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1. Let
(1.1) A = (a) (19 j= 1, 2, 3)

denote an array of non-negative integers. Let H(r) denote the number of arrays (1.1) such
that

n n
(1.2) E ai]. =71 = E aji (i =1, 2, 3).
j=1 =1

MacMahon [2, p. 161] has proved that

3 2
(1.3) 2 H(r)xr= 1-x2 _1+x+x .

@ - x)$ 1 - x)»

r=0

This result has recently been rediscovered by Anand, Demir and Gupta [1].
Let H(r,t) denote the number of arrays (1.1) that satisfy (1.2) and also

(1.4) E a, =t

i=1
and let H(r,s,t) denote the number of arrays (1.1) that satisfy (1.2), (1.4) and

3

)
(1.5) Z 8 44 = 8-

i=1
MacMahon [2, pp. 162-163] has proved that

0

(1.6) E H(r,n)x" = 1-x = 1+ xd
a-x3a -x3)* -2 -x3)

r=0
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and
o0
(1.7) E Her,r, 05" = &= =) _ @+ x3): )
= a-x3)  @-x3)
In the present paper we show first that if
(1.8) Hir; Xis Aas Ags Ng) = § : )\f‘)\g)\:a?)\?
atb=r
ctd=r
atc=r
b+d=r
a+b+cHd=r
then
o0
E Hrs Ay A Ags AXT
r=0
(1.9)

- 1 - MAoAgh X3
1 - 4x)A - 20 - )@ - AT - AT - Aorsx)

We show next that (1.9) implies

©0
H(r,s,t)x" yS 2t
Ty S, t=0
(1.10) _ 1 - x3y8 78
(1 - xy)2@ - x2)2(1 - xy3z)A - xyz®)
This in turn implies
0
3,3
(1.11) E Hr,t) ¥ 2b = 1-xz
g 1 - %21 - xz)3Q - xz3)
£}

which we show implies (1.6).

In the next place we prove

' H(r,t,t) xF z°

T, t=0

(1.12)
1+ x% + 4x3 73 - 4xb gt - x626 - x8 57

- 1 - x2z4)(1 - 323)(1 - x%z)°
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which we show implies (1.7), We also give a combinatorial proof of (1.7).
Finally, if

R R St

we show that

o0

(1.14) E K(s,t) y° 2t

s, t=0

0+ )1+ 4% + y%af + 4yl + 2%) + yat + 2t)]
@ - ¥y 22 - y2d)

Moreover (1.14) contains (1.7).
2. Proof of (1.9). It follows from (1.8) that

(2.1) H(r; As Aas Age Ag) = Si(r) - Sy(r)
where
(2.2) S(r) = z BRLEY:
atbh=r
cH+d=r
atc=r
b+d=r
and
‘ a, b, c
(2.3 Sy(r) = § : ?\1>\27t37\4 .
atb+cHd<r

Then by (2.2)

8@ = E AN A2 E 2d
b,c=r a=r- b d=r-b
a=r-c d=r-c
=§:}\rbrc2 }\1§)\4
b,c=r a=<b

a=c d<c

Z AFPy rc? Z“

b=c=r a=b d=b

SPIREED WO

c=b=r a=c

f
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DR Z
E?\z A Ay
b=r

a=<b
) 1 _ A§'b+1 1 - )\ioﬂ 1- )\}fﬂ
=E)\z 1—)\3 1—)\1 1—}\4
b=r
r-c+1 c+l c+l

v -¢ 1 - }\2 1 - )\1 1 - )\4
2 T-x, 1-Xx 1-x
Cc=r

yh b \r-b 1 VD Vil
2 1 - 1 -2 °
b<r

It follows that

o0 ©0
; b+l b+l
r _ 1 -\ 1 -4 b rl—)\ r
Zsl(r)x = T- N 1-1; Z" X
= b=0 r=0
[
-~ 1 - Ac+1 1 AC+1 1 -,°F
L e e s el
1 -2 1-
c=0
ey b+l b+l 2
_z 1 -2 1 -2y szhr}\rxr
T - Ny T - Ay 23 :
b=0 r=0

