ON THE GREATEST COMMON DIVISOR OF SOME BINOMIAL COEFFICIENTS

E. G.STRAUS
University of California, Los Angeles, California

Henry W. Gould [1] has raised the conjecture
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which we shall prove in this note.
It is convenient to express the proof in terms of the p-adic valuation of rationals.
Definition. Let r = p (a/b) where (a,p) = (b,p) = 1 then Ir]p =p

We need only two properties of this valuation.

(2) Ultrametric inequality. |a + b|p = max{lalp, Iblp} ;

and for all integera a;, **+, a, we have

(3) |gcd (ag, ==+, an)lp = max{'ailp, cee, |an|p} .

In view of (3) we can rephrase (1) as follows.

Conjecture. For all primes p we have
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If we divide both sides by
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we get the equivalent conjecture

My, k) = max {|@ - K@ -k + D+ D, [nkk + D], [0+ Dol -k + D]}

(5)

[l

max {|(0 - k + Dk + ], |l - k)@ -k + D], @+ D+ 1)|p}

My(n, k)

It thus suffices to prove My = My; and My; = M; by deriving contradictions from the
assumptions that one of the terms in M; exceeds M, or one of the terms in M, exceeds
M;. Since My(n,k) = My(-k - 1, -n - 1) this involves only three steps.
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Step1. It
o - D@ -k + v+ D] > M
then
b, < |n -k, =1 s |k+1|p =1

]nlp<{k+llp=1, so |n+1ip=1

|2l = I+ D], < o - K], = max{ ol [k} < |n - K,

a contradiction.
Step 2. If
okl + D}, > My
then

In—k+lﬂp<|n|p51 =) |n—k|p=1

]n—k+qp=|m—kM1—k+DE‘:W&+1m)slmp
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o1l < el = |@+ D) - @ -k+ D] = max{|p+1 |-k}

< [kl
a contradiction
Step 3. 1If
|(n + nn - k + 1)|p > M,
then
A
|n - k‘p < In + 1|p
|k+1|<|n—k+l| S0 |k|=1.
P p P

The first inequality now yields

e+ 1)) < |+ 1) = |0 -k + 6+ 1Hp = max {|n -lqp,|k + 1&}

< In + 1|p

a contradiction.

We have thus completed the proof of M;(n,k) = My(n,k) = My(-k - 1, -n - 1) and hence
by symmetry the proof of My(n,k) = My(-k - 1, -n - 1) = My(-k - 1, -n - 1) = M;(n,k).
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See the December issue for two pertinent articles.
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