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An n-place automorphic number x > 1 isa natural number with n digits such that the
last n digits of x* are equal to x (see, for example [1]). In number-theoretic notation,
this definition can be expressed quite compactly as x - x% = 0 (mod 10"). An exampleof a
3-place automorphic number is 625. A recent report [2] indicates that automorphic numbers
with 100,000 digits have been computed.

It is a simple matter to prove that automorphic numbers with any number of digits ex-
ist. Further, if x is an automorphof n digits, then it follows that y = 10" +1 - x is also.
In other words, n-place automorphic numbers occur in pairs. (This statement is not quite
accurate. For example, the "two' 4-place automorphs are 9376 and 0625. If we accept the
convention that aleading zero is distinctive, then 0625 maybe considered a4-place automorph
different from the 3-place automorph 625).

The purpose of this paper is to present the following representations for automorphic
numbers:

Theorem., If x is an n-place automorphic number, then y (mod 10m), defined by

t-1
@) " (_1)k(t - E - 1) (2tt+—k1>xk

k=0

is a tn-place automorphic number, t =1, 2, 3, ***. Moreover,

X
(2) y = % (Ztt) f u - uZ)t_ldu .

0

Remarks. a. Inthe case t =1, the theorem gives the trivial identity y = x.

b. These representations, for the case t = 2, are presented in [3, page
257] and in [ 2].

c. Apparently (due to multiple-precision requirements on digital computers)
these representation formulas do not give any special advantage to their user in computing
automorphic numbers with large numbers of digits. Even other alternatives for doing the
necessary arithmetic with large integers, e.g., modular arithmetic, seem also to present
major problems in appying these formulas.

d. The following definition and binomial coefficient identities are usedin the

proof of the theorem.
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T - 1) eee (r -k + 1) ) S
v k(k - 1) ... (1) s integer k 2 0,
0, integer k < 0;

(3) (E) = E(E - i) , integer k # 0 ;

n
(4) (r ;li- s) _ Z (E) (n f k)’ integer n ;
k=0

(5) (;1) (IE) = (;) (i:i) , integers m,k ;

n
(6) > (-1)“(32) = (-1)“(r . 1), integer n > 0.

k=0

Proof of Theorem. First, by divisibility properties of primes, a necessary and suffi-

cient condition that x >1 is an n-place automorphic number is that either

0 (mod 2n) and x =1 (mod 5n)

(7) or
x = 1 (mod 2n) and x

o]
1

0 (mod 5n) .

1

Hence x = qpn +r, where p = 2 or 5 and r = 0 or 1. Bythe binomial expansion formula,

k
k-m
Xk = Z <11;1> (qpn) rma where k = 1, 2, *** .
m=0

Suppose now that it is possible to find integers s independent of x, such that

s
(8) y = Z ay =
=0

is an tn-place automorph for any n-place automorph x. Then
- tn -
9) y=r mod p ), p=2 or 5, r=0 or 1.

By replacing xk with its binomial expansion and interchanging orders of summation,

tn)

1

t-1 )
i
y = ZAJ- @") = r (mod p
=0
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where
s

k k-j
Aj = Z (j)akr .

k=j

Due to our assumption that y is automorphic for any automorph x, it follows that
Aj=égr, j=0,1,2,¢00,t-1.

Hence, for r = 0, it follows that

(10) ak=0, k=20,1,2,0-,t -1
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Further, for r = 1, the remaining s -t +1 coefficients are related in t linear equations.

If we choose s = 2t - 1, then the necessary conditions on the remaining t coefficients in

the representation y are the t linear equations

2t-1
k = &) =
11) Z(j)ak—iio, j=0,1,2, 00, t-1.
k=t

We now verify that this system has a solution, indeed

(12) 8 = (—1)k"‘(1;:1) (Ztk‘l) . k=t e, 2t-1

defines a set of solutions of the linear system (11). Having proven this result, then y = r

(mod ptn), i.e., y (mod 10tn) is a tn-place automorph.
First, consider the cases j =1, °**, t -1, Let

2t-1
_ k-tfk k - 2t - 1
s= 2 (1 (j)(t-—l) ( k ) .
k=t
So, by using binomial identities (4) and (5)
2t-1 t-1

s - (th- 1) kzzt: (_Dk-t(z‘:l;}j'j) g(i i 1)(tlfil-1) '

By again using binomial coefficient identity (5), we get
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t 1j_:l 1 /21: 1
- E-) (- -1 -

i=0
where

2t-1

B k-t t-j+i
T = Z -1) (k—t-j+1+i)
k=t
2t-1
_ (_1yi-i-1 k-t t-j+i
= (1 Z (1) k-t-j+i+1
k=t+j-i-1
t-1

- (_1)k-t—j+i+1(k £ - j+1 ) _

k=t+j-i-1 Sbogrid

with the first sum in the brackets equal to zero (by a special case of identity (6)).. Then, by
binomial coefficient identity (6) again,

1-]

Hence T =0, since i-j <0, Therefore S=0 for j =1, 2, -+, t-1.
In case j = 0,

2t-1 Kk
_ a2t - 2 -1 ft -1
S‘(Zt'l)(t-l)z k(k—t)
k=t
by first applying identity (3), then (5). Hence replacing k -t by t gives
t-1 Kk
B 2t - 2 ~0)°ft -1\ _
s = (2t-~1)(t_1) Z—-—-Hk( . ) =1,
k=0

since for the Beta function B,

and expanding (1 - v)t"1 and integrating each term yields

[Continued on page 402. ]



