r (8)i °° r (9h°° 

This section will give identities relating to ( T ) and (T ) . They 
are: 

(7.1) T(9> - T( 8 ) = T ( 9 ) , , 
n n n-3 
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(7.2) 

(7.3) 
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(9) (8) _ „(9) 
n i n i n + l ' 

, (9) 2 (8) 2 _ (9) (9) (T n ) - (TQ ) - T n _ 3 T n + 1 , 

241 

( 7 . 4 ) 2 ( T (9) }
2
 = T(9 ){T(9_)3 + TWi} 

and 
,7.5, 4T«>Tf - ( I ^ ) ' - « « , ) • . 

88 PROPERTIES OF { T ( 9 H ° ° 

r (9V> oo 

This section will discuss the congruence properties of {T '} modulo 
mf a positive integer. We note the following identity: 

(8.1) T ( 9 ) = T(9> T ( 9 )
 + (T<9> + T(9>)T

(9> + T(9> T(9> . 
q+u u+2 q u+1 u ' q-1 u+1 q-2 

r (9) -> °° 
Some theorems concerning {T (mod m)} will follow 

r (9) i°° n ° 
Theorem a. ( T (mod m)} is simply periodic. (9) " n 0 (q) (q\ (q) 
Proof. For some n and a, let Tv ' = Tx % (mod m), TK ; = T 

— (9) (9) n " x n - 1 n a 

(mod m) and T ' = T ' (mod m), From these congruences, we obtain 

(8.2) T®. = T«» (mod m) , 

where t denotes an integer ^2e Since m2 pairs of terms are possible in 
r (9) 100 

this ser ies , ( T (mod m)) must return to the starting values thus becom-
ing simply periodic. e 

Theorem b. For a prime factorization of m in the form m = U $ the 
period of {T^ (mod m)}°° is the lowest common multiple of all the periods 
of 

,(9) 6-{ T f (mod p.1)} 

r (9) i°° Proofa Let k(m) denote the period of ( T (modm)} . Then k(m) is „ n o 
of the form 
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c J^p . 1 ) , 

where c. denotes a related constant. Therefore, 

e_. 
k(m) = 1. c. m. [<'>] 

(9) (9) 
Theorem c. For some q, if Tv = 0 (mod m) and T '' = 0 (mod m), 

~~ (9) q (9) q l 

then the subscripts for which T = 0 (mod m) and T ' = 0 (mod m) form 
simple arithmetic progressions. 

Proof. Let 

T( 9 i l + 1 B T<?> _T®> + (T<9> + T<?>)T<9> + T<9> T(9> q+q*+l qf+2 q+1 q?+l qf q q?+l q-1 
*8,3* (9) (9) = T 1 , ' T w - (modm) . qf+l q-1 

(9) For qf = q - 1 and q, this congruence shows that T ' = 0 (mod m) 
(9) q 

and T^ + 1 = 0 (mod m). Similarly, we can obtain 

T ! 9 ) = 0 (modm), T*9)
(1 = 0 (modm) , 

o q «jq+J-

T^9) .= 0 (modm), T^9)
+1 = 0 (mod m), etc. 

Therefore, it follows that n is of the form xq, x = 1, 2, • • • , so that n 
and n + 1 form simple arithmetic progressions. 

Theorem d. Let Hf = 32H, GT = 33G and (Gf)2 + 4(H!)3 be a quadratic 
residue for primes of the form 3t - 1. Then k(p) 1 (p2 - 1). 

Proof. Denote p2 by 3tf + 1. Then 
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fr-t ? 

L - 3 3 t f L - S3 t ? l£A 
ir=0 

( 3 t ' + l - 3 r ) / 3 

(8.4) 
B ( 3 r U ) / 3 f r 

X B l s t i + i c 3 t ' + l " 3 r - 3 t ' + l C 3 r + 1 ) 4- (B - A) 

= 3 3 t V 3 t ' + 1 ) / 3 B 1 / 3 - B( 3 t ' + 1 ) / 3A1/3) - (B - A) 

243 

(8.5) 

= 3H'UJ., (modp) 

T _ 3 3 t ' _ ,3t« 

r = t ' - l 

r=0 

B(3t»+3)/3 _ A(3t»+3)/3 

3t» +2 C 3r+2-3t ' +2 C 3r+3 * - (B - A) 

- 3 3 t ' ( B t , + 1 - A t , + 1 ) i ( B - A ) 

" U t ! + 1 ^ ^ ^ 

and 

_ 03t? 
L 3 t ' + 3 - 3 

r=t? 