Carrying out the summations and simplifying, we get

il , @ - M)A - Aprgx?)
2.4) ES‘(T)" TR0 - 00T - A0 - 00 - A0 - A DA - A

r=0

Similarly we find that

r o_ X
(2.5) Zsz(r) S e D WE 3 R W53 [ (I v L e )

Since, by (2.1)
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0 )

=0 r=0 r=0

it is easily verified that we get (1.9).
3. Proof of (1.10) and (1.6). Consider the array

a b r—a—b;
(3.1) c d r-c-d .
r-a-c r-b-d k
If
(3.2) a+b+c+d=k+r

then clearly all row and column sums of (3.1) equal r, It follows that

H(r; 1,1, 1, 1) = H(»).

Let
(3.9) a+d+k =t
and
(3.4) 2r - 2a-b-c+d = s.
It follows from (3.2) and (3.3) that
(3.5) t+r =22+b+c+2d.
In (1.9) take
(3.6) Moo= YR, Ay = A3 = yiz, Ay = yzP

and replace x by xy’z-l. The left member of (1.9) becomes
o0
E Hr; y 222, ylz, yz2)xylz )’

r=0

er-Za-b-—c-ld Z2a+b+c+2d—r

r=0 atb=r

cH=r

atc=<r
atb+c+d=r

H(r,s,t) x¥ yS 2t s

1

r,s,t=0

where H(r,s,t) is the number of arrays (3.1) that satisfy (3.3) and (3.4).
the generating function

493

E Hrs Ay Ags Ago AKX = E S (ox" - E Sy(r)x’

We have therefore
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(3.7) E Hir,s,t) x° y° 2t = 1 - x5 y8 a3
T, 8, t=0 @ - xy2Q - x2)2Q - xy®2)1 - xyz?)

To obtain a generating function for H(r,t), the number of arrays (3.1) that satisfy (3.3),
we take y = 1. Thus

0
3,3
(3.8) E H(r,t) x° zb = 1-x2
£, 520 1 - x2%1 - xz)3Q - xz3)
We shall now show that (3.8) implies (1.6). Since
)
@ - %02 - x28)" = E @+ 1) %
a, b=0

it follows that the terms in which the exponents of x and z are equal contribute

o0
3,3
E @b + 1)xP 3P = ﬂ_z_z
= 1 - x323)
Therefore

©0

E:H(rr)xr= 1-x3 1+x% _ 1+ x8
e @-x @-x)" @-»0a-x)

4, Proof of (1.12) and (1.7). Returning to (3.7), we shall now obtain a generating func-
tion for H(r,t,t). We have

1 - xy)-2Q - xz)7%1 - xy3z)—1(1 - xyz3)™!

_ 2 (@+1)b + 1)Xa+b+c+d ya+30+d Z]o+c+3d

a,b,c,d=0
For those terms in which y and z have equal exponents

a+3 +d=Db+c+3d,
so that

a+2c = Db+ 2d.

We accordingly get
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E : E ;(b 20+2d+1)(b+1)x2b c+3d b+c+3d E :(a+1)2 2a+20( a+dc

c<d

E (b + 2d + 1)(b + 1)x2PH20H () brde+dd E (a + 1) 2528720 () akde
b,c,d

=2z E (b+2d +1)(b + 2P _ 1 z (@ +1)%x%2(yz)?,
1- xz(yz)‘1 1- xz(yz)4

Carrying out the indicated summations, we get

1 2 1+ xfyz 4(xyz)® 1+ xtyz
1 - x2y2)t (1 - B52)3 @ - 2yz)? (- xiyz)@ - B)28)? @ - xyz)’

which reduces to

1+ x%yz + 4x3(yz)® - 4x%(yz)t - x8(yz)8 - x8(yz)?
a - 2y - Syd)’a - xyz)®

It follows therefore that

H(r,t, t)x" zt
r, t=0

(4.1)
1 + x% + 4x%7% - 4xPz4 - x828 _ x8y7

1 - x2z4)@ - x323)(1 - xzz)3

To get a generating function for H(r,r,r) we observe that the right member of (4.1) is
equal to

(1 + x%z)(1 + x%23) + 4x373

(4:-2) 3 2
1 - x2z4)1 - x%z) 1 - x2z4)(1 - x32%)(1 - x%z)

The first fraction

= (1 + x%2%) E (@ + 1)? x2212b jatib
a,b

which will contribute

} : 3,3 6 4 xl2 12
1 + x323) @b + 1)%xz)% = 1+ x%2%)(1 + 6x 3+ xl2712)
b (1 - x528)
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The second fraction in (4.2)

_ _4x%3 E :(a +1) X2:;1+2b L+
1 - x32°
a,b

which will contribute

3,3 Z 3,3 8,6
4x°z, (2b+1)(xz)6b= 4x°z, 1+xz2
1 - x353 = 1 - x323 (1 - x626)
The total contribution is evidently
1 + x33)" _ +x%8 )2
Q- 328)a - x628)° @ - x38)°

We have therefore

2
(4.3) E H(r,r,r)xr = Ll——+-—}-<3-)—§ .
r=0 a-=x

As noted by MacMahon, Eq. (4.3) is equivalent to
(4.4) H(3m,3m,3m) = m? + (m + 1) .

We shall now give a combinatorial proof of (4.4). With the notation (3.1) it is clear that
H(r,r,r) is equal to the number of solutions of the following system

a+b+c+d=k+r
k+a+d-=r
(4.5) 2a +b+c-d=r .
a+b=r, c+d=r
a+c=<r, b+d=r

It follows that 3d = r. Thus, for r = 3m, Eq. (4.5) reduces to

2a +b+c = 4m
a+b=< 3m

(4.6) a+c= 3m :
b=2m, ¢c= 2m

For 0 = a=<m, Eq. (4.6) implies
b= 2m - 2a, c=2m - 2a .

Hence
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m-1 2m

H(3m,3m,3m) = E E 1+ E E 1
a=0 2m-2a<b<2m a=m b+c=4m-2a
m-1 2m

]
S
&

+
Lt

+
N
B

1

o
&

+

-
N

a= a=m
m
= m? + E (2a + 1)
a=0

m? + (m + 1)2 .

Il

5. Proof of (1.14). Returning to (1.10) we replace x by x%, y by x_ly and z by
xYz. If K(s,t) is defined by (1.13) it is clear that

K(s,t) y~ z
s,t=0

is equal to the sum of the terms in

1 - y3z8

@ - xp) - x2)21 - x %’ - x%yz?)

(5.1)

that are independent of x. Expanding (5.1), this sum is seen to be
@ - y3z%) E :(a + )b + 1)ya+30-id Zb+c+3d ,

where the summation is over all non-negative a, b, ¢, d such that a +b = 2¢ +2d. This

gives
00
@ - y’2%) 2a + 1)@b + 1)y22a2P(yz)> P E : y2¢ ;2
a,b=o c+d=a+b
00
+ @ - y*2?) E (2a + 2)(2b + 2)y22TL,20H (o )athil Z 2 ;24
a,b=o c+d=a+b+1

Carrying out the indicated summations, we get
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1—y3z2{y2 1+ys 1+3% 5 1+y% 1+ yo

y: - z2 A - y52)2 (1 - y3z8)? @ - y3z3)2 a - yz5)2
+ 4yt y" 2 - 474 y' 2 .
@ - ' - y¥28) 1 - y23)%a - yzb)?

A little manipulation gives

@+ y%28) [1 + 4y%23 + y828 + 4y%22(y? + z%) + yz(y? + z4)]
A - v’ - yz5)

This completes the proof of (1.14).
To show that (1.14) contains (1.7), we take

©0

Q- ¥2)72Q - y28)? = J, @b+ 1)yo2th ,a+b

a, b=0

Since
1 + 4y%z% + y826 + 4y?22(y? + 2%) + yazyt + z4)
= 2(1 + y3z3)2 -1 - y52)@ - yz%) + 4y22i(y® + z?),
it follows that

©0

w0
z H(s,s,s)z® = Z K(s, s)z°
§=0 §=0
et w
= 201 + 8)° Z (a +1)2 258 _ (1 + z3) Z 558

a=o a=o0

1 + z8 1 + 23

= 201 + 23)° 3
(1 - z8) 1 - z8

21 +28) 1 _ (1 +g%)
a-280 1-2 (@-2)>
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