E A ( 3 t * + 2 - 3 r ) / 3 B ( 3 r + 2 ) / 3 ( c 
3 r + l - 3 t ' + 3 C 3 r + 2 * 

r=0 

(8.6) (B - A) 

= 3
3 t ' ( A 2 / 3 B ( 3 t ' + 2 ) / 3 - B 2 / 3 A ( 3 t ' + 2 ) / 3 ) ^ ( B _ A ) (A 

= (1/3)(H')2U{., (modp) 

so tha t 

(8.7) 
and 

,(9) 

T§[!+1 s 3H'U' (mod p) 

,(9) 
T 3 t .+2 E H ' U t - + U t<+1 ( m 0 d P ) 

T 3 t ' + 3 - ( 1 / 3 ) + ( 2 / 3 ) U t ' + l + d/3^')2^, + 0-/3)WWt, (mod p) , 
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where 
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U' = -GfUf + (Hf)3Uf -n+i n n-1 

[Apr, 

for n = l , 2, . . . f Uj = 0 and u{ = 1. Since 

U3t-2 E ° imod& a n d U(3 t-2)+l s * ( m o d P>> 

we get 

Therefore 

.0) 

UJ, = 0 (modp)' and IP = i (m od p) 

(8.8) T^i+l = 0 (modp), T^J + 2 = 1 (modp) and T<J}+3 = 1 (mod p). 

These congruences imply 

T^J = 0 (mod p) and k(p) | (p2 - 1) . 

Theorem e. For primes of the form p = 3t - 1 where (G1)2 + 4(Hf)3 

is a quadratic nonresidues k(p) | (p8 - 1). 

Let p8 = 3tff + 1. Note that the proof of Theorem 4 holds with tf changed 
to t?f, etc. The proof is left to the reader. 

Theorem f. For primes of the form p = 3t + 1 where (Gf)2 + 4(Hf)3 is 
a quadratic nonresidue5 k(p) | (p2 - 1). 

Proof. Let p2 = 3t + 1. Then 
6=3t+l 

6=0 
3t+l C6I6 

= 33tL 3t+l 
r=t 

s 3 3t 

(8.9) 

k - A ( 3 t + l - 3 r ) / 3 (3r+l)/3 1 
/ '*-' K 3 t+ l u 3 r -3 t+ l C 3r+ l ' I 
lr=0 

T (B - A) 

s 3 ^ ^ ( 3 ^ 1 ) ^ 1 / 3 _ A l / 3 B ( 3 t + l ) / 3 ) / ( B _ A ) 

£ 3 3 t A l / 3 B l / 3 ( A t _ B t ) / ( B _ 

= 3H'U£ (modp) 
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6=3t+2 

245 

T 0 ) _ o3tT(9) 
•3t+2 3t+2 

,3t 

,3t 

Z (l/3) 3t+2-S 

6=0 
3 t + 2 C 6 L 6 

33t{(l/3)L,f+1 + L a t + J 

(8.10) = H?UJ. + 3' 3t 

3t+l ' ^3t+2-

r = t - l 
+ 

r=0 
B t + 1 - A t + 1

 + £ A (3 t -3 r ) /3 B (3 r+3) /2 

( 3 t+2 C 3r+2"3 t+2 C 3r+3 ) ^ ( B " A ) 

= WU[ + 3 3 t ( B t + 1 - A t + 1 ) / ( B - A) 

= H?U{. + Uj.+ 1 (mod p) 

and 

T (9 ) _ «3tT(9) _ 3 T 3 t + 3 = 6 X3t+3 " 

6=3t+3 
3t V ,, / o v 3 t+3-6 

3 t+3 C 6 L 6 

(8.11) 

E (1/3)' 
5=0 

3 3 t ( ( l / 3 ) 3 t + 3 L o + ( l / 3 ) 3 t + 2 L i + ( l / 3 ) 3 t + l L 2 

+ L 2 ( l / 3 )2L S f + 1 + ( 2 / 3 ) L 3 t + 2 + L 3 t + 3 } 

' r= t 
y * A ( 3 t + 2 - 3 r ) / 3 

.r=0 

J3t+1 

= (1/3) + (1/3)H'U> + (2/3)UJ+ 1 + 3 

, (3r+2)/3 

3t 

B v 
*3t+3 C 3r+l 3 t+3 C 3r+2 ) 

= (1/3) + (l /3)H«ir t + (2 /3 )U ' + 1 + 3 
3* 

f (B - A) 

{ A 2 / 3 B 2 / W - A*)/© - A)} 

= (1/3) + (1/3)H'UJ. + (2/3)Uj.+1 + (1/3)(H')2U{. (mod p) 

F o r the cons idered p r i m e s , i t i s e a sy to show that 

U3t+2 s ° ( m ° d p ) ' U (3 t+2) + l 5 ^ ( - H ' ) 3 } ( m ^ P ) ' 

<8-12> U2(3t+2) = ° ( m ° d p ) ' U 2(3 t+2) + l 5 ^ ( - H ' ) 3 > 2 ( m ° d p ) ' 

U t (3 t + 2) s ° ^ P * ' U t ( 3 t + 2 ) + l s ^ ( - H ' ) 3 > t ( m ° d p ) ' 
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so that 

U{. = 0 (mod p) and Uj.+1 = 2 s 1 (mod p). 

Therefore 

(8.13) T ^ ^ O(modp), T^J_2 = 1 (mod p) and T®?+3 = 1 (mod p)f 

(9) 
when Tg.7 = 0 (mod p) and the desired result follows. 

Theorem g. For primes of the form p = 3t + 1 where (Gf)2 + 4(HT)3 

is a quadratic residue, k(p) | (p8 - 1). 
Let p6 = 3tf + 1. Note that the proof of Theorem f holds with t changed 

to V, etc. The proof is left to the reader. 
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